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PREFACE 

F EW people, besides the initiated, realize what an appalling 
number oi books and articles dealing with mathematics are 
published in each calendar year. A glance at the index of the 
Jahrbueh uber die Fortschritte der Mathematik suggests that at 
least 4,000 contributions to mathematical science are made 
every 365 days, probably the number is appreciably larger. 
Any one venturing to add to this incredible collection, especially 
if he contribute a long work, must justify his temerity. Apart 
from the obvious consideration that no mathematics should be 
published which does not come up to a certain standard of 
clarity and elegance, the writer must show either that his subject- 
matter is essentially novel, without being trivial, or else that it 
presents in somewhat new form, matter of permanent value to 
mathematical science. The present work must lay its claim to 
recognition primarily on the second score. 

There have been times when the study of algebraic plane 
curves was very much the fashion among mathematicians. 
One hundred years ago Mftbius and Pliicker were developing the 
methods of trilinear coordinates, polar curves, and abridged 
notation. Fifty years ago there was a perfect rage for algebraic 
invariants and covariants, their applications to geometry were 
eagerly sought, the ingenious book of Salmon and the solid tome 
of Clebech-Lindemann were widely read. During the same 
period the theory of analytic functions of a complex variable, 
especially algebraic functions and their integrals, the brilliant 
work of such writers as Clebsch and Klein in emphasizing the 
relations of the theory of functions to curve theory, left a perma¬ 
nent impression on mathematical thought. In Italy the interest 
in algebraic geometry remained widespread, after the fashion 
had somewhat passed elsewhere, thanks to the contributions of 
such men as Bertini, Segre, Castelnuovo, Enriques, and Seven. 
That interest is alive to-day, yet, as intimated above, the centre of 
gravity in geometry has shifted quite far into the differential field. 

If the subject of algebraic geometry were of transitory impor¬ 
tance, we might accept this shift as an accomplished fact. But 
is it not the case that in judging the importance of mathematical 
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we must recognize the existence of both variables and 
ebastaats ? Much that is new is of only transitory importance. 

there not, on the other hand, some mathematical subjects 
», W. must be considered invariants, matters of abiding interest 
and importance, which deserve to be always held in honour $ 
Wifi the contributions of Riemann and Weieretrass to analysis 
ever become poussi car negligible ? Can mathematical physics 
ever safely forget Maxwell’s equations ? In the same way, as 
long as we use Cartesian geometry, and the attempt to displace 
it by either synthetic or vector methods has only yielded very 
partial success, we are going to be interested in Cartesian curves 
of a more complicated sort than the straight lines and conics 
which we present to beginners as the last word in erudition. 
The geometer will be interested in the properties of curves of any 
degree, his interest will be quickened by finding their relations 
’ to algebraic invariants, to analysis situs, to the theory of alge¬ 
braic functions, and to hyperspace. 

It is the object of the volume before us to give an account of 
the present status of the theory of algebraic plane curves, and 
their relations to various fields of geometry and analysis. Other 
works have been written in the past with a more or less similar 
object in view. Salmon’s beautiful Higher Plane Curves appears 
to-day archaic in form, and to some degree, in substance. 
Enriques’8 three interesting volumes on the Teoria geometrica 
delle equazioni are charmingly written in a discursive style, but 
contain a good deal of historical material that does not concern 
us, and give the impression at times of not being very closely 
reasoned. The masterly Vorlesungen uber algebraische Oeometrie 
of Severi-LOffler is a model of excellence, but omits many 
important parts of the theory of plane curves, and the same is 
true of the first volume of Severi’s Qeometria algebrica. The 
comparatively recent English works of Hilton and Ganguli are 
frankly textbooks, rather than expositions of the complete 
theory, or original contributions. 

The greatest difficulty encountered in preparing this volume 
has been in the matter of choice—choice of material, choice of 
method. With regard to the former, if the book were to be kept 
within anything remotely resembling reasonable bounds, much 
valuable material had to be excluded. The writer has confined 



himself almost entirely to the properties of the general curve, 
departing from the custom of most previous writers who make 
a detailed study of curves of the third or fourth order. When 
specialization is made, it has generally been to curves of a par* 
tieular genus, as rational curves, hyperelliptic curves, etc. It 
has been rather puzzling to decide just how much attention to 
give to the theory of invariants. A geometer who is completely 
ignorant of algebraic invariants is simply illiterate; in the present 
work the reader has been carried far enough to appreciate the 
symbolic notation of Aronhold and Clebsch. A student who, 
after reading what was here presented, found himself unable to 
understand the invariant theory, let us say in Clebsch- 
Lindemann, would have a fair grievance against the writer. 
On the other hand, it is evident that there is comparatively 
little interest in invariant theory to-day; why cover page after 
page with extended and artificial calculations which lead to 
results of comparatively little geometric importance ? Another 
puzzle was how much attention to pay to the uniformization of 
the general curve, the expression of x and y as automorphic 
functions of an auxiliary variable. The fact that this can be 
done is of the very highest theoretic importance, so that it 
seemed wrong to pass it over in complete silence. On the other 
hand, a subject which extended Klein and Poincare to their 
utmost limit, and which was only perfected by the repeated 
efforts of subsequent analysts, cannot be completely elucidated 
in a few lines. The subject has been given a short chapter which 
is confessedly a sketch with no attempt at complete proof. The 
writer gladly mentions that in this, as in other matters, he is 
indebted for help and counsel to his friend and colleague of 
thirty years’ standing, William Fogg Osgood. 

No attempt has been made to give a complete bibliography. 
The reader desirous of such should consult, in the first instance, 
the article of Berzolari, ‘Allgemeine Theorie der algebraisehen 
ebenen Curven’, Enzyklopadie der mathematischen Wissen- 
schaften, vol. iii. 2, c. 4, and the ‘ Selected Topics in Algebraic 
Geometry ’, Bulletin of the National Research Council, No. 68. 
This latter did not appear till the present work was nearing 
completion. It proved of the greatest help in preparing the last 
chapters, and is currently referred to as ‘Topics’. 
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With regard to the choice of method, preference is given, ift 
the first instance, to algebraic procedure. Large portions of the 
work are written according to the spirit and methods of the 
Italian geometers, to whom, indeed, the whole is dedicated. 
It would be quite impossible to describe the extent of the 
writer’s obligation to them. Yet behind the Italians there 
stands one whose contributions are even greater, Max Nother. 

Besides algebraic methods, there is much use ot geometric ozm, 
especially those involving the projective geometry of hyperspace. 
Transcendental analysis takes a secondary place, but has been 
treated at least as an honoured guest in the house. It is assumed 
that the reader will not have heart failure at the mention of 
a Riemann surface; in studying the fundamentally important 
topic of linear series of point-groups on a curve, the relation to 
Abelian integrals, and Abel’s theorem is insisted on. The Chasles- 
Cayley-Brill correspondence formula recurs again and again, 
but no one has yet been able to prove all the connected theories 
without the help of Abel’s theorem and the use of theta func¬ 
tions. The needed properties of these latter are given without 
proof. The only distinct methods which have never been used 
are those of the theory of algebraic numbers. The reader who 
wishes to study the properties of plane curves from this point 
of view is referred to the solid work of Hensel and Landsberg, 
Theorie der algebraischen Punlctionen. It would be hypocrisy to 
attempt to give a sound justification for all the choices made. 
Every writer must reconcile, as best he may, the conflicting 
claims o( consistency and variety, of rigour in detail and elegance 
in the whole. The present author humbly confesses that, to him, 
geometry is nothing at all, if not a branch of art, and the under¬ 
lying force which compels him to treat any particular topic, or 
to handle it in any particular way, is either that he is ignorant 
of any other, or else that his aesthetic sense dictates the choice: 
it pleaseth him so to do. 


J. L. C. 
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BOOK I 

ELEMENTARY THEORY 

CHAPTER I 

THE FUNDAMENTAL PROPERTIES OF 
POLYNOMIALS 

§ 1. Polynomials in one variable 

Let f(x) ~ a ( /x n +a 1 x n - 1 +a^c n - 2 +...+a n _ 1 x+a n 
be a polynomial of order n or less in a single complex variable 
x, which can take all values, including the fictitious value 
infinity. If there be such a value a that 

/(«) = o, 

then a is called a ‘root’ of the polynomial. If the polynomial 
have an infinite root, that is to say, if the function 

have a root 0, then a 0 = 0 and conversely. When this is not 
the case, the order of the polynomial is exactly n\ we shall 
assume from now on that this is so. The fundamental theorem 
of algebra tells us that then 

f(x) = aoix-cx^x—o^.-lx— a ft ) (1) 


T- — 7» 

■/»=«<> 2 ; 


We state the facts as follows: 

The Fundamental Theorem of Algebra 1] A polynomial of 
the nth order in a single variable can be divided into n linear 
variable factors, and every linear variable factor is a constant 
multiple of one of these. The polynomial mil have at most n roots, 
and these will all be distinct, unless the polynomial and its deri¬ 
vative share a variable factor. 

A necessary and sufficient condition for a multiple root is 
written { 

11 ( 04 - 0 ^ = 0 . ( 3 ) 

i,J = l 

This expression is a symmetric function of the roots. It can 
be written as a rational function of the coefficients by various 

3781 t> 
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devices. The classical relations between the roots and coeffi¬ 
cients are given by the formulae 

<**«» . i,i=n 

2 .m 

ffif a ° °o i «o 


Each of these symmetric functions is rational in the ooeffioients. 
The degree of the numerator or denominator in the o’b is the 
degree of the corresponding polynomial looked upon as a func¬ 
tion of any chosen individual root, the sum of the subscripts in 
each term of the numerator is the degree on the left in all the 
roots together. If we add symmetric polynomials of the same 
degree, or multiply two of the same or different degrees, we get 
rational fractions in the a’s which have these same properties. 
From such considerations it is easy to prove* 

The Fundamental Theorem of Symmetric Functions 2] Any 
symmetric homogeneous 'polynomial in the roots of a polynomial 
in one variable is a rational fraction in the coefficients, whose 
denominator is a 0 raised to a power equal to the degree of the poly¬ 
nomial in any one root. The numerator is homogeneous to the 
same degree, and the sum of the subscripts in each term is equal 
to the total degree of the polynomial in all the roots together. 

The degree of the numerator or denominator is called the 
‘degree’ of the symmetric function, the sum of the subscripts 
in each term its ‘weight’. A polynomial like this, where the 
sum is the same in each term is said to be isobaric. 

Definition. Any constant multiple, not 0, of the numerator 
of the fraction in the coefficients which is equal to the left-hand 
side of (3) is called the ‘discriminant’ of the polynomial. 

Theorem 3] The discriminant of the general polynomial of 
order n is of order 2(n—l) and weight n(n—\). 

Suppose that we allow the ratios of the coefficients of our 
polynomial to vary, the roots will vary also, for if two poly¬ 
nomials have the same roots their coefficients are proportional 
by (4). Let us suppose in particular that each coefficient takes 
a small increment. We write 

/(*) e= a < pt n +a 1 x n -'+-+a n -v c + a n 
= (a 0 +Aa 0 )x n -{- {a 1 + Aa 1 )x n ~ 1 +...+ 

+(o n _ 1 +Ao B _ 1 )a:+(o n +Ao n ). 


* Cf. Bdeher, p. 243. 
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Let os reduce the roots of <f> by the quantity which is a root 
of /. This is done by replacing x by x-f-oq and expanding by 
Taylor’s theorem: 

<f>(x+oc i) = <H<*i)+x<f>'(ot 1 )+ — 

<£(«i) == (a 0 +Aa 0 )a?+(a 1 +Aa 1 )<*?- 1 +...+ 

+(a„_ 1 +Aa n -i)« 1 +(o n +Ao n ) 
= Aa 0 af+Aaj^- 1 +... +Aa^oq+ Aa n . 

The product of the roots of ^(x+a,) is (—l) n ■ and is 

a 0 +^°o 

infinitesimal since each term of the expanded numerator is in¬ 
finitesimal, while the denominator is not. Hence the polynomial 
<£(x+<*i) must have at least one infinitesimal root, or <f>{x) has 
one root infinitely near aq, say cq-fAcq. 
a { p n +a l x n - 1 - 

= (x— <x 1 ){a ( p n - 1 +c 1 x n - 2 +c 2 x n - 3 +...+c n _ 1 ) 

(a 0 -f Aa 0 )x™+ (a x +Aa^x"- 1 +. ..+(«„+Aa„) 

= (*—aq—Aa 1 )[(a„+Aa 0 )x n - 1 +d 1 x n - 2 -|-...+d n _J. 
Comparing coefficients 

a o~ a o a 0 -\-Aa 0 = a 0 -{-Aa 0 c 1 ~a 0 a 1 -{-a 1 
d-i — (a 0 +Aa 0 )(a 1 -f-Aa 1 )-|-(a 1 +Aa 1 ) 
d 1 = Cj cq Aa 0 aoAaj+Aa 0 Aa 3 . 

Hence d x differs infinitesimally from c v and we may show in 
the same way that each d differs infinitesimally from the corre¬ 
sponding c, or / has a second root extremely close to a root of 
tf>, and so on. 

In this development we have assumed that a 0 ^ 0. Let us 
now assume 

flo — ®i — ••• — a p -i — 0 dp 7^0. 

We may assume that a n is not 0, for if this quantity were 0 
we could divide / by such a power of x that the quotient had 
no vanishing root, and proceed as before. We then write 

M x ) = * n /Q 3S a n x n +a n _ 1 x n ~ 1 +...+a p xP 

&(*) = * n <f> Q = (« n +Aa n )x“+(a n _ 1 +Aa n _ 1 )x»-i+-+ 

+(o p +Aa p )x*>+Aa p _ 1 x n ~ 1 +Aflqx-f Aa 0 . 
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* By what precedes we see that has exactly p roots close to 0. 

Fundamental Continuity Theorem 4] Given two polynomials 
of the same order in one variable, where the first p coefficients, but 
not the first p-fl of the first are 0, while the coefficients of the 
second approach the corresponding coefficients of the first as limits, 
then the second polynomial will have exactly p roots that increase 
indefinitely, and exactly 1c roots of the second will approach each 
root of multiplicity k of the first as a limit. 

Theorem 5] If the coefficients of a polynomial vary continuously 
according to some law, and if for certain values of these coefficients 
the number of distinct roots is less than the order of the polynomial, 
then either some roots have become infinite, or else multiple roots 
have appeared. 

Theorem 6] If for any valves of the coefficients the number of 
roots is greater than the order of the polynomial, then every coeffi¬ 
cient must vanish. 

It is to be understood in these theorems that the constant is 
included among the coefficients. 

We next suppose that we have two polynomials 

/(*) = a ( pc n +a 1 x n - i -\-...+a n _ 1 x+a n == a 0 {x-c*. 1 ){x-0L i )...(x- O L n ) 

( 5 ) 

<f>{x) = bvC n +b 1 x m ~ 1 +...+b m _ 1 x+b m 

= &)■••(*—&»)• 

The necessary and sufficient condition for a common root is 

t*=n 
j = m 

nM)=o. (6) 

l 

This function is symmetric in each set of roots and homo¬ 
geneous in the two together. Any constant multiple not zero, 
of the numerator of the corresponding rational fraction in its 
lowest terms is called the ‘resultant of the two polynomials’. 

Theorem 7] If two polynomials be given in one variable, their 
resultant is homogeneous in the coefficients of each to a degree equal 
to the order of the other polynomial. It is isobaric in the two sets 
of coefficients together, its weight being the product of the orders of 
the two polynomials. A necessary and sufficient condition that the 
two polynomials should have a common root is that the resultant 
should vanish. 
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There are two other ways of writing the resultant, as a func¬ 
tion of the roots, namely, 

To find it in terms of the coefficients, there is a much better 
method than that of symmetric functions. Suppose that the 
common root is a x , 

f{x) = (*—a 1 )(Oo* n “ 1 -l-®i* n_ *+—+®«) 

<f>(x) = (x-oc 1 ){b' 0 x m - 1 +b' 1 x m - 2 +...+b; n ) 

(7) 

Here is a polynomial which is identically 0; hence by 6] each 
coefficient vanishes. This fact will lead us to m+« linear homo¬ 
geneous equations in as many variables a’, b' which will be 
compatible when, and only when, the determinant of the coeffi¬ 
cients is 0, i.e. when 


«0 

Oj 

• • 

• • 


0 

0 . 

. . 0 



0 

Uq 

“l . 

• • 

°n-l 


0 . 

• 



0 

0 



* 

• 


• a n~l a n 

= 0. 

( 8 ) 

^0 

ft, 


• ftm 

0 

6 


. . o 



0 

fto 

ft! . 


ftm 

0 


. . 0 



0 

0 

• • 


• 

• 


■ ftm—1 ftfn 




Conversely, if this expression vanish we may find such values 
for the coefficients o', b' as to satisfy (7) identically, and as 
there is essentially only one way to divide a polynomial into 
variable linear factors, the two polynomials must have a com¬ 
mon root. 

This method of finding the resultant leads us back to the 
discriminant. Let / be the given polynomial, and let us write 

= nf—xf. 

If / and /', its derivative, have a common root, this is oer- 
tainly a root of <j> and so a common root of the two polynomials 
of degree n— 1, /' and <f>. Conversely, if these two have a 
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common root, this is a root of / also, and so this latter has 
a multiple root by 1]. 

/' = na^c^+in— l)a 1 * n -*-f ...+a n _i 
^> = a 1 x n - 1 +2a^t n ~ t +...+na n . 

The discriminant will be 


na 0 (n— \)a x . 

• a n-l 0 

0 

. 0 

a x 2a 2 

. na n 0 

0 

• na n 


The degree is certainly 2 (n— 1). To find the weight we write 
= (*—tfo B i = (j+ \)a j+v 

The result is isobaric in and B j of weight (n— l) 2 in these 
letters. Since it is homogeneous of degree (n— 1) in the B’a 
and each of these has a subscript one less than that of the 
corresponding a, the total weight in the a’s is 
(n-l)H(»—l)=n(»—1) 

as stated in 3]. 

There is still another method of finding the resultant which 
should not be overlooked. Let us look for the highest common 
factor of the polynomial and its derivative by the method of 
division due originally to Euclid. The resultant will be the last 
remainder in the process. If it vanish, the two polynomials 
have a common factor which is the last divisor, not identically 
0, that appeared in the process. The process of division is long 
and tedious, but the student should understand the principle. 
We return to (8) and re-write the left-hand side with the later 
rows reversed in order: 


«o 

«1 

• 



0 

0 

. 


• 

» 

0 

®o 

a. 




®n 

0 


’ 

• 

0 

0 

• 




• 

' 


• 

• 

a n 

0 

0 

• 

« 



* 

♦ 


b m -\ 

b m 

0 

bo 

b x 


• • 

b m 

m 

0 

0 


• 

0 

h 

b , 

• 

4 

• b m 

0 

0 

0 


• 

0 


We mean by the fcth sub-resultant of/and <f> the determinant 
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obtained here by striking off the first and last k rows, also the 
first and last k columns. We thus get the remarkable theorem 
which we state without proof.* 

Theorem 8] The degree of the highest common factor of two 
polynomials in one variable is the dimension of the first svh- 
residtant which does not vanish. 

There are times when it is best to replace the study of poly¬ 
nomials in one variable by that of homogeneous polynomials in 
two variables. We have merely to replace such a function as/by 

/(z,z) = z»/Q. 

Each pair of values x and z, not both 0, corresponds to a 

cc 

single finite or infinite value for -. The variables x and z are 

% 

X ox 

homogeneous in the sense that - =, p ^ 0. 

■ z pz 

The theorems which we have developed for polynomials in 
one variable are carried over with ease. We mean by a root of 
the homogeneous polynomial a pair of values of x and z, not 
both 0, which makes the polynomial vanish. Proportional pairs 
of values are looked upon as essentially the same, so that the 
homogeneous polynomial of order n has at most n distinct roots. 
To find the discriminant, we remember Euler’s theorem 

The discriminant is, thus, the resultant of —— and — - — Z \ 

8x 8z 

There are times when it is troublesome to have the two 
homogeneous variables. We avoid the complication by the use 
of a rather bizarre notation whereby we treat the number 1 as 
if it were a variable. Eor instance, we may find the discriminant 
of the polynomial / in one variable by looking for the resultant 

of the two polynomials of order (n—1): ^. We mean by 

the latter strange expression the following: 

o) The polynomial has been changed to the homogeneous 
form in x and z as above. 

* Cf. Bflohsr, pp. 191-7. 
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fr) The homogeneous polynomial has been differentiated par¬ 
tially with respect to z. 

c) In the resulting polynomial z has been made equal to 1. 

It is purely a convenient formal process which the student 
will find quite easy in practice. 

§ 2. Polynomials in N variables 

One of the most frequent phrases used in geometry is to say 
that a certain statement is true ‘in general’. It is time to give 
an explicit meaning to this convenient but dangerous locution. 

Definition. If the truth or falsity of an algebraic statement 
depend upon the values taken by N independent parameters 
x v x a ,...,x lf , which are free to vary in certain continuous well- 
defined iV-dimensional regions, then this statement is true ‘in 
general’ if a sufficient condition for its truth be given by an 
inequality 

<t>(x v x 2 ,...,x n )=tQ, ( 10 ) 

where <D is a polynomial which does not vanish identically for 
values of x v x 2 ,...,x N in these regions. 

If <J> can never vanish for values of the variables in that 
region, the theorem is true universally. 

Let us take some examples. Consider the straight lines whose 
equations are 

a 1 x-{-b 1 y+c x = 0 
a&+b 2 y+c 2 = 0. 

We may say that they have ‘in general’ a common point, for 
a sufficient condition therefore is 

“■?* # 0 . 

#2 

This condition is sufficient; it is not necessary; for they might 
be identical, in which case there are plenty of common points, 
although the determinant vanishes. 

If the polynomial do not vanish identically for sets of values 
in the regions, then to equate it to 0 will impose an extra con¬ 
dition on the variables. We may test whether it vanish identi¬ 
cally or not by seeing whether we can find a single set of values 
for winch it does not vanish. If, thus, the truth of a statement 
depend on an inequality such as (10), and if we can find a single 
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set of values of the variables in the regions for which the 
inequality is satisfied, then the statement is true in general. 

We may extend our phrase further. A point in the plane is 
said to be ‘in general position’ if its coordinates x and y satisfy 
an inequality .. . , _ 

We use the same form of speech when the point is restricted 
to a particular region, or particular curve; we speak of a general 
curve of given order, etc. 

In practice we approach the matter from the other end. If 
a necessary condition for the ‘falsity’ of a certain statement be 

®( x l> x 2>---> x n) == 0, 

and if this polynomial do not vanish identically for sets of 
variables in the region, then the statement is true ‘in general’. 
We mention, once for all, that we accept the logical canon of 
the excluded middle as valid. We make no attempt at defini¬ 
tions in a system of mathematics where a statement is not 
compelled to choose between truth and falsity. 

Definition. N polynomials in as many variables are 

said to be ‘independent’ if 


%L 

8 h 

dx 1 

dx N 

% 


dx 1 

dx N 

z>Sn 

Vn 

dx 1 

dx N 




^ 0 . 


( 11 ) 


We see that N polynomials of a given degree are ‘in general 
independent’, for we can easily pick N whose functional deter¬ 
minant is not 0. 

Let be most general polynomials of degrees 

n v n v ...,n N respectively in the variables x v x 2 ,...,x N . There will 
then exist a polynomial ®(z) in a single variable z which has the 
following properties: 

а) It is ‘in general’ of degree n 1 n 2 ...n v . 

б) Its roots are ‘in general’ distinct. 

c) They are in one-to-one correspondence with sets of solutions 
of the equations j _j _ _ q 
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This is the rigorous statement of what we put in more common 
form as 

B4zout’s Theorem 9] N polynomial equations of degrees n v « a , 
...,n N in N variables have in general n^n 3 ...n N common solutions. 
When the number is greater than this, it is infinite.* 

This theorem may, of course, fail completely in particular 
circumstances. When the polynomials are not independent 
there may be an infinite number of sets of solutions, or there 
may be none at all. The case where N = 2 is the one of greatest 
interest to us. Let us work out a proof in detail. We begin 
by writing out two general polynomials in x and y of degrees 
n and m respectively. 

f(x,y) = a$ n -\-a l x n - 1 +...+a n _ 1 x+a n , 

a k = a ko y k +a kl y k - 1 +...+a kk 

j>{x,y) - b < fc m +b 1 x m - 1 +...+b m _ 1 x+b m , 

i>i = b lo yl- ) t-b n yl- x -\-... J rb u . 

The resultant, by theorem 7] has the weight mn in a' s and 
b’ s, and so, ‘in general’, is a polynomial of degree mn in y. 
Each root of this polynomial will ‘in general’ correspond to 
a single x which with it will make both / and <f> vanish. 

Theorem 10] Two algebraic curves in the same plane have, in 
general, a number of intersections equal to the product of their 
orders. 

Suppose that we have three curves of orders n v n 3 , n 3 respec¬ 
tively, their resultant is, by definition, the polynomial whose 
vanishing is the condition for a common point for the three.f 
Let us replace the third polynomial f 3 (x, y) by/ 3 (x, y)+r</> 3 (x, y). 
The degree of the resultant, in the coefficients of f s , will be 
the degree in r when the substitution has been made, and so is 
the number of curves of the linear system f 3 +r<)> 3 , through the 
intersections of / x and f 3 , i.e. n x n 3 . 

Theorem 11] The resultant of three polynomials in two variables 
contains the coefficients of each to a degree equal to the product of 
the orders of the other two. 

* Cf. Enriques-Chisini, vol. ii, pp. 102 fl. 

f For an elaborate discussion of the method of finding this, see 
Morley. 
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It is clear from this that if f r and/ 2 meet in [x 1 ,y 1 ),(x 2 ,y i )... 
the resultant differs by a constant factor from 

/•(* v 2 /i)/ 3 (^ 2 . Vi)- = II Vi)- (12) 

Reverting to our general theorem 9] we shall get an infinite 
number of common solutions when has too many roots, 
i.e. vanishes identically. On the other hand, this polynomial in 
z might reduce to a constant and so have, ‘in general’, no root. 
But when the constant is 0 there would be an infinite number. 

Theorem 12] If N polynomial equations in as many variables 
have ‘in general ’ no common solutions, then if for particular values 
of the coefficients they have one solution, they have an infinite 
number. 

An example of this curious state of affairs is worth con¬ 
sidering. Consider a rigid motion of space. The coefficients of 
collineation may be expressed in terms of six independent para¬ 
meters by the formulae of Olinde Rodrigues. Let us try to find 
a rigid motion which will carry two points AB into two others 
A'B'. Three conditions are imposed by carrying A to A', three 
others by carrying B to B’, six parameters, six conditions. 
Nevertheless we know that the problem cannot usually be 
solved; the polynomial f(z) is a constant. In the special case 
where the polynomial is 0, the distances AB and A'B' are equal, 
and there are an infinite number of rigid motions that will effect 
the transformation. 

The process of solving the simultaneous equations 
fi x ,y) — 0 <f>{x,y) = 0 

is the process of finding the intersections of two curves. If the 
polynomials have no common variable factor, it must be pos¬ 
sible to find such a set of Cartesian axes x'y’ that no two 
intersections have the same abscissae. There will, then, be such 
a polynomial R(x) that each of its roots gives just one inter¬ 
section, or one set of solutions in x and y. 

In studying polynomials in many variables we often reduce 
to homogeneous form, as we did when there was but one. Thus 
if the original variables be x v x 2 ,...,x N , we change f(x v x 2 ,...,x N ) to 

<f>(x 0 , x v ...,x N ) = xgf ^,..., 

\Xo X 0 x 0 f 
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If we do not care to use the homogeneous form, we repeat the 
curious trick suggested above of differentiating partially with 


respect to 1; we mean by ^ the expression ^ . where subse- 


84 > 


81 


8Xt i 


quently we have to place x 0 = 1. 

In dealing with certain expressions in homogeneous variables, 
especially certain linear expressions, it is convenient to use the 
language of projective geometry of hyperspace. We very easily 
prove* 

Theorem 13] If the coordinates of a system of points in N-space 
be linearly dependent on those of k-fl linearly independent points, 
the multipliers taking all possible sets of values not all 0 at once, 
then these points form the total intersection of N — k linearly 
independent hyperplanes, and conversely, the coordinates of every 
point in such an intersection can be expressed in this way. 

A hyperplane, of course, is the system of points whose co¬ 
ordinates satisfy a single linear equation. Let the reader prove 
the well-known 

Theorem 14] The sum of the numbers of dimensions of two flat 
spaces lying in a third is equal to the sum of the number of dimen¬ 
sions of their common space, and of the smallest space that can 
contain the two. For this purpose a point is counted as a space of 
0 dimensions, and non-intersection as a space of — 1 dimensions. 

The faot that a k—\ parameter algebraic variety in a space 
of k dimensions is given by equating a single polynomial to 0 
has far-reaching consequences. Let us prove that if such a 
variety lie in a space of N > k dimensions, it can be projected 
into one lying in k dimensions. Thus, in particular, any curve 
can be projected into a plane curve. 

How many linearly independent spaces of l dimensions are 
there in a space of N dimensions ? Such a space will be deter¬ 
mined by its intersections with l -\-1 linearly independent spaces 
of N—l dimensions. The number sought is thus (N—l)(l+ 1). 
The number through an arbitrary point is l(N—l), and through 
an arbitrary line is (l—\)(N—l). 

Let us next notice that it is not possible in N dimensions that 
every space of N—k dimensions that meets the variety of k— 1 
dimensions once should of necessity meet it more than once. 


* Bdcher, pp. 50-2. 
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For the lines from a point of the variety to the other points 
of it depend on k— 1 parameters, so that if we add k—l to the 
number of parameters giving the spaces of N—k dimensions 
through a line we should, if each such space meeting the variety 
once met it twice, have the number of parameters of the spaces 
through a point. We should have 

(N-k-l)[N-(N-k)]+(k-l) = (N-k)[N-(N-k)], 
and this is not true. We therefore take a fixed space of N—k— 1 
dimensions and through it and through each point of the variety 
pass a space of N—k dimensions. Such a space will not usually 
meet the variety again, and will have one intersection with a 
fixed space of k dimensions, whereon it projects the given 
variety into another of k— 1 dimensions. The two are in one- 
to-one correspondence. If coordinates of points in our jV- space 
are given by x 0 ,x v ...,x N and those of the fixed i-space by 
y 0 ,y v -..,y k , the variety in the y-space will be given by a single 
homogeneous equation 

/(2/o-J/i--.2/fc) = °. (13) 

each corresponding x will depend rationally on the y’s, each y 
on the r’s 

Xi = p^(yo,y v .-,y k ) i = o,i,...,N. (14) 

Theorem 15] The homogeneous coordinates in N-space of the 
points of a k—l dimensional algebraic variety may be expressed 
as homogeneous polynomials of the same degree in k -\-1 inde¬ 
pendent parameters , which parameters are connected by a single 
homogeneous polynomial equation. 

In practice it is often convenient not to use homogeneous 
parameters in the one space or the other. Under such circum¬ 
stances the number of parameters involved is less, but it may 
be necessary to use rational functions instead of polynomials.* 


* Cf. Segre*, p. 47. 
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ELEMENTARY PROPERTIES OF CURVES 


§ 1. Ordinary and singular points 

Debtsthon. The totality of points in the plane whose Car¬ 
tesian coordinates satisfy the equation 

f(x,y) = 0, (1) 

where / is a polynomial of the rath order not a constant, shall 
be called a ‘curve of the nth order’. If the polynomial be irre¬ 
ducible, the curve shall be said to be irreducible, otherwise 
reducible. The curve obtained by equating each irreducible 
variable factor of / to 0 shall be called a ‘factor’ of the curve /. 
If we prefer homogeneous variables we write 




( 2 ) 


A linear homogeneous equation in x, y, and z will represent 
A straight line. There will be no exception to this rule if we 
i to call 

2 = 0 ' (3) 

line at infinity. A set of three homogeneous coordinates of 
the third is 0, but not both of the first two, shall be 
'•called an infinite point. 

The two finite points 

x:y.z— 1: ±i:0 


are called the circular points at infinity. A finite line through 
one of them is called an ‘isotropic’. It fulfils the condition of 
being perpendicular to itself, and the distance of two finite 
points thereon appears as 0. The angle of two intersecting lines, 
i.e. of two lines with finite intersection, neither of which is iso¬ 


tropic, is known to be —. multiplied by a cross ratio which they 

2t 

form with the two isotropies through their intersection. 

The most convenient way to handle a straight line in many 
problems is what is known as the parametric method. If 
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the line connect the two points (x 1 ,y 1 ,z 1 ) and {x t ,y t ,zj we may 

Write * = fi*i+^ a 

y = i iJ/i +^2 (4) 

2 = fl*l+f 2 «2- 
Substituting in (2) we get 

*(fi,£i) = 0- (5) 

If the discriminant of this homogeneous equation be not 0, 
and if it be not satisfied identically, the line will give just n 
different points of intersection, of which at most one is infinite. 

Theorem 1] A curve of order n will, ‘in general’, intersect a 
straight line n times. If it have more than that number of inter¬ 
sections with any straight line, it must contain that line as a factor. 

Suppose that for every line through a given point, let us say 
the origin, the discriminant of equation (5) has a multiple root. 
Let us suppose that the origin is not a point on the curve. In 
aon-homogeneous form, if we put 

y^lx f(x, lx) = 0, 


then the equation has a multiple root for every value of l. 
We have ^ fa) s ^ 

If the multiple factor were independent of l, then every line 
through the origin which is not on the curve would meet the 
curve in a point with a fixed abscissa, which is absurd unless 
the curve contain a vertical line. Hence this factor is not in¬ 


dependent of l, and we have, replacing l by -, 

f{x,y) = [<H x ,y)] k 'p{ x >y)- 

Theorem 2] If all lines through a point not on a curve meet 
% curve of order n in less than n distinct points, the curve is 
reducible with a multiple factor. 

Let us suppose {x 0 ,y 0 ) is a point of our curve so that 

f( x oAJo) — o, 

and find where a line through that point meets the curve. We 
® lave x — Xq-\~p cos 6 y = y Q +p skid 

]+...- 0 . ( 6 ) 
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There will always be one root p~0 since every line through the 
point (x 0 ,y 0 j has one intersection accounted for by that point. 
There will be a second intersection accounted for in the same 
way if 

/cos 6 -fsind^n =0. 

\ 8x o W 

There are two cases which must be distinguished carefully. 

A) I f —. — are not both 0, then the straight line 
C X 0 fyo 


,7) 

has two intersections accounted for, and no other line through 
the point has the same property. This is the tangent, for its 
slope is 

_ IJL = ^ 

8x q I dy 0 dx' 


A point of the curve where these two partial derivatives do not 
vanish is called an ‘ordinary’ point. 

Theorem 3] At a finite ordinary point of an algebraic curve 
there is but one tangent, whose equation is given by (7). 

Suppose that 


d Vo 

Then, in the vicinity of the pair of values x 0 ,y 0 , y is a single¬ 
valued continuous function of x, with a continuous first deri¬ 
vative 


dy 

dx 


8 1 

dx 

f 

dy 


It is therefore an analytic function of x—x 0 developable in power 
series by Taylor’s theorem 


y^y 0 +a 1 {x-x e )+a ll {x~x 0 ) 2 +... (8) 

This series will be convergent to the nearest point where — — 0. 

dy 

Theorem 4] In the vicinity of an ordinary finite point where 
the tangent is not vertical, y may be expressed as a convergent 
power series in terms of z—x 0 where x 6 is the abscissa of the point 
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n question. Where the,tangent is vertical toe merely have to inter- 
hange the roles of x and y. 


B) 


£ = - 2 _ 0 . 

8*0 tyo 


If these equations be satisfied for an infinite number of points, 
he curve is reducible with a multiple factor. We exclude this 
ase. We assume, to be perfectly general, that 


*±_ 

dxldy% 

Vf 


= 0 P+q — k <r 


^The number of conditions imposed is 


p+q = r. 

r(r+ 1) 


■) 


We see from equation (6) further expanded that every line 
hrough this point will have r intersections accounted for there, 
>ut not, ‘in general’, more than r. Under these circumstances we 
ay that the curve has a singular point of multiplicity or order r. 

Further intersections of the line through (z B ,y 0 ) will fall in 
here if 


— sin r fl+r— ^ ^ sin r ~ 1 fl cos #+•••+— cos r 0 = 0. 
dy r 0 ^ dx 0 dy J- 1 dxl 


This is the equation of the directions of the tangents at the 
ingular point. If they be distinct, the singular point is said to 
>e ‘ordinary’. An ordinary double point is called a ‘node’. 

Theorem 5] If at a point of an irreducible curve all partial 
’erivatives of orders less than r vanish, but not all those of that 
rder ; the curve has a singularity of order r, and a general line 
hrough that point has r intersections accounted for there. There 
.re at most and in general r tangents at that point, each with more 
han r intersections. 

Suppose that we have an ordinary singular point of order r, 
.nd that no tangent is vertical, i.e. if A be the slope of a tangent 
re have 


m-S 


0. 


(9) 


?his equation has r distinct roots as the singularity was assumed 
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to be ordinary. In the equation of the original curve in terms 
of (x—x 0 ), (y—y 0 ) let us put 

y = y 0 +X(x—x 0 ) 

= (*—* 0 ) r [^ 0 (A)4-(aJ—a; 0 ¥iW+-3 = °- 


Consider for a moment, not the (x, y) plane, but the (x, A) 
plane. The line x — x 0 meets the curve just above in r distinct 

points, at each of which ^ 0. We have, therefore, r different 

developments 

y = o)+Pi3(x-Z 0 ) 2 + - 

and corresponding to them r developments 

y = yo+\( x - x o)+Pi2{ x -Xo)*+Pi3{x--x 0 f-\-... 

Theorem 6] In the vicinity of an ordinary singular point (a; 0 , y 0 ) 
of multiplicity r, where no tangent is vertical, there are just r dif¬ 
ferent developments for y in terms of x—x 0 . These developments 
will give all points of the curve in that immediate vicinity. 

Definition. A point of the second order with a single tangent 
which has just three coincident intersections with the curve is 
called a ‘cusp’. More generally, a point of multiplicity r with 
a single tangent that meets the curve only r +1 times is called 
a ‘hypercusp’. Suppose that we have a cusp at (x 0 , y 0 ) and that 
the tangent has a slope which is finite. If the equation of the 
curve be written in terms of x—x 0 and y—y 0 we shall have 


f(x,y) = [(y-y 0 )-M x - x o)] 2 + a 3 (x-x 0 ) 3 +b 3 (x~x 0 ) 2 (y~y 0 )+... 

= 0 

®3 7 ^ 0. 

Replace y—y 0 by \(x—x 0 ) 

{x~x 0 )mx,X) = (x-z 0 )H(A— A 1 ) 2 -M*-*o)(®3+M+-")} — 0. 


The point (x 0 ,A 1 ) is an ordinary point of j>(x, A) = 0, 


{x-x 0 )= -I (A—A 1 ) 2 +c a (A—Aj) 3 +.... 

0-3 

Let us call this f 2 , and revert the series, 

A—A x = oqf-j-ajf 2 -!- ... 

= <Xi{x- x o) i +'*z( x -Xo)- 

y-yo = =M x — x o)+x l (x—x 0 )*+a 2 (x-x 0 ) ,l +... ( 10 ) 



/ 
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Theorem 7] In the vicinity of a cusp (x 0 ,y g ) with non-vertical 
tangent there is an integral power-series development for y in terms 
of the square root of x—x 0 . 

The question presents itself naturally: Does a curve of given 
order ‘in general’ have a singular point ? If (x 0 ,y 0 ) be a singular 
point, that point is common to the three curves 


f(x,y) 


o. 

8x 8y 


Euler’s theorem tells us that 


X S l+y S l+ S l = nf, 

8x ry 8y r 8 1 1 

so that the point (x 0 , y 0 ) is common to three curves of order n — 1 


8 1= 8 1 = 8 1 = 0 . 
8x 8y 81 


Do such curves usually have a common point ? The necessary 
and sufficient condition for such a point is that the resultant 
should vanish. Now the resultant will not vanish identically 
for all curves of any chosen order n, for it does not when the 
original curve has the equation 

z n +y n +i = o. 

Hence a definite condition must be imposed on a curve if it 
is to have a singular point. 

Theorem 8] A curve of given order has not, in general, any 
singular point. 

The conditions written above for a point of multiplicity r and 
no more, namely, that all partial derivatives of order less than 
r should vanish, but not those of order r, can be put into more 
symmetrical form by differentiating to x, y, and 1 as already 
explained, and making repeated use of Euler’s theorem. The 
reader will easily prove: 

Theorem 9] A necessary and sufficient condition (hoi a point 
should have the multiplicity r and no more is that all partial 
derivates of order r— 1 with respect to x, y, and 1 should vanish 
there, hut not all of order r. 

Euler’s theorem enables us to rewrite the equation of a tan¬ 
gent at an ordinary point in the form 
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t$ u and v be coordinates of a straight line in the sense that 
a general line not through the origin is written 

vx+vy +1 = 0 , 

then if this line be the tangent at (x 0 ,y 0 ) we shall have 




If we eliminate x 0 ,y 0 from these three equations we get an 
equation 

0(m, t>) = 0. 


If the curve have no singular point, this gives the necessary 
and sufficient condition that a line shall be tangent to it. If we 
write the equation of a straight line in homogeneous form, 


ux-\-vy-\-w = 0 , 

the corresponding homogeneous tangential equation will be 

<f> m (u,v,w) = 0. (12) 

The quantity ra, when the curve has no singular points, is called 
its ‘class’ and is the number of tangents through a general point. 

If the curve have singular points, the straight lines through 
them will have coordinates which satisfy the last equation, for 

V.=H= 8 A = 0 . 

8y 0 81 

The polynomial <f> will be factorable, some factors corresponding 
to lines through multiple points counted each a certain number 
of times. We shall determine this number subsequently. It is 
clear right now that, corresponding to multiple points, a curve 
may have multiple tangents, that is to say, tangents which 
count multiply among the tangents to the curve through any 
one of their points. Let us seek them. 

We assume that our curve has only ordinary singular points 
and cusps. In the vicinity of any point not a cusp, where the 
tangent is not vertical, y can be expressed as an integral power 
series in terms of x—x 0 . When a point of the curve has been 
picked, we may choose the axes so that the tangent, or a par¬ 
ticular tangent, is horizontal, and the point is the origin. We 
shall get a development 

y = a& t +a&?+.... 



Chap. II ORDINARY AND SINGULAR POINTS 

We may writ© this in terms of an auxiliary parameter 
x = t y = aJ**\-ajP+.... 

The equation of the tangent will be 

= **+•**+■■■ 


21 


(2a^l+3a 3 t 2 )x—y = a^-f 2o 3 £ 3 +.... 

Let us see whether the x axis is a singular tangent, i.e. whether 
it counts as several tangents to the curve from each of its points. 
For what values of t will this tangent go through the point 
(x v 0) ? We must have 

f[2u 2 x 1 +(3a 3 a; 1 —o 2 )<+(4u 4 a: 1 —2o s )< 2 +...] = 0. 

If a 2 0 the tangent has ordinary two-point contact; the 
equation here has but one root t = 0, which means that the 
tangent counts as but one tangent to the curve with contact 
at the origin, from a general point on the x axis. If the tangent 
be a singular tangent it must have another point of contact 
elsewhere. 

If a 2 = 0, a 3 =£ 0 the tangent is an ordinary inflexion, since 
_ o d3 V 


dx 2 


8x 3 


y£0. 


It counts as two tangents to the curve from an arbitrary point 
of itself, and three from the point of contact. The reader will 
have no difficulty in extending the reasoning so as to determine 
the multiplicity of a tangent with as high contact as desired; 
the multiplicity is one less than the number of coincidences 
at the point of contact coming from the series development 
of the curve. 

We must now see whether a cuspidal tangent is multiple. 
We take the tangent as horizontal and write from (10) with 
*o = 2/o = Mi = 0 

X = l 2 y=ac 1 t 3 +cx 2 t i +ot s t s -}-... 

sH « 1 w+^+-. 


The equation of the tangent will be 

j M a g+«/t,j = 3 5 

x-t 2 2 1 ^ 2 ~ 2 3 



n 


Book 1 
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TO find the tangent from 0) we write 

t[loi 1 x 1 +2<x^; 1 t+i(5a^e 1 — a 1 )f s +...] = 0. 

There is just one root t = 0, unless x x = 0, in which case there 
are just three. This indicates that the cuspidal tangent is not 
a singular tangent. There is a correlation between a cusp and 
an ordinary inflexion which is worth pointing out at this time. 


Cusp. 

Point is double. 

Tangent is non-singular. 
Tangent has three-point con¬ 
tact. 

Tangent counts as three. 


Inflexional tangent. 
Tangent is double. 

Point is non-singular. 
Tangents count as -three from 
point. 

Tangent has three-point con¬ 
tact. 


A double tangent with distinct points of contact shall be 
called a bitangent. A multiple tangent where all points of con¬ 
tact are distinct shall be called an ‘ordinary’ multiple tangent. 
Let us now take a general correlation of the plane 


pu — a 11 z-j-a 12 y-{-zt 13 


pv — a 2 yZ -\-a 22 y -\-a 23 


p'w — a 21 x-\-a 22 y -\-d 33 

Kyi 


We establish the following 
Point. 

Line. 

Point of a curve not a line. 
Ordinary singular point. 
Node. 

Cusp. 

Cuspidal tangent. 


correspondence: 

Line. 

Point. 

Tangent to a curve. 
Ordinary singular tangent. 
Bitangent. 

Inflexional tangent. 
Inflexion. 


We next take up in a particular case the vitally important 
problem of determining how many intersections two given 
curves have at a given point. The complete solution of this 
problem cannot be given before Book II, but we are able at 
this point to cover a very important case. 
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The point in question shall be the origin; the two curves can 
be written 

/= {y-\ 1 x){y-\' l x)...(y-\x)+<f> = 0 

T = (2/—V*)(y—V*)+^' = o. 

We make once for all the assumption that no tangent to one 
curve there is tangent there to the other also. The tangents to 
either curve may differ or coalesce as they choose. We write 
a third curve 

f" s (y— fh*)(y—/*r>0-(y—w*)+(i—«)^' = °- 
How many intersections has this with / at the origin ? In 
general the /x/s are distinct and not infinite, also different from 
the A’s. We have s developments for y in terms of x: 

y = b il x+b ii x‘ i +.... 

Substituting in / since b’ a =£ A ; , each will give r intersections, 
hence in general the number of intersections is rs; in particular 
cases it might be more, but never less. If for a general value 
of e, and particular values of p v p 2 ,..., there were more, then 
there would be more when e = 1. But in this case there are 
always exactly rs provided p t Hence there are always rs 
when ^ ^A ; -. 

Fundamental Intersection Theorem 10] If two curves have 
a common point, but no tangent to one is tangent to the other there, 
the number of intersections accounted for by this point is the pro¬ 
duct of its multiplicities for the two curves. 


§ 2. Determination of a curve by points, Nother’s funda¬ 
mental theorem 

Suppose that we have a general curve of the nth order given by 

f n (x,y) = 0, 

f is supposed to be the general polynomial of degree n. The 
number of coefficients, including the constant, is 

l+ 2+ 3 + ... + (» + l)-S?±i®±S-^ + l. 


Theorem 11] A curve of the nth order is completely and uniquely 

determined by independent linear homogeneous conditions 

2 

imposed upon the coefficients. 
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Tte most obvious way to impose a linear homogeneous con¬ 
dition is to require the curve to contain a chosen point. There 
are cases where assigning a certain number of points to a curve 
will not impose independent conditions thereon. The simplest 
case is where n — 3. Two curves of the third order intersect, in 

3x0 

. general, in 9 points, so that although —— = 9, there are cer- 

z 

tainly cases where 9 points do not determine a single cubic 
curve. On the other hand, if we take 4 points on a line, and 
5 others on a non-degenerate conic, it is clear that any oubio 
through the 9 points must include the line, since it meets it four 
times. The remainder must be a conic through 5 given points, 
and this also is uniquely determined. There is thus but one 
cubic through these 9 points. 

If we can show that for a general value of n we can find such 

a set of —points that there is but one curve of order n 

z 


through them, then it follows that if an arbitrary set of this 
number of points be taken, the conditions which they impose 
upon a curve of order n are not necessarily dependent on one 
another, or through these points will pass, in general, a single 
curve of that order. We find the points by the following simple 
device.* Given an irreducible curve of order n, and n lines 
l v l 2 ,...,l n so situated that each meets the curve in n distinct 
points, no two lines being concurrent on the curve, or on a third 
line. Let P be a point on the curve, but not on any one of the 
lines, then choose two intersections of the curve with l v three 
intersections of the curve with 1 2 , and so on, so as to include 
finally n intersections with each of the last two lines. The 
number of points chosen is 


l+2+3+...+n+n-^?±^+u = 


n(n-\-3) 

2 


If more than one curve of order n could pass through all of 
these points, there would be at least a one-parameter family 
of such curves. We might find one curve of the family to pass 
through an (n-fl)th point of l n and so include the whole line. 
The remainder would be a curve of order n— 1 which meets 


* Berzolari*. 



Chap. II EXTERMINATION OP CORVES BY POINTS 38 

4_x in » points, and so includes the whole of it: the remainder 
is a curve of order n —2 that meets Z n _ 2 in n— 1 points, and so 
inolndes it. Continuing in this way, it appears that the curve 
would have to include all n of the lines, and therefore could 
contain nothing else. But then the point P would be left out. 

Theorem 12] Through points in general position will 


pass one and only one curve of order n. 

Theorem 13] On any curve of order n which is not reducible 
with a multiple factor, we may in an infinite number of ways find 

j j points which do not lie on any other curve of order n. 


Consider next two curves which have only ordinary multiple 
points and cusps. If they have a common ordinary point, or 
ordinary singularity, with no common tangent there, we know 
just how many intersections they have. Suppose, however, that 
there is a common tangent, and that we have for the two the 
developments 


V-Vo = a i(x— x o)-\-a. i (x—x 0 ) 2j r--.+a k ^ 1 (x—x 0 ) ,c ~ 1 -i-a k (x—x 0 ) k 


y-y 0 = a^x-xf)+a 2 [x-xff+...+a k _ l (x-xf) k -i+b k {x-x { f) k 

b k ^ a k . 

Subtracting, 

0 = (a:-r 0 ) t [(a fc -6 fc )+(a fc+1 -6 A+1 )(r-a; 0 )+...]. 

We see that k intersections of these two developments occur at 
this point. We shall express this by saying that the two meet 
at this point and at k— 1 other infinitely near points. If we 
have the development given for one curve, and not the other, 
so that we have 


y-Va = afix-x 0 )+ai{x-x 0 Y+...\ 

<f,(x,y) = <f>{z 0 ,y 0 )+(x-x 0 )?£ +(y-y 0 )?£ +... = 0, 

OXq CjjQ 

then to require a certain number of intersections of one curve 
with the branch of the other would be accomplished by sub¬ 
stituting power series for y—y 0 from one of these equations in 
the other, and then requiring that there be a certain number of 
roots x—x 0 = 0, and these conditions will be linear and homo¬ 
geneous in terms of the coefficients of the second equation. The 
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same thing will happen if the second equation is written as here, 
while the first curve has a cusp which we express in the form' 

x—x 0 = t* 2/-2/ 0 = ° 2 i2 +« 3 <s +- 
Given two curves with only ordinary singular points and 
cusps. If a third curve be required to have multiplicity r t 1 

or more at each point where the first has multiplicity r i and 
the second multiplicity s iy the conditions imposed on the coeffi¬ 
cients of the third curve are linear and homogeneous whether 
the given points be distinct or grouped in infinitely near sets. 

We next proceed to the much more difficult task of studying 
the independence of such conditions. Let the two curves be 
<f> and >p. One intersection of the two is the origin, where they 
have the respective multiplicities r 0 ,« 0 , the other intersections 
are P 1; P 2 ..., and the respective multiplicities r v a^, r 2 ,a 2 .... Let 
l u ,l 12 ... be a set of lines through P 1( l n ,l 22 ... a set through P 2 , 
and so on. The multiplicity of the curve we seek shall be in 
each case 1 or more. We write the extremely uncouth 

equation 

(«/— a n x—a 12 x*~ ...— a lp xP){y—a 2l x— a 22 x 2 —...— a^)... 

{y-a kl x-a k2 x* -... . if }Zfj{... = 0 

P —P 0 + s o — 1- 

Here, if all of the exponents of the V s be large enough, the 
conditions at the points P V P 2 ... are all fulfilled. We may 
manipulate the coefficients a if in such a way that all of the 
tangency conditions at the origin are fulfilled but the last one. 
Hence this last condition cannot be a result of the multiplicity 
conditions at 0, or of the other tangency conditions at 0, or of 
any of the conditions at any of the other points. Any identical 
condition among the conditions cannot include the last tangency 
condition. This being out of the way, we can manipulate the 
a tj ’s so that the next to the last tangency condition is fulfilled 
or not, hence this also is independent of the others, and so on. 
Continuing thus we see that any identical relation that may 
subsist among the conditions cannot involve the tangency con¬ 
ditions at 0. We next write a curve of the form 

=0 a+jS = r 0 +« 0 - 2. 

Here all the conditions are fulfilled at P lt P a ... and all of the 
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multiplicity conditions are fulfilled at 0 except an arbitrary one 
of the last set. Hence this condition cannot result from the 
others, or an identical relation could not include any one of 
the multiplicity conditions of highest order at 0. We go through 
the same reasoning when a+/3^= r 0 -f-# 0 —3 and see that any 
identical relation among the conditions could not involve a 
multiplicity condition of next highest order, and so on. Finally 
we see an identical condition could not involve the origin at all. 
But this is any one of the intersections. These requirements are 
linear in the coefficients. Hence, they cannot introduce addi¬ 
tional singularities in unspecified situations, for the conditions 
involved are not linear. Nor could they introduce undesired 
singularities at specified places, for we can avoid this by 
changing the l’s. 

Theorem 14] If the order of a curve be sufficiently high, the 
conditions which require it to have multiplicity at least 1 

at each point where one of the curves has multiplicity r t and the 
other multiplicity s 0 neither number being 0, are independent, and 
additional singularities are not necessarily introduced. 

Let / be a curve of very high order which fulfils this condition 
with respect to two given curves <f> and ip of orders n y and n 2 
respectively. Its coefficients have been subjected to 

!) 

i 

independent linear homogeneous conditions, so that the amount 
of freedom left is 

(w+l) (n+2) y fa-MiXrj-K— 1) | 

2^2 

% 

Next consider a curve whose equation takes the form 
#'+#' = 0 , 

Here <£' is a curve of order n—n 2 which has at each intersection 
of <p and ip a multiplicity r i —1 at least, and we may imagine 
n so very large that the conditions imposed on <p' are inde¬ 
pendent. In the same way tp' is a curve of order n—n x with 
multiplicities a*—1 all independent. The curve whose equation 
we have just written fulfils all of the requirements imposed on/. 
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* 
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We* next ask whether this same curve could be written in 
more than one way. This is the case. We write 

f=f+9^ 

Here 6 is a general polynomial of degree w—(w 1 +« 2 ). The 
reasoning is reversible, the real freedom of a curve compounded 
out of <f> and ip in this way is the apparent freedom, less the 
freedom of 8. The real freedom of the compounded curve will be 


(n-n 2 +l)(n-n 2 +2) sr r t (r t — 1) (w-n x +l)(w—?yf2) 

2 Z, 2 2 

l 


1) [”—(»i+ft 8 )+l][»—(%+w a )+2] 

2 2 

= (»+l)(»+2) y ^t- 1 ) y »,(«,-I) 

2 Z, 2 Z, 2 


-l 

n{n 2 — 1 . 


But 

since either gives the total number of intersections of <f> and ip. 
Hence the amount of freedom is 


(w+l)(n+2) y fo+sJfo+^—l) _, 

2 Z/ 2 

and this, as we saw above, is exactly the freedom of/. We have 
thus shown that if the order of / be sufficiently high, it can be 
compounded out of <p and <p in exactly this way. 

What will happen when the order is less high ? It is con¬ 
ceivable that there are some curves of order greater than n l +n 2 
which fulfil the conditions at the intersections of <p and ip but 
do not take this form. Let / be such a curve of the highest 
possible order where this compound form is not obligatory. It 
will be obligatory if we multiply / by a linear expression, i.e. if 

az-\-by+c = 0 

be a straight line not through any intersection of <p and <p 
(ax+by+c)f== W+ipfi 
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Here 6 is an arbitrary curve of order n x — n a or a con¬ 

stant when that difference is 0. The curve 


tp'—di/j = 0 

contains the n 2 intersections of the line with ip. The total free¬ 
dom of this curve is —— (%+ n, 2 )+ 2 3 fo , ~ ^ 

2 

greater than n— (w 1 +» 2 )+1 when n ^ n^n^. We make use of 
this freedom to make our curve = 0 go through other 

points of the line, or meet it altogether in n — n 1 J r2 points, 
i.e. include it as a part. We have, then, 


(ax-\-by+c)f = <f>(ax+by-\-c)<p" —6(f>). 

must be divisible by ax~\-by-\-c. Dividing this 

/=#'+#'. 

Let us suppose, lastly, that the order of / is 


Clearly <f>'— 
factor out, 


n = »!+ n 2 —l 1 < l < n 2 < n t 


xf =#"+#"> 

where ^ is a polynomial of order l. 

We may write this equally well 


xf = W+P^+'l'iV—P^)- 

Every curve <j>"—pcf> passes through all the intersections of x 
and <j >, for <f> and <f>” both do so. If, then, we use p to make this 
curve include one more point of x it must include the latter 
completely. So will tp"-\-ptfi. As before, we may divide out x 
and get 

We may sum up all these results in a statement which is of 
absolutely vital importance in our whole theory.* 

Nother’s Fundamental Theorem 15] If two curves <f> and tj> 
have only ordinary points or ordinary singular points and cusps 
in common, then every curve which has at the least the multiplicity 
r 1 4-s < —1 at every point, distinct or infinitely near, where <j> has the 

* Cf. NCther 1 . There are many proofs extant of this famous theorem, we 
have followed Scott 1 . 
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# 

multiplicity r t and *jj the multiplicity s {l neither of these latter 
numbers being 0, can be written 

/ = #'+#' = 0, (13) 

where the curves <f>' and ifi' have at least the multiplicities r t — 1 
and s { —1 respectively. 

§ 3. Residuation 

Definition. A curve which has at least the multiplicity r t —1 
at each point where a given curve, possessed only of ordinary 
singular points and cusps, has a multiplicity r t shall be called 
an ‘adjoint’ to the given curve. When the given curve is of 
order n, an adjoint of order n— 3 is called a ‘special adjoint’. 
It is not, of course, immediately evident that special adjoints 
exist. 

Definition. Two groups of ordinary points on a curve with 
only ordinary singular points or cusps are said to be ‘residual’ 
when they constitute together the total non-singular inter¬ 
section with an adjoint curve. 

Suppose that two groups of points G v 0 2 are residual on a 
curve/. Let <f> be the adjoint which cuts them. Let G l and G' 2 
be residual groups cut by an adjoint </>', while G 2 and G\ are 
residual groups lying on an adjoint ip. The curve contains 
both groups G v G 2 , and at a point where / has multiplicity r t it 
has multiplicity 2(r*—1) = 1)—1. Hence by Neither’s 

fundamental theorem we have the identity 

(14) 

By the same theorem >p' must be an adjoint, and it clearly 
contains as its non-singular intersection with / the two groups 
G\, G 2 . This gives the 

Residue Theorem 16] If two groups be residual to a third, 
every group residual to the one is residual to the other also.* 

Two such groups are defined as ‘co-residual’. 

The residue theorem is easily generalized in the following 
manner. 

Definition. Given two groups of ordinary points on a curve 
with only ordinary singular points or cusps, P V P 2 ... of multi¬ 
plicities r v r 2 ..., they are said to be ‘pseudo-residual with the 


* Cf. Brill and Neither, p. 273. 
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excesses p v pf-’ where p t > — (r t — 1) if they constitute the total 
non-singular intersection with a curve whose multiplicity at P ( , 
is at least r i -\-{p i — 1). 

Suppose (?! and G 2 are pseudo-residual with these excesses, 
G t and G 2 pseudo-residual with the excesses o { , while G' t and 
G 2 are pseudo-residual with the excesses t { , and that c T t +r t > p { . 

Using our notation for the residue theorem, at P i <f> has 
the multiplicity —1, <f>' the multiplicity r t -\- 1, and if) 
the multiplicity ^+^—1. Ntither’s theorem and equation (15) 
apply, since 

r <+*<—l+M-r<—1 ^u+pi—l+rf—l. 

It appears that if)' is a pseudo-residual with the excesses 
(Ti+Ti— Pi- 

Gambier’s Extension of the Residue Theorem 16]* If two 
groups be pseudo-residual to a third, then every group pseudo¬ 
residual to the first, vnth an excess greater than or equal to the 
excess of the first less the excess of the second, is pseudo-residual 
to the second with a positive or 0 excess. 

This theorem holds in particular when p i = a i = T l — — (r t — 1) 

Theorem 17] If two groups of ordinary points G t and G 2 con¬ 
stitute the total intersection of f with a curve <f>, while G x and G' 2 
constitute its total intersection with a curve <f>’ and G 2 and G[ its 
total intersection with a curve if), then G\ and G 2 constitute its total 
intersection with a curve ip'. 

Careless writers sometimes speak of such groups as residual. 

Suppose that G x and G 2 are pseudo-residual with a positive 
or 0 excess p it while G 1 and G' 2 are residual. Then if G[ and 
G 2 are also pseudo-residual with the excesses p { , G 2 and G 2 are 
residual. We may phrase this differently by saying that G x 
contains p x r x points superposed on p v as does G\, p 2 r 2 points 
superposed on P 2, etc. We may then say: 

Theorem 18] The residue theorem holds when the given groups 
contain the same number of points superposed on the multiple 
points of the given curve, arising from the same positive excesses 
of multiplicity. 

In theorem 16] we are at liberty to assume that group G 2 is 
empty, so that G 1 and G\ are total intersection groups. 


* Gambier 1 , pp. 220 S. 
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r Total Intersection Theorem 19] If one pari of the total inter¬ 
section group of a curve of order n with a curve of order n x -f n a 
constitute the total intersection with a curve of order « 1} the other 
part will constitute the total intersection with a curve of order n 2 . 

There is an astonishing number of simple corollaries easily 
deducible from this theorem. 

Corollary 1] If six intersections of two curves of the third order 
lie on a conic, the other three are collinear, and conversely. 

Corollary 2, Pascal’s Theorem] The necessary and sufficient 
condition that the vertices of a hexagon should lie on a conic is that 
the intersections of the opposite sides should be collinear. 

Corollary 3] If two lines meet a curve of the third order in two 
sets of points A v A 2 ,A 3 ; B V B 2 , B s , and if the line A^,- meet the 
cubic again in C u then the three points C 1( C 2 , C 3 are collinear. 

Corollary 4] The tangents to a curve of the third order at three 
collinear points meet it again in three collinear points. 

Corollary 5] A line connecting two points of inflexion of a 
curve of the third order will pass through a third point of inflexion. 

Definition. A system of curves of given order linearly depen¬ 
dent on two given curves of that order shall be called a ‘pencil’ 
of curves. They will clearly pass through all points common to 
the given curves, and have at each point at least the lesser of 
the given multiplicities. These points are called centres or base- 
points of the pencil. Such a system may be written 

= 0 . 

If we take the four curves of the system corresponding to 
parameter values (h v p 1 ),(X a ,p, 2 ),(X 3 ,fi 3 ),(X l ,fi i ), the expression 


X 1 Pi 


^3 P3 

X 2 p 2 


A 4 pi 

A x pi 


X 3 H- 3 

h p t 


A 2 p 2 


shall he defined as a ‘cross ratio’ of the four curves. It is the 
cross ratio of 4 tangents at a common isolated simple point. 
Two pencils of curves are said to be ‘projective’ if corresponding 
cross ratios be equal. 

Given the two projective pencils 

= 0 \'<f>'+pi/j = 0 , 

AXX'+BXp'+CpX'+Dpp' = 0 AD-BC^Q. 
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Assuming the two have no common curve, the locus o| the 
intersections of corresponding curves is 

AW—BW-CW+DW = 0 . 

This is a curve whose order is the sum of the orders of the 
curves of the two pencils, and which passes through all points 
common to all curves of either pencil. 

Suppose, conversely, that we have a curve of order n-\-ri 
which contains all points common to all curves of order n of 
a certain pencil, distinct or infinitely near, which means it is 
linearly dependent on such curves in the sense of Nother’s 
theorem, and so can be written 

/===#'+#'• 

Then f contains all points common to f>' and <//. Writing the 
three equations 

X<f>~\~pnfi = 0 = 0 Afi'-j-piA' = 0 

we fall back on / if we eliminate A//a and A '//a' But these equa¬ 
tions give us two projective pencils of curves. This gives 

Chasles’ Theorem 20] If two projective pencils of curves of 
orders n and n' respectively have no common curve, the locus of the 
intersections of corresponding curves of the two is a curve of order 
n~\-n through all centres of either pencil. Conversely, if a curve 
of order »+»' contain all centres of a pencil of order n to the 
multiplicity demanded by Nother's theorem, it is the locus of the 
intersections of corresponding curves of this pencil, and of one of 
order n’ projective therewith * 

It is assumed, of course, that the curves mentioned have only 
ordinary singular points and cusps. 

Here are two other obvious corollaries from the Total Inter¬ 
section theorem 19] and Residue theorem 16]: 

Theorem 21] If tangents be drawn to a curve of order n at the 
intersections with a straight line, their remaining intersections with 
the curve will constitute its total intersection with a curve of order 
n—2. 

Theorem 22] If three curves of the third order pass through 
seven and no more points, the lines connecting their remaining 
pairs of intersections meet in pairs on the three curves. 


* Chasles*. 
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* 

Inequation (13) there is no reason why the curve/ should fee 
irreducible; in fact we get a more symmetric theorem fey sup¬ 
posing it to split into two parts. Changing notation slightly, 
we then get an identity of the form 

■ 4 >\ ^ 1+^2 ^2 + ^3 <^3 — 0 - ( 15 ) 

Suppose that three curves go through a common 

group of points, which may indeed be empty, but which we 
call G. The remaining groups of intersections shall be called 
?as> 9av an d ffu- Let <f >j be an arbitrary curve through the group 
g 2 3, we see by Nother’s theorem that there will exist curves 
<j >2 and <f >3 to complete equation (15). We thus get* 

Study’s Theorem 23] Given three curves <f> 1; fa, <f> 3 with the com¬ 
mon group of ordinary points G, which may be empty. Let their 
remaining groups of intersections be g 22 , g 31 , and g 12 , also ordinary 
points. Then if fa be any other curve through g 23 , there exist two 
other curves fa 2 , <f> 3 such that the three combined curves are 
of the same order and linearly dependent, each curve <f>' k contains 
the corresponding group g i} and every intersection of <f>i or fa % with 
fa or rf>j lies on fa or fa k . 

It is to be noted that the total intersection of <f> t and (f> } is 
G on fa and g i} on <f>' k . The total intersection of fa, and faj 
is G' on fa k and g'^ on <f> k . The total intersection of and faj is 
9ik on fa and g' jk on fa k . 

Let the orders of the three original curves be n v n 2 ,n 3 , while 
the order of each compound curve is n. 

Then G contains v points, 
g i} contains npij—v, 
g'ij contains njfn—n^nfjfav, 

G' contains n i —n{n 1 J rn 2 -\-n 3 )-\-(n 2 n 3 -\-n 3 n 1 J rn 1 n 2 )~v. 

Let us next start with a curve fa on which there are two 
groups G and g/ k , each of which is pseudo-residual to gr y and 
gi jfc. The pencil of curves 

Mj<f>i+t4k4>'k 

will have nn { fixed points on fa; we may choose the constant 
multiplier so as to include one other point of fa, i.e. the whole 
curve, the remainder will be a curve fulfilling the identity (15). 

Corollary 1 ] On a curve fa are two groups of ordinary points 


* Study 1 . 
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6 and g' jk each pseudo-residual to g i} and g ik . Then the four groups, 
which fa and <f>'j cut on <f> k and lie on fa or fa, the three sets 
of curves fafa v fafa being of the same order and linearly 
dependent. 

Aa an example, let us suppose that f> 1 is a straight line, G an 
empty group, g 12 and g 13 intersections with fa fa with two other 
lines <723 a marked point on the line, <f> v fa 2 , and fa 3 circles, then 
g' n and g' 13 are marked points on the lines <j> 3 and <f> 2 respectively, 
these lines intersecting again in g 33 , and G' is the group of 
circular points at infinity.* 

Corollary 2, Miquel’s Theorem] If a point be marked on the 
line of each side of a triangle, the three circles, each through a vertex 
and the points marked on the lines through that vertex are con¬ 
current. 

Again, let us take G as the circular points at infinity, as 
empty, </> t as a circle, g l3 and g l3 as the pairs of its intersections 
with two lines. We get: 

Corollary 3] The common secants of three non-coaxal circles 
are concurrent. 

. Suppose that we have three curves <f> 1 ,fa, fa, of the same order, 
which are not linearly dependent. Let G be their common 
group, P an arbitrary point in the plane not on two of the 
curves. Let fa 2 be the curve linearly dependent on <j> lt <f> 3 which 
goes through P, while fa 3 is the curve of the <f> v <f> 2 system 
through there. The group O' will contain the point P and any 
other intersections which fa 2 ,fa 3 have which are not in G. 

Corollary 4] If three curves of the same order be not linearly 
dependent, then the three curves through an arbitrary point, each 
linearly dependent on two of the curves, are, themselves, linearly 
dependent. 

Strictly speaking we have only proved this in the case where 
the intersections are ordinary points, the other case will come 
by continuous change. Or more simply, we notice that if {x 3 ,yf) 
be the point in question, the three curves sought have equations 
of the type 

fa( x >y) W x >y) _ 0; 

fa( x v yf) fa( x i> Vi) 

and these are linearly dependent. 

* Miquel 1 . 
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Corollary 5] If three curves of order n which are not linearly 
dependent have in common n ordinary points on a curve of order 
«', their residual groups are on three linearly dependent curves of 
order n—n'. 

We leave to the reader the easy task of proving by induotion 

Theorem 24] If <f> lt <f> k be k curves, no two with a common 
multiple point, then every curve through each intersection of two 
of them can be written 

4>l<ki-4k = ( 16 ) 

As a last and most important application of Nother’s theorem, 
let us find under what circumstances the group common to two 
curves impose independent conditions on a third. We assume 
all intersections are ordinary. 

If the orders of the given curves be n x , n 2 , their intersections, 
as we saw in the demonstration of Nother’s theorem, will impose 
independent conditions on every curve whose order is > n x -\-n 2 . 
It will therefore be sufficient to consider curves or order 
■ n = n 1 -{-n 2 —l. 

The form of the equation of the curve being that given by 
Nother’s theorem, the conditions are independent if 
(n 1 +n i —l)(n 1 +n 2 —l+3) 

-2-““ W l n 2 

_ ( ra 2 J+2) (Kj — Z-f-l)(Wi — 1 -\- 2 ) J 

2 ' ~ ~ 2 
(Z-l)(Z-2) = 0. 

Theorem 25] If two curves have no common singular point, 
their intersections, distinct or infinitely near, will impose inde¬ 
pendent conditions on every curve whose order plus two is as great 
as or greater than the sum of their orders. 

Reverting to the equation above, we see that the number of 
conditions imposed is 

Mi—iW— 1 2). 

How can we always pick out this number of points from 
among the n x n 2 and be sure that every curve of order — l 

through them will go through all n x n 2 points 1 Let us suppose 
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There must be some group of n 1 n 2 —l(l—l)(l—2) intersections 
which impose independent conditions on our curve. Let us call 
this group 0, and the residual group O': it contains \{l—\)(l—2) 
points. They lie on every curve of order Kj+ft 2 —l through the 
group 0. The group O’ lies among the 

n i (n 1 +n 2 ~l)—[n 1 n 2 —l(l—l){l—2)] 


intersections of a general curve / of our system with 0 = 0 

exclusive of 0. It turns out to be very important whether the 

(l-l)(l-2) . , .. . . . „ 

-——- pomts lie on a curve of order t—3; we may pass 


such a curve through all but one of the points since 


(Z-l)(Z-2) 

2 


— 1 = £Z(Z—3). 


The »jW 2 points common to <f> and 0 cannot all lie on a curve 
of order Z—3. Let us pick out f(Z— 1)(Z—2) which do not, call 
the group G', and pass a curve of order Z—3 through all but 
any chosen one of those points, that last one being P, the curve 
being y, and Ax+By+C — 0 an arbitrary line through P. 
Where will the compound curve 


x(Ax+By+C) = 0 

meet 0 ? Evidently in the group O' and in a pseudo-residual 
group R of n 2 (l—2)-b{l-~ I)(Z—2) points, which includes » 2 —1 
collinear points, and is co-residual to G. Take any curve of order 
n = n 1 4 n 2 —Z through 0, let its residual group on 0 be 0, the 

number of points thereon is l)—n t n 2 — . 

2 

By the extended residue theorem R and O are pseudo-residual, 
and constitute the total intersection of 0, whose order is n 2 with 
a curve of order n 2 — 2. But among these are n % — 1 collinear 
points, so that their line must form a part of the curve of order 
n 2 —2, and its remaining intersection with 0, namely P, must be 
a point of O'. But P was any point of O'. This gives:* 

Theorem 26] If among the n{fi 2 simple intersections of two 
curves of order n x and n 2 respectively, there be taken \{l—l)(l—2) 

■which do not lie on a curve of order l— 3, every curve of order 

* The developments from here to the end of the chapter are taken from 
Study* and Baocharach. 
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%4-»s ~*l through the remaining points mil pass through these 
points also. 

Consider the case where 1=3. The group O' will contain only 
a single point. 

Corollary 1] If two given curves have no multiple point in 
common, every curve whose order is three less than the sum of their 
orders, through all but one of their intersections, passes through 
that last one also. 

Corollary 2] Every curve of order n x > n 2 through 
nn (n 2 -l)(n 2 -2) 

intersections of two curves of orders n x and n 2 will contain the 
remaining intersections provided that they do not lie on a curve of 
order n 2 —3. 

Here is a last simple application of corollary 1]: 

Theorem 27] If among the n 2 simple intersections of two curves 
of order n, and n—l, one half lie on a curve of order n— 2, the 
other half do the same. 



CHAPTER HI 
REAL CURVES 

§ 1. Asymptotes 

It is our purpose in the present chapter to study real curves, 
that is, the totality of real points whose coordinates satisfy a 
real polynomial equation, assuming, of course, there are an 
infinite number of such points. The only real solution of 
x 2 -{-y z = 0 is given by the values x = 0, y — 0, and we should 
hesitate to call this a real curve. We can only touch the most 
significant parts of the topic, leaving the reader to study books on 
‘Curve Tracing’ in case he is desirous of a complete treatment.* 
Definition. We shall mean by a ‘branch’ of a curve at a point 
whose homogeneous coordinates are (:r 0 , y 0 , z 0 ) the totality of 
values expressible by three convergent power series 

px = XQ+aJ+a^-i-... 

PV — ••• 

P z = z 0 +c 1 t+cj*+... (1) 

It is assumed that the ratios are not all constants. 

In the case of a non-singular point, the canonical form for 
simplified representation of the branch is 

x = x Q +t y = y Q -\-b 1 t-\-b^+.... (2) 

If we have an ordinary singularity we have several such 
developments, the canonical form for a cusp will be 

x = a; 0 +« 2 y = y 0 +b 2 t i +b 3 t 3 +... b 3 ^ 0. (3) 

We shall show in Book II that the total vicinity of any sort of 
point can be represented by a number of such branches. 

Suppose that the equation of a curve is real, and that it 
contains a real non-singular point. We orient the axes in such 
a way that the tangent at this point is not vertical. Then we 
may develop y in terms of a; as an integral power series, the 
coefficients are rational functions of those of the given poly¬ 
nomial. 

Theorem 1] If an algebraic curve have a real equation , and 
a single real non-singular point, it has a real branch. 


* CI. e.g. Frost or Johnson. 



- ' - < BEAL CURVES Book I 

< # _ 

A teal branch is one with a real development. We get 

similarly 

Theorem 2] If an algebraic curve with a real equation have 
a real ordinary singularity with a real tangential direction , it will 
contain a real branch. 

We emphasize the statement at the beginning of the present 
chapter with a definition. A curve whose equation can be made 
real by multiplying through by a factor, not 0, and which 
contains a real branch shall be called a ‘real’ curve. This 
definition is not universally recognized, some writers omit the 
requirement of a real branch. This seems to me unwise. As an 
example, let us consider the curve 

x s +y s +x i +y 2 = 0. 

This curve has a real point, the origin, and a real direction for 
its tangent, namely the x-axis, but there is no real branch, and 
the origin is the only real point of the curve. We therefore call 
such a curve ‘self-conjugate’ imaginary, not real. 

In plotting curves there are certain fundamental rules which 
it is well to recall. The equation of the curve being 

f(x,y) = 0, ( 4 ) 


the slope of the tangent at (x 0 , y 0 ) is 


<1 

\ _ d Vo _ _ 
dx 0 - *T 

%0 


The curve will be concave up if 


ps>0 


tx 0 2 


&L /Jf V 2 -XL XL XL < o. 

3*b*\W ^ 0 2 W Sx 0 8y 0 dx 0 dy 0 
The curvature is 


(5) 


( 6 ) 


g e 2 / 8/ 8/ ay / af 


f\ 2 

v 


d xun 

0 / 


dx Q dy Q dx Q dy Q dx<? \dyj dy Q * \dx { 

17 ’W7TWW 

.Wo/ + Wo/ . 


1 

K‘ 


(7) 


An important help to plotting the curve is to draw the 
asymptotes, these being defined as the tangents at its infinite 
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points.* We get these as follows. Write the curve in descending 
powers of x and y 

f=f n {x,y)+fn-i(x,y)+f n - 2 {x,y)+... = 0 . (8) 

Let the slope of an asymptote be —, or, in other words, let its 

x i 

point of contact have the homogeneous coordinates (aq, y v 0 ). As 
at the finite point (x 0 ,y 0 ,z 0 ) the equation of the tangent is given 
by (7) of Ch. II which takes the homogeneous form 

J X K + yl.)- Z LV + y 0 l.)=0. 

°\ [ °&r 0 

x o^~ +Vo J 7 + 2 o Jr = n f( x o> 2 /o- *o) = °> 
the equation of the tangent takes the simpler form 

0*o 0y o 8z o 

Replacing / and its derivatives from ( 8 ) in the homogeneous 
form /(*,», 2 ) = f n (*> y)+zf n - 1 {x,y)+z*f n _ i (x,y)+... 


Since 


(9) 


and then changing ( x 0 ,y 0 ,z 0 ) to {x v y v 0 ) while z = 1 we get 

x ^+y^7+fn-i( x vyi) = °- 

0*i oy x 

Suppose that the curve meets the line at infinity in n distinct 
points so that 

f n (*>y) = (*yi-y*i){*yz-y*2)-(*y n -y x n) 

*~ = K {*yi—y*i)( x iy2-yi x i)-(*iy n —yi*n) 


lim 

x-+Xi,V-+Vi 


0*1 tyi . 


1. 


fn(*>y) 

Consider the homogeneous polynomial of degree n— 1 


2 8/, —m- 


»=i*-p+w-. 
d*i dyi 

This is identical with f n -i{*,y) for n values {x v y 1 ),(x 2 ,y i ),..., 

* Cf. Frost, also Pernot et Moisson, and Stolz. 
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*»> 


»). The two polynomials are identical or 
A-ifoy) = V /—ifa.tt) 

/ 553 • 


fn( x ,y) 


foi fyi 


We thus get the general rule 
Theorem 3] If the algebraic curve 

f(x,y) =/*(*> y)+/»-i(*,iO+... = 0. 

meet the line at infinity in distinct non-singular points, and if the 
f (x I/) 

fraction ■ , he expressed as the sum of partial fractions 

fnfr’V) 

— Cj —the equations of the asymptotes are * 

OjX+bjy 

apc+by+Ci = 0 . ( 10 ) 


When only a single asymptote is desired it is better to go at 
the matter more simply. If the slope be l v and we substitute in 
the curve, l^xfi-b for y, we have an equation in x whose degree 
is not n, but n— 1, for there is one infinite root. There will be 
just one value £q for 6, which will reduce this to an equation of 
order n— 2, i.e. give two infinite roots; the asymptote is 

y = l 1 x+b 1 

The reader is advised to try a few examples. 

After the asymptotes have been found and drawn, it will be 
helpful to find the remaining intersections of the curve with the 
asymptotes. If the asymptote be tangent at a non-singular 
point, it is important to find out whether the curve goes to 
infinity on the same side thereof in both directions, or whether, 
like the hyperbola, it lies on opposite sides of the asymptote 
when far out beyond the last intersection. We determine this 
as follows. Let us choose the axes so that one-asymptote at 
a non-singular point is the a:-axis. Let us assume that the 
highest power in x alone is x n ~ k so that when y = 0, x takes k 
infinite values, i.e. we have i-point contact. When y is ex¬ 
tremely near 0, and x numerically large, the preponderant 
terms are ax~hj-\-bx n ~ k = x 1l ~ k {ax 1e ~ 1 y-\-b) and neither of these 
can vanish, for the curve meets the infinite line but once at the 
end of the axis by hypothesis. If k be even, x k ~ l and y both 


* Cf. Wieleitner, p. 88. 
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change sign with z and y so that the values of y corresponding 
to numerically large z’s with opposite signs are themselves 
opposite in sign, i.e. the curve goes to infinity on Opposite sides 
of the asymptote. The reverse is true when k is odd. 

Theorem 4] If an asymptote tangent to a real curve at a non¬ 
singular infinite point have even-point contact, the corresponding 
branch of the curve will go to infinity on opposite sides of the 
asymptote in the two directions. The reverse is true in the case 
when there is odd-point contact, the distant parts of the branch are 
all on one side of the asymptote. 

Suppose that our homogeneous polynomial f n (x, y ) has a linear 
factor with the multiplicity k, which is not a factor of f n -fix, y). 
This will not correspond to a singular point on the infinite line, 
but to i-point contact therewith. We may choose the axes so 
that this factor is y, and write 

y k 4>n-k( x > y)+f n -i( x >y)+- = o. 

We now make a change of variable, writing 



y' k <f> n -k{hy')+x’fn-M)+~ = o 

0)#0 /»-i(l,0)#0. 

Then by Theorem 4] of Ch. II we may write 

x' = a k y' k +.... 

Suppose a k >0. If & be even, x' is positive for all values of y' 
close to 0. Hence x is large and positive, and y changes sign 
with y', i.e. all horizontal lines meet the curve far out to the 
right. When a k < 0 they will all meet it far out to the left. 
If k be odd x' and y' change sign together, hence y is essentially 
positive and each y will correspond to two numerically large 
values of x, one positive and one negative. 

Theorem 5] If a real curve have even-point contact with the 
line at infinity at an ordinary point, a finite line through that point 
will have one distant intersection with the curve, if the contact be 
odd-point, there will be two distant intersections or none. 

We can remember the rule by noting that all vertical lines 
have one real intersection with the parabola y = x 2 , but if we 
take the cubic y 2 = x 3 some vertical lines have two real inter¬ 
sections, and some none. 
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Suppose that a curve has an ordinary singular point of order 
r at infinity, with r distinct parallel asymptotes running there. 
These r asyiflptotes have nr intersections with the curve of 
which r(r+1) are their intersections with the line at infinity 
oounted (r+1) times. Hence, by the total intersection theorem 
of the last chapter, we are able to prove* 

Theorem 6] If a curve have r parallel asymptotes running to 
a point of multiplicity r, their finite intersections with the curve 
lie on a curve of order n—r— 1. 

§ 2. Real singular points 

In most of the work which we have done so far, in connexion 
with singular points, we have assumed that we had only to deal 
with ordinary singularities. We shall postpone to the next book 
a theoretical discussion of the properties of singular points that 
are not ordinary ones or cusps, but shall give at this point a 
discussion of the method of plotting a curve in the vicinity of 
a singularity of a complicated nature. Much of what we do here 
will prove of great value later. 

Suppose that we have a singular point at the origin. When 
x and y approach 0, the terms become infinitesimal of different 
orders. We wish to find a set of terms which are of the same 
order, lower than the infinitesimal orders of the others. These 
terms alone will give us a partial representation of the curve in 
that vicinity. Let the curve be 

'£A i x a <yPi — 0 . 

i 

It is conceivable, and in fact, highly plausible, that the curve 
can be developed in the vicinity of the origin in a set of series 
of fractional or integral powers of x, of the form 
y = y'xu-{-a^; 2 i l -\-... 

For points very near the origin, we may content ourselves with 
the first term of the series, we want then to find such a value 
(i that if we put y = xp, divide out a suitable power of x and 
then let x become 0, y’ will approach a finite value. As an 
approximation to the curve, we content ourselves with those 
terms where x has the same power, after this substitution, which 
is lower than its power in the other terms. How do we find 

* Cf, Hyashi. 
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them ? It is well, since y is probably a fraction, to make a more 
elaborate change of variable 

x = x' T y = y'x'* 

2A i x' r « i +*P, y’Pi = 0 . ( 11 ) 

We wish to retain those terms where ra i -\-8^ i has the lowest 
value, and momentarily reject the others. How can we give 
to r and 8 such values that 

r*p+8pp = ... = rctj+spi = ... = ra g +8£ 9 ; (12) 

«p < - < «t < - < «a. P P > .•• >Pi> > P, (13) 
whereas in all the other terms the value is greater ? The true 
method was discovered by Newton.* 

Let us start in the north-east quadrant of a new coordinate 
plane, and mark every point with the exponents (a, p), i.e. we 
take the exponents of every term in (x,y) actually appearing, 
and mark the corresponding point in the (a, /?) plane. The line 
from (ot p ,P p ) to {<x q ,p a ) has the slope 

Pa-Pv = _J_ m 

<*q— <Xp S' 

The points (a,,/?,) indicated in the inequality above lie on this 
line, whose equation is 

ra+sP = ra p +8P p . 

The terms we wish to reject say a. m> p m for which 

lie on the other side of this line from the origin. The method of 
procedure is, then, as follows. 

The origin in the (a, P) plane is not a marked point, but there 
is surely some marked point on the /S-axis as otherwise our 
original equation would be divisible by a power of x. Take the 
marked point on the /3-axis nearest the origin, and call it P v 
Let the half-line which starts from P x and goes through the 
origin rotate positively about P 1 till it passes through one or 
more marked points; P z shall be the most distant of these from 
P v Let the half-line through P 2 away from P 1 rotate positively 
about P 2 till it passes through at least one other marked point, 
the most distant being P 3 , etc. Continuing thus we get a broken 


* Cf. Newton, vol. i, p. 357, and also Cramer, p. 54. 
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line running from a point on the )S-axis to one on the a-axis, each 
segment of which contains two or more marked points. The set of 
terms in the original equation corresponding to themarkedpoints 
on each segment will give a partial representation of the curve. 

As a check to all this let us look at the infinitesimal orders 
of the origin in the original curve, and in the various partial 
curves. We mean by this the order of the infinitesimal/, and of 
the various functions which give the partial curves. If a line 
have a north-westerly direction the sum of the coordinates of all 
points thereon is the same. The infinitesimal order of / is the 
smallest sum i.e. the sum of the coordinates of the points 

on the nearest north-west line through a marked point. A similar 
rule holds for the partial curves. 

We have three classes of segments in the plane: 

a) Those which are steeper than a north-west direction. 

b) A single segment, which may, perhaps, not be present at 
all, which takes the north-west direction. 

c) Those which are less steep than a north-west direction. 

If a segment from (tx p ,fi p ) to (ot q ,f3 q ) be steeper than the north¬ 
west direction the point thereon which lies on the nearest north¬ 
west line to the original is (a 9 ,/? 9 ) if we follow the inequalities (13). 
If we divide out the extraneous factor x a pyP* from each of the 
terms we retain, the lowest infinitesimal order is a 9 — a p . The 
first of these steep segments starts on the /2-axis, hence the sum 
of the infinitesimal orders from them is 

a i+(«2— a i)+- + (ai—“ft) = a,. 

If we have a north-west segment from (ato (a m ,/?,„), and 
divide out <xJ3 m we get, as before, the infinitesimal order (a. m — a ; ), 
so that the sum of the infinitesimal order so far is a m . The 
remaining segments are the less steep ones, here the nearest 
north-west line runs through the marked point furthest to the 
left, that with the smallest subscripts. The quantity divided 
out is of the form x a ryPt and the infinitesimal order is 
The sum of all these will be /3 m , and the sum for all segments 
be the order of /. This is very reassuring as it shows 

nothing has been lost. 

The best way to illustrate the general theory is to work out 
some special examples: 
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Example I. x s — 5xy 2 -{-2y 5 = 0. 

The broken line has two segments. The fiTst gives the terms 
—5xy 2 +2y s , 

and so the simple cubic curve 

5x = 2 y 3 . 

The second gives the terms 

x 5 —5xy 2 . 

And so the two parabolas 

x 2 = i V5y. 




Fig. 2. 
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Example 2. rf—x^+y* = 0. 

One segment of the broken line gives the cuspidal cubic 

y z —x 2 — 0. 

The other segment gives the equal cubic 

x 3 —y 2 = 0. 

There is but one real asymptote: 

To find the most distant part of the loop we put x = y, and 
get the point (1,1). 




Example 3. x*-\-x 2 y—y 3 -\-y* = 0. 

The first segment of the broken line gives the two lines 

x 2 —y 2 = 0. 

The other segment gives the parabola 

x 2 +y = 0. 

Returning to the theoretical discussion, if there be a north¬ 
west segment the partial curve will be given by the homogeneous 
polynomial a p yP p ~P , +...+a ( p at - ap == Q. 

If the roots of this be distinct we have an ordinary singular 
point for this partial curve. If the origin be an ordinary 
singularity for the given curve the broken line consists of a 
single segment in a north-westerly direction. The partial curves 
are the various tangents. If the origin be a cusp there is still 
but erne segment to the broken line. 
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In closing it is well to make one remark about the situation 
of the real inflexions. We see from (7) that, at such a point 

d i ( 8 iv _ 2 jy i 8 i\ ( 8 i\ = 0 

8x 2 \8yJ ' dy 2 \8x) dxdy\8x)\dyj 


whose 


< 0 . 


This is a homogeneous quadratic form in 

ratio gives minus the slope of the inflexional tangent, hence, at 
a real inflexion 

\8x 2 ) \8y 2 J \dxdy) 

If the curve have a real double point at (x, y) its equation can 
be written 

by 2 

The tangents are obtained by equating the quadratic terms 
to 0, the condition for real tangents is that found above for 
real inflexions. We thus get the pretty theorem* 

Theorem 7] The real inflexions, cusps, and nodes are in that 
portion of the plane where 

ay Wtm'co. 

8x 2 ' dy 2 \dxdy) ' " 

* Cf. Scott 1 . 


0=(Z-x) 2 ?y+2(£-x)(r 1 -ii) 8 ^- 

vs dx 2 v A/ J cxcy 


+(v-y) 2 ^+..~ 


(14) 
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CHAPTER IV 

REAL CIRCUITS OF CURVES 


§ 1. Topological properties of even and odd circuits 

It is the purpose of the present chapter to discuss the topo¬ 
logical properties of the various real circuits of a real algebraic 
plane curve. We mean by a non-composite circuit a real branch 
as previously defined, and its various analytic continuations 
taken successively until the first development is reached again. 
In common parlance it is the part traced by a continuously 
moving real point which eventually comes back to each point 
already passed. If a straight line not tangent to a circuit inter¬ 
sect it in an even number of real non-singular points, the same 
is true of every line meeting it in distinct non-singular points, 
for the intersections can only pass from real to imaginary in 
pairs. In this case the circuit is defined as ‘even’ otherwise 
‘odd’. A circuit shall be said to be ‘simple’ if it contain no 
point on more than one branch of a curve, no ordinary singularity 
for example. We may make a composite circuit out of succes¬ 
sive arcs of various curves joined end to end. The distinction 
of odd and even will be as before. 

Suppose that we have two circuits c } and c 2 , neither of which 
passes through the origin. We shall assume that they are not 
tangent to one another, and that c 1 cuts the line at infinity in 
distinct points. Then we may take such a large circle about the 
origin as centre that each point of c x outside thereof is as near 
to the nearest asymptote as we please. Thus every outside 
curve cutting c t at an angle greater than a very Bmall limit e will 
out the near asymptote also, and vice versa. 

Let us next fix our attention on c 2 . This is an algebraic curve 

not through the origin, there will be a finite number of normals 

through the origin and, hence, a nearest point. If we make the 

transformation , , 

x =rx y —ry 

we may change c 8 to a similar and similarly placed circuit c, 
completely outside the large circle. We may choose r so that 
c 9 is not tangent to c x , and in fact so that every intersection 
with am asymptote is at an angle > e. Then the number of inter- 
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sections of c 3 and c x is the number of intersections of c 3 and the 
asymptotes. Moreover, c 2 and c 3 are even or odd together. 

If c x and c a be both odd c x has an odd number of asymptotes, 
and each will meet e 3 an odd number of times. The number of 
intersections of c x and c 3 is thus odd. If c 3 shrink gradually 
back to c 2 , we shall lose or gain real intersections in pairs, and 
this will not affect the even or odd question. The case where 
one or both of our circuits is even is handled in the same way. 

Theorem 1] Two circuits will have no intersections or an even 
number of intersections unless both are odd, in which case the 
number of intersections is odd also. 

Theorem 2] A rum-singular curve of odd order has one odd 
circuit, a non-singular curve of even order has no odd circuit. 

We saw in theorem 4] of the last chapter that a curve which 
has even-point contact with its asymptote goes to infinity on 
opposite sides of the asymptote, although at a finite point, 
a curve with even-point contact does not cross its tangent. 
Exactly the reverse situation holds for a curve with odd-point 
contact. We may then say that in passing through infinity the 
upper and lower neighbourhoods of a line are interchanged. 

Suppose that we have a simple even circuit which meets the 
line at infinity in only two points. Let a sphere be tangent to 
the plane at its south pole. We may project the plane on the 
southern hemisphere by lines radiating from the centre, the 
relation is one to one except that points of the line at infinity 
are projected into pairs of diametrically opposite points of the 
equator. We have two arches on the southern hemisphere 
which do not intersect one another, one connects two points of 
the equator, the other the two opposite points. We have then, 
three simply connected regions on the hemisphere. The first is 
bounded by two curves and two arcs of the equator, each of the 
others is bounded by one curve and one arc. We may find 
a continuous path from a point on one equatorial boundary of 
the first region to the opposite point on the other equatorial 
boundary arc which does not meet either curve, but a continuous 
curve from a point on the equatorial boundary of the second 
region to the opposite point of the third meets both curves and 
vice versa. Now if we project back upon the plane, region I 
of the sphere beoomes a simply connected region of the plane 
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called region I, which has the property that we may connect two 
erf its points by an odd circuit which does not intersect the given 
even circuit. Regions II and III of the hemisphere become 
region II of the plane which has the property that an odd 
circuit connecting two of its points meets the given circuit an 
even number of times. Region I is called the ‘outside’ region, 
II the ‘inside’ region. The reader will see which is which in the 
case where the given even circuit is a hyperbola. 

Suppose, next, that it has been shown that a simple even 
circuit that meets the line at infinity in 2(n—1) points divides 
the plane into an outside and an inside region of exactly this 
sort, there being odd circuits in the outside which do not meet 
the curve, but none such which contain points of the inside 
region. Consider a simple even circuit that meets the line at 
infinity 2 n times. Consider two successive intersections with the 
line at infinity, and project the whole circuit on the southern 
hemisphere as before. If we take a point A on the curve just 
before the first crossing with the equator and a point B just 
after the second crossing and connect them by a simple arc that 
does not cross the equator, we get a circuit which will project 
back into a simple even circuit that crosses the line at infinity 
2(n—1) times. Take an odd circuit that does not meet this new 
even circuit. If it meets the discarded part of the original 
circuit it will do so an even number of times, for this discarded 
part and the new arc AB make an even circuit. Any part of 
our new odd circuit which is inside the original even circuit can 
be replaced by a path which follows the arc AB very closely, 
and so cuts the line at infinity at most twice. We have thus 
constructed a new odd composite circuit which does not inter¬ 
sect our original even circuit at all. Our new circuit has an 
outside region, it also has an inside: 

Theorem 3] A simple even circuit divides the plane into two 
parts, an inside and an outside. Every odd circuit through a point 
of the inside meets the even circuit in at least two points, certain 
odd circuits in the outside region do not meet it at all, and so lie 
completely without. 

Suppose we connect two points, A and B, of an odd circuit 
by a continuous path which is either finite, or meets the infinite 
line an even number of times. If we go from A to B one way 
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along the eurve we cross the line at infinity an even number of 
times if we cross it at all. If we go the other way there are an 
odd number of crossings. If we take the first of these, and the 
path AB, we get an even circuit. A continuous path from an 
inside to an outside point will meet the boundary an odd 
number of times. If we try the same experiment with an even 
circuit it may be that going from A to B each way we meet 
the line at infinity an odd number of times, in which case we 
either get two smaller even circuits, or none at all. 

Theorem 4] A continuous path connecting two points of an odd 
circuit, which meets the line at infinity, if at all, in an even number of 
points, will, with one arc of the original circuit, divide the plane into 
two such parts that a continuous path from a point of the one to one 
of the other, necessarily meets the boundary an odd number of times. 
In the case of an even circuit this may, or may not, be the case* 

As a justification for our last statement let us note that 
a continuous arc connecting two points on the same half of 
a hyperbola will, with the corresponding finite arc, divide the 
plane in two, but a continuous path connecting two points on 
different branches will not do so if we allow passage through 
infinity. An arc of an ellipse and a finite arc connecting two of 
its points will divide the plane, this will not be the case if we 
connect the points by an arc passing simply through infinity as 
does a straight line. A continuous arc connecting two points 
of an even circuit, and dividing the plane with one arc of that 
circuit shall be said to be ‘of the first sort’ with regard to the 
circuit. When it does not divide the plane with either arc it shall 
be said to be ‘of the second sort’. 

Let us take two points A v B x on an even circuit. Connect them 
by a continuous arc not meeting the circuit elsewhere. It will 
determine a composite circuit with each arc of the original. 
If an odd circuit meet one of these smaller circuits an odd 
number of times it will do so with the other smaller circuit, and 
the same will be true if the number of intersections be even, 
including zero as an even number. 

Theorem 5] If a continuous arc be of the second sort with 
regard to an even circuit, it wiU form therewith two odd circuits, 
otherwise two even ones. 

* Cf. BruBotti', p. 122. 
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Let the reader show by similar reasoning: 

Theorem 6] If an arc connecting two points of an even circuit 
divide the plane with one arc of the circuit connecting its extremities, 
it will do so with the other. If the given circuit be odd, only one of 
the two arcs on it will divide the plane with the new arc. 

Suppose that A 1 B 1 and A 2 B 2 are two arcs of the second sort 
with regard to an even circuit, but with no common point. 
If the pairs of extremities did not separate one another on the 
circuit there would be one arc A X B X of the circuit that shared no 
point with one arc A 2 B 2 . Then the two arcs connecting A 1 ,B 1 
would make an odd circuit, as would two connecting A 2 ,B 2 , 
yet these circuits had no point in common, which is contrary 
to 2]. 

Theorem 7] If two arcs be of the second sort with regard to an even 
circuit their pairs of extremities separate one another on the circuit. 

Theorem 8] If the intersections of two circuits follow in the 
same order on the two, then if one circuit be even, at most one arc 
of the other is of the second sort with regard thereto. 

Suppose that we have two circuits with k > 2 intersections 
following in the same order on them, and that no arc of one is 
of the second sort with regard to the other. We shall see later 
that this can be accomplished with ease. Let the successive 
intersections be A lf A a .... Let A l ,A j be a successive pair. Pick 
out that arc of the first circuit connecting them which contains 
no other intersections. This will divide the plane with one arc 
A { Aj of the second circuit unless it be of the second sort with 
regard thereto, a case we may consider excluded by 8], If the 
second circuit be even, the chosen arc A t A } of the first will 
divide the plane with either arc A i A i of the second by 6]. If the 
second circuit be odd we must choose the arc of the second 
rightly; which shall we choose ? The only case to consider is 
that where both circuits are odd, for if either be even we may 
choose either arc of the other. But if both be odd and we choose 
that arc of one which contains no other intersection, and that 
arc of the other contains all the other intersections, then this 
supposedly even circuit would be cut by the circuit composed 
of the other two arcs an odd number of times, an absurdity. 

We have thus established that if neither curve present an arc 
of the second sort with regard to the other, the k successive 
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intersections will determine k successive pairs of arcs containing 
no other intersections, each pair dividing the plane. Let the 
equations of the curves on which the circuits lie be 

fi = 0 /, = o. 

Let us write / ^/iA+= 0, 

where e is infinitesimal. The curve / is infinitely near the 
original curves and meets them only where they meet <f> or at 
infinity. If we take for <j> a curve which meets neither circuit 
in a real point, and e so that / contains a point inside one of the 
even circuits, it will contain a point inside each of the k just 
described and have, in fact, k even circuits infinitely near the 
others. These circuits, shall be said to be obtained from the 
others by the method of ‘small variations’.* 

Suppose that we have two circuits which lie infinitely near 
to one another, i.e. they are corresponding parts of two curves 
whose equations differ infinitesimally. A curve meeting one in 
real points will meet the other in the same number of them. 
Their intersections, if they have any, must follow in the Bame 
order on the two curves, and both must be even or odd 
together. Moreover, one could not make an arc of the second 
sort with regard to the other, for an odd circuit lying outside of 
one, and hence, outside of the other, would fail to meet both, 
which is not possible if one have an arc of the second sort with 
regard to the other by 5]. 

Theorem 9] If two infinitely near circuits intersect in a number 
of points, these wiU follow in the same order on the two, and toe 
may obtain k even circuits from them by the method of small 
variations. 

Let us see what is the maximum number of circuits obtained 
by this method. We shall proceed to prove 

Theorem 10] If two curves f v f 2 have N simple circuits, and k 
intersections, the maximum number of circuits obtained from them 
by the method of small variations is N-{-k —2, and this number is 
only attained when all the intersections lie on one pair of circuits 
arranged in the same order. 

If there be s circuits each intersecting none on the other curve, 
these will be replaced by an equal number of like circuits. 

* Cf. Brusotti 1 for this definition. 
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,. number obtained by small variations will thus be &+«. 
Our given circuits cannot all be non-intersecting, we must 
sacrifice at least two to get our s intersections, s < N—2. 
A combination of these two inequalities gives the theorem. 

These relations lead us to the specific question of considering 
the maximum number of circuits allowable for a curve of as¬ 
signed sort. We begin by proving: 

Theorem 11] A real irreducible non-singular curve of order n 
cannot have more than \{n— 1)(»—2)-j-l real circuits. When n is 
even, all of these are even, when n is odd, all but one are even. 

The latter part of our theorem is contained in 3] and need 
not detain us. Suppose that n is even, so that all of the circuits 
are even, and that there are \(n— l)(n—2)-f-2 of these. Pick 
out a point on each of these, and require a curve of order n—2 
which, if non-singular, will also be composed of even circuits, 
to go through each of the given points, and through n— 4 others. 
This is not asking too much, for the number of conditions im¬ 
posed is l(n— 2)(w+1) while the amount of freedom for the new 
curve is |(n—2)(w +1). But now the number of intersections of 
the two curves is 

(»—l)(n—2)+4-f (n— 4) = n(n— 2)+2 
and this is too many. 

Suppose, secondly, that n is odd. We place one point of our 
curve of order n —2 on each of the even circuits and n —3 on 
the odd circuit there must be one more intersection with each 
circuit, and this again leads to a contradiction. 

We may generalize this theorem to one of much greater 
generality. Suppose that we have a curve of even order n, with 
singular points of orders s v s 2> ... and 

tt (*— 1 )(»— 2)-2 1)]+2 

circuits, of which v are odd. Let us construct an adjoint curve 
of order n—2 passing through a point on each of the even 
circuits. The amount of freedom left for this curve is at least 

i(*“2)(»+l)—1)(»—2)—1)]—2— 

= n+v— 4. 

Since n is even, the number of odd circuits v is even, as is the 
number n+v— 4. 
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Let ns require our adjoint to go through n+v— 4 more points 
on an even circuit. The number of intersections accounted 
for is 

(n —l)(n—2) 2 8 t( s i —^)+4+2 8 i( 8 i —1)— 2v-\-n-{-v— 4 

= n(n— 2)—v+2. 

We must lastly consider a singular point of an odd circuit. 
Let its total multiplicity be s { , its multiplicity for the circuit < f . 
Then 2 k( 8 i~k) “ an °dd number, for it represents the total 
number of intersections of our odd circuits with certain even 
circuits, and an odd number v— 1 of odd circuits. It appears 
then that 2 8 %k is odd when 2 is even or vice versa, or 2 k s % is 
even or odd when 2 k is odd or even, or, lastly, that 2 k( 8 i~ 1) 
is odd. But this represents the sum of the singular intersections 
of an odd circuit with an adjoint of even order, and as the total 
sum of real intersections must be even, there must be at least 
one non-singular intersection not yet accounted for. This holds 
for each of the v odd circuits. The number of intersections with 
the adjoint is at least n(n— 2)+2, which is absurd. A similar 
method may be followed when n is odd. We get finally: 

Hamack’s First Theorem 12]* A real irreducible curve of order 
n cannot have more than |(n—l)(n—2)—2 1)+1 circuits. 

§ 2. Generation of curves by small variations 

We have, so far, established an upper limit for the number of 
circuits, without showing that there exist curves with this 
maximum number. That must be our next great task.f 

Definition. An arc of a curve of order n shall be called a ‘base 
arc’ if it contain nv points, the total intersection with a curve 
of order v. 

Definition. A curve of order n shall be called a ‘generating 
curve’ when 

a) it is non-singular and has \{n—\){n—2)-\-l real circuits; 

b) it has two base arcs with no common points. 

It is not certain yet whether there exist generating curves of 
high degree, though there is no difficulty in finding them in 
simple cases. When n— 2 the ellipse is a good example, when 
n — 3 we take the bipartite cubic consisting of an oval and an 

* Cf. Harnack, p. 192. 
f For the next developments of. Brusotti*. 
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odd circuit. A line connecting two points of tire odd circuit will 
meet that circuit again, and give a base arc. 

Suppose, next, that we have a generating curve E n of order n, 
and another curve C r of order r called an ‘aggregate curve’ with 
the maximum number of circuits. Let us assume further: 

a) That all of the intersections of the two are real and distinct, 
lying on one circuit e of E n and one circuit c of C r . 

b) That E n contains a base arc b x containing all its inter¬ 
sections with a curve of order v v a number which divides both 
» and r, this base arc lying on one of the arcs determined on 
e by c. If one of these arcs be of the second sort, that shall be 
the one on which b t lies. 

c) That E n shall contain a second base arc b 2 which contains 
all its intersections in proper order with a curve of order 
which number divides both n and 2r. 

Since b x contains the total intersection with a curve of order 
Vj it will contain the total intersection with a curve of order 

yyy 1 j* 

(n-f r) made up of —— infinitely close curves of order v v Call 

v i 

this curve 6 v+r and write 

C m+r = Cr-En+S0 n +r> 

where 8 is supposed to be infinitesimal. This curve lies infinitely 
close to C r and E n , meeting the latter only in n{n-\-r) points of 
one arc b v which will follow in the same order on the two, with 
no arcs of the second sort by 9], It will have one circuit near to 
each of the other circuits of E n and C r and nr even circuits 
obtained from e and c by small variation. The total number of 
circuits will thus be 

(n-l)(n-2) + (r—l)(r—2) + w _ (n+r-l)(n+r-2) +1 , 

2 2 2 

and this is the maximum possible for a curve of the order n-j-r. 
It is to be noted that this new curve C n+r could be taken as a 
new aggregate curve to E n . We now pass to b 2 and take a curve 
$%n+r order 2«-f-r having all its intersections real and lying 
on one arc of 6 2 and write as before 

@2n+T ~ C n+ rE n -\-?Hjt 2 n+r- 

The intersections of this curve and E n are real, n(2n+r) in 
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number, following in the same order on the two and lying on b z . 
The number of circuits is obtained from the previous formula, 
changing r to n+r 

(2n+r— l)(2n+r— 2) 

2 ~ t ~ ‘ 

A few moments’ consideration will show that we can step up 
indefinitely in this way, using first 6 X and then b 2 , thus getting 
a curve of order kn-\-r 

where k is a positive integer, with the maximum permissible 
number of circuits. 

There are various remarks which should be made at this 
point. Whenever we are about ready to stop, so that we do 
not care where our last curve may intersect E n , we may replace 
our curve xf> or 8 by a curve consisting in whole or in part of 
such factors as (x z A r y i -\-l) m . We next see that if we can find 
separate aggregate curves of order 1, 2,...,rt—1 we can find a 
curve of any degree greater than n with the maximum number of 
circuits. In fact we may do this in an extraordinary number of 
different ways. We proceed to illustrate a few (see figs. 4 and 5).* 

A) Take n — 1. The generating curve is a straight line, the 
curves and sets of lines meeting it in the one or the other of 
two well-separated segments. 

B) n = 2. We start with a conic, and the two arcs determined 
thereon by two lines which intersect outside. If we be content 
to seek curves of even order we take as C z another ellipse, 0 4 as 
four lines meeting E 2 in pairs of points of one arc determined 
by C 2 , and proceed as above. 

The case of the cubic is easily handled in the same way. We 
thus get 

Theorem 13] It is possible in a great many ways to construct 
by small variations a non-singular curve of any order with the 
maximum number of permissible circuits. 

It is now necessary to see if we can find curves with the 
maximum number of circuits compatible with a certain number 
of singular points. 

* Cf. Hamack, p. 197, also Ragsdale, pp. 381 fi. The two figures (4 and 6) are 
taken from the latter source. The author takes this opportunity to thank the 
editors of the American Journal of Mathematics for their courtesy in permitting 
him to copy them. 
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We saw in 12] that if the number of doublepoints be n—k—2 
the maximum possible number of circuits possible is 

(n_l)(n-2) _ {n _ k _ 2) = (n-2)(n-3) +k 
2 2 



««• 

C. — C, _v + 4 [11=0 


Fig. 4. 

Let us assume that for every value of the order up to and 
including n, and for every value of k up to and including n —2 
it has been shown that there exists a curve with this maximum 
number of circuits. Let us also assume that a line can be found 
cutting one circuit in n distinct points which follow in the same 
order on the line and on the circuit, the curve being E n and the 
line l v These conditions can certainly be fulfilled for n taking 
any one of the values 1, 2, or 3. Let <f> n be another curve of the 
same order as E n and with the same double points, and meeting 





M 
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1 

by 1st mode of generation. 
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it also at P, one intersection with l v while the remaining inter¬ 
sections of f x and cf> n shall be on a segment PQ, where Q is 
a neighbouring intersection of Z x and E n . If ? x have an arc of the 
second sort with regard to E n we must choose this for PQ. 
The number of conditions imposed on <f> n , since a double point 

imposes 3, is , _ 

r 3(n—fc-2)+n = 4n-3&-6. 

Now since n 2 — 5»+12 > 0 

n{n-\- 3) > 8?i—12 

n (TO + 3) >4n-6, 

Z 

so that we have not, really, asked too much of cj> n . Lastly, let l 2 
be another line through P. We write 

•®n+l = hE n +el 2 <f> n - 

The curve E n+1 will have a double point at each of the n—k —2 
double points of E n , also an additional one at P. It has a circuit 

near each of the ———— -j-&— 1 circuits of E n away from 

that cut by l v n—2 circuits near E n and l 1 by small variation, 
and a circuit with a double point at P. 

The number of double points of E is 

w-f-1— k— 2. 

The number of circuits is 

(•—!)<»—>) +i ._ 1 + (n _ 2)+ , = +k 
2 2 

_ [(n+l)—2][(« +l)—3] | L 
2 

This holds for all values of k up to n — 2. For k — n—1 we 
get a number compatible with the order n. Lastly it is clear 
we can step up, for the line meets E in n -f 1 successive points 
on one circuit. 

Hamack’s Second Theorem 14] There exists a curve of each 
order with the maximum number of circuits compatible with that 
order and with a certain number of double points, provided that 
number is not permissible for a curve of lower order.* 

* Hamack, p. 193. 
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§ 4, Nesting circuits 
In our discussion of the circuits on a curve we have, so far, paid 
no attention to their relative positions. We shall promptly see 
that there are very definite rules governing this matter. 

Definition. Two even circuits shall be said to ‘nest’ if one be 
inside the other. A set of even circuits shall be said to ‘nest’ 
if they can be so arranged in order that each is inside the 
preceding one. It is clear that a line which intersects the inner¬ 
most circuit of a nest will meet each circuit twice. We thus get 
some simple theorems due to Hilbert.* His theorems read some¬ 
what differently from ours as he does not include the outermost 
circuit as forming a part of the nest. 

Theorem 15] If the order of a curve be n, an upper bound for 


the number of circuits in any one nest is n and this number cannot 

2 


be attained if there be any circuits other than those in this nest. 
Theorem 16] The upper bound for the total number of even 

circuits in any two nests is ™, when n is even, and - when n 

2 2 

is odd. 

Theorem 17] When n is odd an upper bound for the number of 

U_ J 

circuits in one nest is — — . If there be this number there can be 


no other nest. 

It is often a far cry from determining an upper bound for any 
number of objects, to showing that this bound is ever reached 
in practice. Fortunately in the present case it is possible to 
do so.f 

We start with n = 4, noticing that in fig. 5 we have an 
example of a curve of the fourth order with four circuits, one 
of which meets the ellipse in 8 points arranged in the same order 
on the two. Neither has an arc of the second sort with regard 
to the other, but one arc of this circuit and one arc of the 
ellipse determine a region containing other circuits of the 
qu&rtic. 

Suppose, in general, we have our ellipse, the generating curve 
E t , and an aggregate curve C n with the following properties: 


* Cf. Hilbert, pp. 116 ft. 
t Hulburt*, pp. 197 ft. 
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1) It has the maximum number of circuits 


and a nest of 


n—2 
~ 2 ~ ' 


(»—l)(ra—2) , , 
-2- +1 


2) One circuit meets the ellipse in 2 n points arranged in the 
same order on the two. 

3) One of the regions determined by arcs of C n and E 2 con¬ 
necting two points contains some circuits of the nest, or is 
contained in some. 

Let us take n- f-2 lines meeting E 2 in pairs of points on some 
other arc besides that last mentioned. We write 


C n+2 s C n E 2 +mii = 0. 


What can we say about C n+2 ? 

1) Its order is n-|-2. 

2) It lies very close to C v and E 2 . 

3) It meets E 2 in 2(n.-f 2} points in the same order on the 
two. 


7b 

4) It has a nest of - circuits close to the nest of C n and the 
£ 


arc of C n E 2 mentioned. 

5) A composite circuit made of arcs of C n and E z includes 
circuits of the nest or is included therein. 

6) It has the maximum number of circuits for a curve of 
order n-f-1, namely 


7) It may be used to step up further. 

It appears from this that we can get a curve of any even order 
with no singular points, with the maximum number of circuits, 
and the maximum number of nesting circuits compatible with 
the total number. Moreover, in deducing this curve we might 
have replaced our ellipse by a pair of intersecting lines whose 
intersection was outside the first aggregate ellipse C 2 . The 
curve C i would have four circuits, two within the ellipse, one 
without the ellipse, but between it and segments of the lines 
running to their intersection, one starting in the opposite 
angular opening, meeting each of the lines four times and 
running around to the ellipse through infinity. The essential 
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arrangement is just as before, and we may step up indefinitely. 
But now we have a curve of even order n intersecting a line 
»fames. If we make a small variation of this curve and l we get 
a curve with these properties: 

1) Its order is n+1. 

n 

2) It has a nest of ^ curves. 

3) It has a circuit near each of the circuits of C n which does 
not meet the l, n— 1 even circuits near l and the crinkly circuit 
of C n , and one odd circuit near the two. 

These, however, are the maximum numbers for an odd 
circuit. 

Hilbert’s Theorem 18] For every order n there exists a non¬ 
singular curve with the maximum number of circuits, and the 
maximum number for any one nest * 

When n — 6 the maximum number of circuits is 11, the maxi¬ 
mum in any nest is 2, and there exist such sextic curves. It is 
a curious fact that if a sextic have eleven circuits, at least one 
pair must nest.| 

It is now time to look for curves with the maximum number 
of circuits and double points together. A double point may be 
classed as a circuit of zero extent. 

The new circuits were created in our system of small varia¬ 
tions by an arc of C n and one of E 2 which had 2 n successive 
intersections. Now if instead of taking our lines l v l 2 , etc., all 
meeting some other arc of E z , we take some of them to form 
a succession of segments connecting successive intersections of 
C n E 2 ; such intersections, being double points both for C n E 2 and 
for pairs of lines l x> l v will be double points for C n+2 , which will 
have certain new double points in place of as many new circuits 
away from the nest. This gives 

Bulburt’s Theorem 19] There exist curves of every order n 
with the maximum number of nesting circuits compatible with their 
order and other circuits, and the maximum number of circuits 
and double points in any combination which is impossible for 
a curve of lower order.X 


* Hilbert,* p. 122, for the ease n even. 

f Of. Wright. 


J Hulburt*. 



0m, I V APPARENT ORDER AND INDEX OP CIRCUITS t* 
$ 3. Apparent order and index of circuits 
We shall mean by the ‘apparent order' of a circuit the maximum 
number of different real intersections with any real line. This 
number can never exceed the order of the curve, and may fall 
far below it. We shall mean by the ‘index’ of a circuit the 
minimum number of real points on any real line not tangent or 
passing through a singular point. This number will frequently 
be 0, it cannot exceed n—2, for if a tangent be slightly displaced 
away from the curve it will lose two real intersections. It is the 
purpose of the present section to look for curves of certain types 
with the greatest possible index. Are there any curves of index 
n- 2? 

Let us begin with a curve of order n and an ordinary singu¬ 
larity of order n —1. There is no difficulty in writing the 
equation of such a curve. We merely have to put down 

= ( 1 ) 
where the I’a and m’a are homogeneous polynomials of the first 
order in x and y. Let us assume that all the V s and all the to’s 
are distinct, and that the to’s, equated to 0, bisect all but two 
of the successive angular openings about the origin determined 
by the V s. These latter lines are parallel to the asymptotes, 
and none of them can meet the curve at any point except the 
origin and at infinity. There is, thus, an infinite arc of the curve 
in each of 2(n~ 1) angular openings of the V s, those which 
contain the halves of the to’s. The curve crosses each of the 
V s at infinity and so, by Ch. Ill 5] it goes to infinity on the 
same side of the l in each of the opposite angular openings. 
In one of the angular openings where there is no to there will be 
a loop of our curve, the opposite opening will be empty. 
A straight line, not through the origin will cross n— 1 angular 
openings, and enter two opposite angular openings. If it cross 
an angular opening with an arc of the curve running from the 
origin to infinity it must cross the curve. If it enter without 
crossing an angular opening with a part of a hyperbola it will 
cut that part of the curve once. A line with the minimum 
number of real intersections will be one that crosses the empty 
angular opening and enters, without crossing, two containing 
arcs that run from the origin to infinity. 

J781 F 
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Theorem 20] There exist curves of order n consisting of a single 
circuit of apparent order n and index n— 2. 

The curves of index n—2 have been elaborately Btudied by 
Nagy.* Some of the methods employed are not entirely convinc¬ 
ing on the score of rigour, and extended discussion would lead 
us too far afield. 

* See Nagy 1 , Nagy*, and Nagy*, the first being the most interesting. 



CHAPTER V 

ELEMENTARY INVARIANT THEORY 


§ 1. Trilinear coordinates 

One great advantage in using homogeneous coordinates, x:y:z, 
instead of ordinary Cartesian ones, x and y, is the way that 
parallel lines can be handled as lines intersecting on the fictitious 
line at infinity, also the symmetrical way in which the three 
variables can be handled. Both of these advantages are retained 
in a more general system of coordinates which we shall now 
explain. 

What is the most general system of coordinates x v x 2 ,x 3 which 
are 

a) homogeneous; 

b) such that x, y, and z are functions of x v x 2 , and x 3 with 
continuous first partial derivatives ; 

c) such as to give to every straight line a homogeneous 
linear equation 1 

We write 


x = x(x lt x 2 ,x 3 ) y = y{x v x 2 ,x 3 ) z = z(x v x 2 , x s ) 

ux+vy+ivz = k(u 1 x 1 +u 2 x 2 -J r uyx 3 ). 

Since our coordinates are homogeneous we may replace kx v 
kx 2 , kx 3 by x v x 2 , x 3 , getting 


ux-\-vy-\-wz = 

Differentiating partially to x i 


dx . 8y 8z 

U -(-V — +w—~ -- 

dx i dXi ox i 


u { 


As u, v, and w are perfectly independent variables each partial 
derivative is a constant. The functions involved are linear and 
homogeneous: 

ax — A 1 jX 1 -^- A 12 x 2 -\- A 13 x 3 
ay = A^+A^+A^ 
az — A 3 jX^-\- ■A 22 X 2 -(- A 33 x 3 . 

If the determinant \A ti \ were 0, these equations would be 
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linearly dependent, which is not the case. Henoe we may solve 
them getting 

px 2 — a n x+a 22 y+a^ \a ti | # 0. (1) 

PX S = a 31 X ~^~ a 3tl/~^~ a &2? 

Such a system of coordinates are called ‘trilinear’. Let the 
reader prove: 

Theorem 1] The trilinear coordinates of a point are propor¬ 
tional to constant multiples of the distances of that point from 
three non-concurrent lines , when all of those lines are finite. 

The Cartesian coordinates, in homogeneous form, are a special 
case of trilinear coordinates, but do not come under this theorem, 
since one line is at infinity. When the three lines are chosen we 
may use such multiples of the distances that any chosen point, 
not on one of the lines, is the ‘unit’ point, i.e. that one with 
three equal coordinates. The commonest way is to take the 
centre of the inscribed circle as the unit point, then the co¬ 
ordinates of a point are proportional to its distances from the 
sides of the triangle, with proper algebraic signs attached. If a,, 
a 2 , « 3 be the lengths of the sides of the triangle, the equation 
of the infinite line is 

ajX t +02*2+03X3 = 0. 

If, on the other hand, we take the centre of gravity as the 
unit point, since the three triangles whose vertices are in each 
case this point and two vertices of the given triangle have equal 
areas, the coordinates of a point are proportional to the areas of 
the triangles it makes with two vertices of the given triangle. 
The equation of the line at infinity is 

Xi+Xt+x 3 = 0 . 

These are sometimes called the ‘Barycentric Coordinates’ of 
Mfibius.* 

We shall also have occasion once or twice to use oblique 
Cartesian coordinates, where a point is located by its distances 
from two lines which make an oblique angle, the distance from 
each axis being measured, not directly, but in a direction 


* Cf. Mobiu*. 
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parallel to the other axis. Oblique axes may be put in homo¬ 
geneous form if desired. They are to-day much less taught and 
considered than they were two generations ago. 

As a matter of notation the points whose coordinates are 
(1, 0,0), (0,1,0), and (0,0,1) shall be called the points 0 lt 0 2 ,0 3 
respectively. 

Theorem 2] Any four coplanar points, no three of which are 
collinear, may be taken as the unit point and the points O v 0 2 , O s 
of a trilinear coordinate system. The coordinates of every point are 
then completely determined except for the factor of homogeneity. 

Theorem 3] Every set of numbers, not all 0, will correspond to 
the coordinates of a perfectly definite finite or infinite point in any 
trilinear system. 

Let P x { = a^x+a^+a^z 

PVi = a^'+a^'+a^z'. 

Then = a ll (hx+px')+a ii (\y+py')+a i3 (hz+pz'). 

Theorem 4] If the homogeneous Cartesian coordinates of three 
points be linearly dependent, then the trilinear coordinates of those 
same points are linearly dependent, and the multipliers are the 
same in the two cases. 

Suppose that we take four collinear points with the coordinates 

* x (*)+ pi ( 2 /)> K( x )+Pi(y), h( x )+iH(y)’ K(z)+/j-i(y)- 

Assuming that their line is not vertical, the projections of 
these points on the x-axis will have the non-homogeneous 
coordinates 

\ x xA-p\%' AjX+pjx' A 3 x-(-p 3 x' A 4 x-fp 4 x' 

’ ^2+P2 ^3 + ^3 ^4+/*4 

The cross ratios of the original points and their projections 
are the same, the cross ratios of the projections are found im¬ 
mediately from their distances, which are the differences of . 
their abscissae, and take the form 


Aj p x 


^3 p3 

A 2 Pi 


A 4 p t 

Ax Pi 

7 

A 3 p 3 

A t p t 


A 2 p 2 
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Theorem 5] A cross ratio of the four points Xfipc)^-P\(y), 
X i (z)+fi 1 (y), X 3 (x)+p a (y), A 4 (x)-fp 4 (y) may be written in the form 


Ai Mi 


Aa Ma 

A a Pi 


A 4 Mi 

Ai Mi 


A 2 p 2 

A 4 p 4 


A3 M3 


Theorem 6] A cross ratio of (pc), (y) as one pair and X(x) J t-p(y), 
X'{x)-\-p'(y) as the other pair may be written 

¥ 

X' p 

Theorem 7] The points X(x) J f-p(y) and X'(x)-\-p'(y) divide the 
points (x), ( y) harmonically if and only if 

Xp'-\-X'p = 0. (3) 

A point (x) will be on a line (u) when, and only when 

(ux) = = 0. (4) 

The coefficients are called the ‘tangential coordinates’ of the 
line, and are homogeneous. 

Theorem 8] The tangential coordinates of a line are proportional 
to constant multiples of its distances from the points O v 0 2 , 0 3 . 

Of course this ceases to hold when any one of these points is 
at infinity. 

Theorem 9] A linear homogeneous equation of the first order 
in tangential coordinates characterizes the lines through a point. 
The trilinear coordinates of the point are proportional to the 
coefficients in the equation. 

Suppose that (x) lies on the line ( u ) and (y) on the line (v) 

(ux) = (vy) = 0. 

Then the point X(uy)(x)—p(vx)(y) lies on the line A(«)-f p(v). 
Our previous expression for cross ratios will be unaltered if we 
replace X i :p { by (uy)X i : —(vx)p t . 

Theorem 10] A cross ratio of four concurrent lines Aj(«)-f/Xj(w), 
X t (u)+p 2 (v), A 3 («)+p3(»), A 4 («)+p 4 (i?) may be written 


A x pi 


A3 M 3 

Aa Pi 


A 4 pt 

Aj p x 


A3 Ms 

A 4 p t 


Aj Pi 


(5) 
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It is evident that theorems 6] and 7] hold equally in tangential 
coordinates. 

As every system of trilinear coordinates is linear and homo¬ 
geneous in x: y : z, so is every system linear and homogeneous in 
every other system. The relation between two such systems may 
be written in the standard form 

P x 1 = a ll x l~\~ a ii? l: 2-\~ a 12? l: 3 

px 2 = \a {j \ ^0. (6) 

px 3 = a 31 x 1 -\-a 3i x 2 -}-a 33 x 3 

Solving these equations, we get the inverse relations 
crxi = A 11 x 1 4-A 21 x 2 + A 31 x 3 
OX% — A A 22 x 2 4" A 33X3 Ay . (7) 

<7X3 = A 13X3 -{-A 23X0 A 33X3 

If we multiply equations 7) through by u{, u' 2 , u' 3 respectively 
we get the contragredient relation 

= A n «i 4- A 12 u' 2 +A 13 «3 

Xv,2 — A 21^ +A 22^2 +A 23^3 

A«3 = A 31 Mj -f-A32^24" A33X63. (8) 

The inverse is obtained by solving these equations: 
p.U\ =z 

pU 2 = ®i2^1 _ t _ ®22^2'"l~®32^3 

p/M 3 = 0 13 '!t 1 4' a 23' u ’2 _ f" a 33 M 3 • (9) 

The equations are compactly written in the notation of the 
modem differential geometry, where the repetition of a superior 
or inferior index means a summation 

px < = a ia x' a ox'i = A ai Xi Au { = A ia K pK = a ai u a 
It is clear that exactly similar equations will hold in a pro¬ 
jective space of any number of dimensions as discussed in our 
first chapter. 

§ 2. Invariants and covariants, first principles 
Our equations (6) to (9) give us the most general method of chang¬ 
ing coordinates so that a straight line shall have a linear homo¬ 
geneous equation of the first order. There is, however, a 
seemingly different interpretation that can be put upon them. 
Instead of imagining that each point in the plane stays in 
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place, and the coordinate apparatus jg changed in a certain 
way, we may assume no change in that apparatus, but that each 
point is replaced by another according to a definite scheme. 
Thus our equations may be looked upon as giving the most 
general transformation of the plane which depends on functions 
with continuous first derivatives, where a point goes to a point, 
and the points of a line to the points of a line. The two interpre¬ 
tations are, essentially, the same thing. The coordinates of a 
point give its relations to the points O v 0 2 , 0 3 , and the unit 
point. The equations state that that relation is altered in a 
definite way, it is immaterial whether we look upon the general 
point, or the four particular points, as staying fixed. 

Theorem 11] The most general transformation of the plane 
depending on functions of the homogeneous Cartesian coordinates 
with continuous first derivatives which carry a point to a point, 
and the points of a line to the points of a line, is a homogeneous 
linear transformation of non-vanishing determinant. 

In making a further study of these linear transformations or 
‘collineations’ as they are called, it is well to generalize to 
a projective space of N dimensions in the fashion indicated in 
Chapter II. A point has n-f 1 homogeneous coordinates 

X 2 '.X 2 ". 2^v+i> 

and every such system, not all 0, corresponds to a point. 
A linear equation 

i = N+l 

2 u^i == ( ux) = 0 (10) 

i=i 

gives a hyperplane. 

Theorem 12] The most general transformation that depends cm 
functions having continuous first partial derivatives, and carries 
points of a hyperplane into points of a hyperplane, is linear and 
homogeneous, with non-vanishing determinant. 

We may write our four equations (6) to (9) once more: 

P x i — 2 a u x j aX i = 2 -^ji x i 

i i 

Xu t = 2 A-ijUj fiu’i — 2 > (11) 

i i 

or, in tensor notation, 

= a ia pc’ a ax\ = A ai x { A u i = A {a u’ a = a^. 


( 12 ) 
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Suppose that we have a set of k homogeneous polynomials 

which are subjected to the transformations (11). Suppose there 
is a homogeneous polynomial C, involving the coefficients of 
the /’s and the coordinates ( x) perhaps those of several points, 
and which has the property that when the coordinates (x) are 
subjected to the transformation (11) we have identically 

C = R(a n . a N+1>N ^)C, 

where C' is the same expression in the new coordinates and 
variables that C is in the old ones, while R is a homogeneous 
polynomial depending on the coefficient of the transformation 
alone, then this polynomial C is called a ‘covariant’ of the 
given forms under the given transformation. If the variables 
(x) do not appear, it is called an ‘invariant’. It is clear that the 
definition of invariant can be widened to other kinds of f unctions, 
and that all constants are invariants, but we assume that we 
are not speaking of such. If the (x)’s be replaced by us the 
expression is called a ‘contravariant’. The order in the variables 
(x), assuming that only one such set is involved, is called the 
‘order’ of the covariant; its order in the coefficients is called its 
‘degree’. This is one of the cases, like the theory of differential 
equations, where the words ‘order’ and ‘degree’ have different 
meanings. 

The first essential matter is to determine the nature of the 
multiplier R. Fortunately this is not difficult. If we follow a 
transformation by its inverse, everything must come back into 
place, hence 


\!°yl \ a ij\ / 

Now the general determinant is unfactorable, hence 


^( a u>— > a N+\,N+i ) = \ a q\ W ‘ 

The exponent w is defined as the ‘weight’ of the covariant. 

When we are dealing with a single form/(x^ a; ,x N+1 ) of order 

» there is a simple relation connecting these characteristic 
numbers. The order of C being v and its degree S we have 
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The coefficients of /' are of degree n in the variables a ijt 
The degree in these variables on the left is nS, on the right 
(N+l)w+v. 

Theorem 13] The degree of a covariant of a single polynomial, 
multiplied by the order of the polynomial, is equal to the order plus 
the product of the weight and the number of variables. 

Theorem 14] A plane curve of even order cannot have an in¬ 
variant of odd weight. 

There are certain standard methods of grinding out invariants 
and covariants that deserve passing notice. Let us rewrite our 
last equation 


C y (bi, Ci,..., x v x 2 ,...,x N+1 ) — j \ w C v {b, c,...,Xi, x 2 ,...,x^/ + i). 

If we replace each of our original polynomials by a linear 
combination of itself and another general one of the same order, 
we should do the same for the transformed polynomials, as 
linearly dependent polynomials are transformed into linearly 
dependent ones. We thus get: 


C v (Xb -j-pb 1 , Ac Xj,x 2 ,...,x N+1 ) 

= \a ii \ w C y (Xb+pb, Xc-\-pc,...,x' v x 2 ,...,x N+1 ). 
Expanding by Taylor’s theorem: 




We may look upon this as a device for passing from a co¬ 
variant of k forms to a set of covariants of 2k forms, or we may 
do what appears, at first sight, as a rather senseless proceeding, i. e. 
look on 6 as meaning the same thing as b, c meaning the same 
thing as c, so that we have the original covariant in slightly 
modified shape. Repeating a number of times we get: 


.c'W.,* ’ 1 ,x' 2 ,...,xf f+1 ) 

= \a ij \ w C v {b a \ b cG>, c®.ax, x t ,...,x N+1 ). 


Here is a covariant with a great many redundant letters in 
it, but if the process be continued sufficiently we can get down 
to an expression of the first degree in any one of the equivalent 
seta of coefficients 6, c, etc. The process by which it is found is 


called the ‘Aronhold’ process. 

Theorem 15] If the Aronhold process be applied a sufficient 
number of times to any covariant, there will result a new covariant, 
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involving various sets of equivalent coefficients, but of the first 
degree in any one set. 

Closely akin to the Aronhold process is the so-called ‘polar 
process’, in fact the Aronhold process is the polar process 
applied not to the forms but to the covariant looked upon as 
a polynomial in the coefficients of the forms. Given 


/(*i,**»•••. *w+i) —/ (#i, x 2 ,...,x N+ i) 
-j-pj/j, Aa: 2 , Ax A r +1 


s f'(Xx[ , Axg+pj /2 . tefr+i +Mn+i ) 


The operator 


cf_ 

8x,- 


is called the ‘polar operator’. It changes a covariant in one set 
of variables into one involving two sets, or even more, if it be 
applied several times. When only two sets are used, we have 
the successive polar forms 


l(y 8 l\=:\yy.?L = \y *L 

n\ y 8x) nZr’ar* n Ua dx a 


1 ( d f\ 2 = 1 _ V a 2 / = _i_ a 2 / 

n(n—l)\ dx) n(n — 1)-^ dx { 8xj n(n— 1) dx a dxp 
As an example, let us consider the quadratic form 


2 bijXiXj by == b j( \by\^0. 

V 

Polarizing once, we get 

v 

Transforming the variables {x) but not the variables (y) by 

(H>, 

2 bijX’-yj by = 2 a kf ) kj l & »il = 1 a ij\-Pij\ • 
i] fc 

Transforming (y) by the same process we have 

2 b u 3 2 ajAk K I = \ b a I • l»« I 

|6tfl=l«wl , -l*«|. (13) 

Theorem 16] The discriminant of a general quadratic form is an 
invariant of weight 2. 
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If we apply the Aronhold process to this invariant we get 


2 C ijB\j — C apBap 


n m,\ 


Suppose, in particular, that we have two binary quadratic forms 

h n x i “h (^12 “b^ai ) a 'i* : a _ i - ^ 22 a: 2 ®n a; i d- ( c ia _ l' c 2 i) a: 'x a 'i _ i“ c aa a 'l- 

We find at once three invariants 


^11^22 ^ 


12 


c n c 22 c : 


^H C 22“f _ ^22 C ll— 26 12 c X2- 


We shall subsequently learn the meaning of the vanishing of 
each of these. Returning to the case of iY +1 variables, the 
second polar form is 

ilViyy 


0 */ 


8x ; 8x, 


The discriminant of this quadratic form in ( y ) is 


ay 

ay 

ay 

8x\ 

axjcx 2 


ay 

ay 

• • • • > 

ay 

a*A*+ $ x \ 

1^2 

^ X N +1 


where K is a constant to be determined later. We are not free 
to say that this expression is a covariant, because the (x)’s are 
transformed by the same transformation as the (y)’ s. Such is 
the case, however, as we learn by studying a new operator. 
Suppose that we take 2V-f 1 functions of as many sets of 
variables. Such variables are supposed to be ‘cogredient’, 
meaning that they are all affected by the same linear trans¬ 
formation, they represent different points in the same projective 
space of N dimensions. We create a new function 

F =fV( x i. x a ,...,x N+1 )f^(y 1 ,y i ,...,y N+1 )f^*(...).... 

The superscripts n v n 2> ... indicate the orders of the polynomial* 
The ‘Cayley operator’ is defined by 




1 


71)71%.,' 


a 

8 

8 

axj 

8x t ' ’ 

8x n+1 

a 

8 

a 

Sj/i 


‘ 8 Vn+i 


F. 


( 14 ) 
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It must be understood that the determinant expands into 
BF BF B^ "^"F 

symbolic products, not —... but %—-— . Also it can be 

vXi dyj oxflyj ... 

applied to any polynomial which is homogeneous in the separate 
sets of variables (x), (y),..., not merely a factorable one like F. 
We see at once 


8 

8 

8 


8 

8 

8 

8x[ 

8x 2 ■ 

8x n+1 


8x x 

8x 2 ' 

8x n+1 

8 

8 

8 

III 

8 

8 

8 


Hi ' 

^Vn +i 

• 

fyi 


tyff+i 


If in the F first written all the factors /,, be identical 
and of order n we have 


nf(x)f(y)... 



1 # 

a . 

8f 


8x x 

8x 2 ‘ 

8x n+1 

1 ! 

8 l 

£/ 

V 

7 l A+1 

&y\ 

%2 ’ 

®Vn+i 


If, at this point, we put (x) = (y) = . . . we get 


1 

n N+1 


*1 

dx 1 

8x l 


V 

V 

8x 2 ' 

' Vxn+1 

M_ . 

V 

8x 2 

' dz N+l 


But if we apply the Aronhold operator twice and then put 
(x) = (y) — etc., we get the so-called ‘Hessian covariant’ 




8*f 

J 2 f_ 

8 2 f 

8x\ 

Sx^Sx^ 

‘ 8x 1 8x n+1 


8 % f 

8 2 f 

0Xj0Xj 

8x\ 

8x t 8x N+1 


• ( 15 ) 
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If tie Cayley operator be applied once to N+l linear forms 
there will result the 2V+1 row determinant of their coefficients; 
if it be applied twice to a quadratic form we get a constant 
multiple of the discriminant. 

§ 3. The symbolic notation 

Suppose that we take the most general polynomial of order n 
in our W+l homogeneous variables. We may write this with 
certain apparently useless numerical coefficients in the form 

2 P+4+r..' = n. 

Let us compare this with the nth power of the linear form 

(® 1*1 + * 2 ^ 2 +® 3 a: 3 + — + a N+l X N+l) n - 

It will be seen at once that we pass from the one to the other 
by replacing a pqr by a\a\a\. The number of independent 
variable coefficients is much less in the second case, but as the 
same powers of all the a’s do not appear in any two the coefficients 
are not linearly dependent when the original polynomial is 
a power of a linear one. The coefficients in this latter case are 
connected by a number of algebraic relations, none of which are 
linear. They take the form 

Pi+Pi = Pi+P'i «i+?2 = ?i+22 ri+r^ri+rij... 

= (afwpa&ldpapatf) 

a Pigiri a PtHi r i ~ a pWi r i a pki r ’i' 

The condition that f(x 1 ,x l ,...,x NJrl ) should be a power of a linear 
form will only involve non-linear relations among its coefficients. 

Suppose now, that we have a relation involving the covariants 
and invariants of a system of forms. We may apply the Aron- 
hold process so often that the relation becomes linear in each 
type of coefficients, even though different types may stand for 
the same thing. Then whatever linear relations hold when the 
original forms were powers of linear forms in z 1 ,se 1 ,... > a;j V . ) . 1 will 
hold universally, for these linear relations cannot be altered by 
the truth or falsity of irreducible non-linear relations. If, thuB, 
we replace our original forms by perfect powers of linear ones, 
and introduce a sufficient number of equivalent symbols bo 
that no ‘actual’ coefficient appears above the first degree, or no 
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coefficient of a linear form to a degree above the order to which 
that form was raised to replace a given form, then whatever 
identical relations exist in the new notation are true in the 
old also. 

Fundamental Principle of the Clebsch-Aronhold Symbolic 
Notation] If each of a number of forms be replaced by a power 
of a linear form in the same number of variables equal to the order 
of the given form, and if a sufficient number of equivalent symbols 
be introduced by the Aronhold process so that no actual coefficient 
appears except to the first degree, then every identical relation 
holding for the new specialized forms holds for the general ones* 
This means in practice that we replace a form 

2 a rv- x \ x \ xr i- = ^ Z\ Q \ r \ , a 'pgr- x i z p3- = - 

pqr r * pqr r * 

by 

(0^+^+..-+ %+!%+!)" 25 + + a .V+ 1 a; jV+ 1 )' 1 ) 

and this, again, we write symbolically 

«; = «;-= 0;* = ... 

where the symbols a are meaningless except in products of n 
together, in which case they mean the actual coefficients with 
corresponding subscripts. 

If we are dealing with the contragredient variables, that is 
to say, the hyperplane coefficients (u) we write 

u™ = ug, = u£„. 


As an example of the compactness of this notation we note 
that the rth polar of a? is , 

a v a x U °1 

If we apply the Cayley operator to a x a' y n a“ z n ... we get 
1 


n 


ua'a" ...\ n ~ 1 a". n ~ 1 . 

A+l l x y z 


The Hessian of a" = a' x n = a” n ... is written 

H = \aa'a” ...\ 2 a%- 2 a' x n -*a x n - 2 ... (17) 

The following are the usual types thus found: 

a% u™, \abc,..\ k , | ofiy...\ l , \abc...uvw ...| r , \atPy...xyz...\. 

* Clebsch 1 , pp. 1 ff. For an excellent discussion m English of the whole 
invariant theory from this point of view, see Grace and Young. 



It may be proved that when we axe dealing with polynomial 
oovariants in (as) there are no terms of other form than 
\abc... \tdjb™.... The demonstration is too long to reproduce here.* 
There is one identical relation from which many others may 
be deduced 

a i a 2 • ®y+i a x 

f>i b 2 . . b N+1 b x 

c i c s • c N+l c x — 

N t N 2 . . N n+1 N x 

Pi Pi • • Px+i Px 

Developing this we have 

\bcd,..Np\a x — \acd...Np\b x -\- \abd...Np\c x -\-...-\- 

+ (— \) N \abcd...p\N x = 0 . ( 18 ) 

§ 4. Binary domain 

Suppose that we are dealing with the binary domain, the 
projective geometry on a straight line, so that N = 1. Let us 
use Greek letters for our point coordinates, to distinguish from 
the trilinear coordinates (x) which are our principal affair. 
There are no contragredient variables (u). There are but two 
types of symbolic expression in the Clebsch-Aronhold notation, 


\ab\, a { . 

If we put d 2 = d 1 z=—(; i af= |od|, 

our identity (18) takes several forms: 

\ab\Cf-\-\bc\ag-\-\ca\bf =0 (19) 

\ab\.\cd\+\bc\.\ad\+\ca\.\bd\ = 0 ( 20 ) 

a v b ( . ( 21 ) 

By shifting a^\bc\ to the other side in (19) and squaring we get 
a||6c| 2 == b^\ca\ 3 -\-c^\ab\ z —2\ab\.\ac\b^c^ ( 22 ) 

M>IW = o|6 2 +6|a 2 -2o f 5 f o,&, (23) 

2|a6|.|ae|6^ = 6| jac | 2 -}-c| |a6| 2 —a||6c| z . 


* It is more common to write a determinant ( abc...) but our form is really 
better. For a proof in the binary case, see Grace and Young, pp. 25 ft. 
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Squaring and transposing 

\bc\*a\+ \ca\ l b\+ M>|*c|-2!m| 2 ja6|*6|cf- 

—2|6c! 2 |oij 2 c|o|—2|6c] 2 {ca| 2 ff|6| = 0. (24) 

Let us find the simplest invariants and covariants of the 
simplest binary forms. If we have a set of linear forms 

a t » , C£, 

we have invariants of the type 

\bc\, \ca\, \ab\. 

As a matter of fact there are no others. For when three linear 
forms are given, the roots of all others are expressible as cross 
ratios which the roots of the new forms make with the points 
which are the roots of the three original ones. The reader will 
easily see that cross ratios of the type ( 2 ) are expressed by means 
of just such two-row determinants as these. 

If we have a single quadratic form 

= a '^ 2 == a£ 2 , 

the roots will fall together when, and only when, there is a 
point (namely this root) whose harmonic conjugate with regard 
to the roots of the form is indeterminate. Now if ( 77 ) lie on the 
first polar of (£) so that a a^ = 0 

it is easy to show that (£) and ( 17 ) are harmonically separated by 
the roots of our quadratic foTm. The condition for equal roots 
is that we can find ( 77 ) so that 

a n a i = a n a 2 = 0 - 

In other words 


QjTJj-l-ffljCtjTJj — 0 — 0 | — 0 

a i a' 1 \aa'\ 2 = 0 |aa'j a = 0. (25) 

This method of finding the discriminant may be generalized 
at once to the former case of N+ 1 variables which we treated 
in the preceding section. If a ‘hyperquadric’ have a symbolic 
equation 0 2 == a 'i = a " 2 ... = 0 , 


8781 


G 
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there is a point (7) whose polar hyperplane is indeterminate 
when, and only when, 

a v a ( = 0 

a i a u — 0 a 2 a v = 0 n\a v = 0... 

a 1 a' i a’ 2 ...\aa'a" ...\ = 0 

Permuting the equivalent symbols o, o', a", etc., in all possible 
ways, and combining we get 

]ao'a*...] 2 = 0. (26) 

Let the reader show that the left-hand side of this differs 
only by a constant factor from the discriminant given in (12). 
It is to be noted that the roles of the letters a have been 
changed. 

Theorem 17] In N-dimensioned space, the necessary and 
sufficient condition that there should be a point whose polar hyper¬ 
plane with regard to a given hyperquadric should be indeterminate 
is that the discriminant should vanish. 

We return to the binary domain, and take the case of two 
quadratic forms 

o| = o£ 2 = 0, 6| == b'^ 2 = 0. 

Their Jacobian is \ab]a^bf, 

and this is, from its very definition, a covariant. We have also 
the simultaneous invariant 

\ab\ 2 , 


which we found in non-symbolic-form in a previous section. 
Let (tj), (£), the roots of the second form, be harmonically 
separated by those of the first form. 


Then, by (21) 
Hence 


b2 r, = b \= a v a i=° 

a ^!+ a { 6 ?- 2a ^A = 0 

a v v^o. 
b v h 

foil*. |afe| 2 = o. 

I^i I 7^0. 

|a6j*= 0. 


( 27 ) 
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The vanishing of this simultaneous invariant means, then, 
that the roots of the two forms, if distinct, separate one another 
harmonically. Next consider the Jacobian of the two forms 

j | = \ab\a ( b ( 

\ja'\ 2 = jo6|.|ao'|.|6a'| 

= — \a'b\.\a'a\.\ba\. 

But a and a' mean exactly the same thing, and these two 
expressions ought to be equal. If, therefore, one equals the 
negative of the other, both are equal to 0 . Similarly \jb'\ 2 — 0. 

Theorem 18] If two binary quadratic forms ham distinct roots, 
the roots of their Jacobian divide each of the given pairs harmoni¬ 
cally. The Jacobian will vanish identically when, and only when, 
the two forms have the same roots. 

If the two roots of the Jacobian fall together they will pinch 
in with them one root of each of the forms, so that the two have 
a common root. Conversely, if they have a common root, that 
must be a double root for the Jacobian. 

Theorem 19] The discriminant of the Jacobian of two binary 
quadratic forms differs by a constant factor from the resultant of 
the two forms. 

We calculate this invariant as follows. We wish \jj'\ 2 where 
j\ = \ob | a ( b ( j' 2 ~ \a’b' \a' ( b £ 

j’ ( j' v ^ha'b'\.[a' ( b' ( +b’ ( ar] 

jj'\ 2 ^\ab\.\aj'\.\b?\ 

~ $\ab\.\a’b’\.[\aa'\.\bb'\ + \ab'\.\ba'\l (28) 

The study of the covariants of pairs of binary forms is funda¬ 
mental in the differential theory of surfaces. If we have three 

quadratic forms _ 2 a 2 -2 

a ( , o ( , c v 

the Jacobian of the first two divides the roots of the last 
harmonically in |a 6 |.| 6 c|.|ca! = 0 . (29) 

This then, is the condition that their roots be pairs of an 
involution. 

Consider, next, the binary cubic 

a| = a^ = o' 8 = o' f " 3 .... 
o 2 
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Let us look lor an invariant. The most obvious one is |oo' j*. 
This, however, is identically equal to 0, as we see by permuting 
the equivalent symbols a and o'. In fact we have a general 
principle that any invariant or covariant which changes sign 
when equivalent symbols are permuted must be exactly 0 . 
After a little experiment we get another invariant 
|ao'| 2 .|aV"| a .|oo'"|.|aV|. 

Let us show that this is, except for a constant factor, the 
discriminant of the Hessian 

= h'^ = \aa'\ 2 a^. 

We wish to find \hh'\ 2 , and note that we can get this at once 
from the Hessian itself by replacing h[ :h' 2 by f 2 : — . 

\hh'\*= \aa’\ 2 .\ah'\.\a'h’\ |aV"| 2 a^==^ 2 

\\a”a'"\*[a' ( a';+a’ v a’£) = h' ( h' v 
\hh'\ 2 = \\aa'\ 2 . [a V"[ 2 [| aa "|. |a'a'"| + j aa'" [. \a'a"[] 

= \aa' j 2 . |oV"| 2 . \aa"'\. \a'a ’\. (30) 

To find the significance of the vanishing of this, let us assume 
that the three roots of the original cubic are not all equal (when 
they are the Hessian vanishes identically). We may make a 
linear transformation so that two roots become ( 1 , 0 ) and ( 0 , 1 ). 
Our form then is 

= \hh'\ 2 =—brjtfi. 

This vanishes when, and only when, the cubic has ( 1 , 0 ) or 
(0,1) as a double root. 

Theorem 20 ] The discriminant of a general binary cubic form 
differs by a constant factor from that of its Hessian and can be 
written in the form (30). 

A binary cubic form could not have another polynomial in¬ 
variant not a constant, or a power of this one. For if it had 
two, I t of weight w 1 and / 2 of w t , the expression 


_ IT 


not a constant, would be an ‘absolute invariant’, i.e. one whose 
value would remain entirely unaltered by a linear transforma¬ 
tion of the binary domain. Two binary cubic forms for which 
this took different values could not be carried into one another 
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by such a linear transformation. But it is well known that we 
can find a linear transformation to carry any three distinct 
collinear points into any other three. 

As a last example of binary methods, let us consider the 
quartie 0 4 s _ fl , 4 s fl „, 4 

Two invariants will be found immediately: 

I = \aa' I 1 Je [aa't 2 .la'a'( 2 .la'a| a . (31) 

Let us find their value in non-symbolic notation: 

a \ = K^+^a) 4 = a d\ + + 4o 3 6f 2+ 

I — (a^—Ojjai)* = 2(a 0 a 4 —4a 1 a 3 —6 a\). (32) 

« 0 ^2 

J = (a l a[ i ~a^[) i (a' l a" 2 —a'. 1 a\) i {a\a 2 —a' t ,a 1 ) 2 =G a x a 2 a 3 . (33) 

® 2 ^4 

Suppose that we have three distinct roots ( 0 , 1), (1,0), (1,1) 
and that the fourth is (r, 1 ), so that r is a cross ratio of the four 
roots. Our form can be written 

£i£i(£i—£i)(£i r £t) 


Oq — u 4 — 0 


J = 


a i = i 
(r+l) 2 r 


c» = — —L— 


r+l 

6 


a 3 — 7 > 


r 2 -r+l 


6 


7 = 6 [_r(r+ 1 )^(r+l) 3 l = (r+ l)(2r-l)(r-2) 

[ 48 246 J 72 

Theorem 21 ] If a binary quartie form have three distinct roots, 
the invariant J vanishes when the roots form a harmonic set, and 
the invariant I when they form an equi-harmonic set, i.e. their cross 
ratios are the imaginary cube roots of —1 

p_Qjt T= r2 ^_-}y t ^ 


This expression will vanish if r = 0 or r — 1 , two of the 
possible cases where the fourth root equals one of the original 
ones. The numerators of I and J will be unaltered if we replace 

r by -, so that P—6J 2 will vanish if - — 0, and this is the other 
r r 

possible case where the last root equals one of the first three. 



8 « ' ELEMENTARY INVARIANT THEORY Book I 

Theorem 22] The discriminant of (he binary qmrtic will differ 
by o constant factor from p_Qjs 


§ 5. Ternary forms 

The theory of ternary forms, which we should like to use at 
every turn in studying the projective properties of plane curves, 
is, unfortunately, ever so much more complicated than that of 
binary forms. We shall therefore treat it but slightly, largely 
to give the reader some familiarity with the symbolic expres¬ 
sions which will be convenient in our subsequent work. The 
types of covariant expressions are 

a” (oaf | abc\ a \ofiy\ i 

\cxfcc\ p \abw\^ (ux). 

The only identity often used is (18), and one obtained therefrom 
by squaring. Let us exhibit a very interesting liaison between 
binary and ternary invariant theory due to Clebsch.* Suppose 
that we have a curve of order n given by equations 


a x = a 'x n — °- 

Let us find where the line from ( y) to (z) meets this curve. 
Wo write * = {*,+{* 

al = A n 6 = [a^!+a^ n . 

Suppose, next, that we have some invariant of this binary 
form \AA'\ P .\A'A"\«... 

\AA'\ = a z - ]aa ' u \ 

a v U z 


where = ypu—y&y 

An invariant of degree d and weight w in the binary domain 
will involve w determinant factors, and d sets of equivalent 
symbols A, and will give as many factors and sets of symbols in 
the ternary domain, and so a contravariant (i.e. covariant in 
the variables u) of degree d and order w. If we equate the 
invariant to 0 we get an envelope of all lines cutting our curve 
in sets of points for which the invariant vanishes. 


* Clebsch 1 , p. 28. 
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Let us consider some simple special cases. Take a single 

C ° mC a x = a x S = 0- (34) 

A line (u) will be tangent thereto if the corresponding binary 
quadratic form have a double root. We thus get the tangential 
equation of the conic from (25) 

\aa'u\ 2 - 0. (35) 

The conic will degenerate, and become two lines if there be 
a point whose polar line is illusory. The condition for this is 
found from (26) ,^1^0. (36) 

If we have two conics 

a|=0, 61=0, 

the envelope of lines meeting them in two harmonically separat¬ 
ing pairs is found from (27) 

|o6tt| 2 = 0. (37) 

In the same way the locus of points whence the tangents to 
the two conics 2 — „2 


ul = « 2 = 0 


form a harmonic set is 


H&r| 2 = 0. 

If these conics be the same as those above 


(38) 

(39) 


laa'Ml 2 u 


2 = 


«i = 


dj d 


Pi = 


bj b k j 

b'< b'A 


a j a k 


Pi Pk 


a P a x 


\abb'\ a x 

a; a' k 


xj x k 


a'p a' x 


I a'bb' | a' x 


Hence our equation is 

|o66' | a al 2 -|-1 a'bb' l^ 2 —2 \abb'\.\a'bb' \aji x — 0. 

Or, since a and a' are the same, 

| a'bb' | 2 o 2 — \abb'\.\a'bb' \aji' x = 0. (40) 

If we have a cubic curve with no singular point, a line which 
meets it in two coincident points must be tangent. If, thus, the 
equation of the cubic be 

— a ' x = o'* = a"' 3 = 0, (41) 

the tangential equation is found from (30) 

laa'a| 2 .|aV"w| 2 .|ao"''u|.|a'o" , «| = 0. 


( 42 ) 
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In the same way, if we have a non-singular quartic 

a Wi s 0 rt>4 = a (SM = a u>» = a (5H = 0 <6>* = 0, (43) 

the envelope of lines meeting it in a harmonic set is 

|a<%<%| 4 = 0; (44) 

the tangential equation is 
|a ( % ( %| 4 . |a ( 3 ) a ( 4 ) w| 4 . |a ( 5 ) a ( %; 4 — 

—6 |o ( % ,s) m j 2 . |a ( % (3) u | 2 . |a ( % (2) ii| 2 . |a* 4 Vi®u | 2 . | 2 . |a®a (4) « | 2 

- 0. (45) 

There is one more connexion between binary and ternary 
forms which must be mentioned. Let us rewrite our previous 
equations of passage 

*< = fi Vi+tiPi a x = = QySi+aJ-f. 

If ( 2 ) be on the rth polar of (y) with regard to a“ = 0 

«X' r = 0 - 

Now in the binary domain ( y ) has the coordinates ( 1 , 0 ) and 
its rth polar with regard to A^ is 

A\A»-T = ayi-'. 

Theorem 23] The rth polar of a point with regard to a curve is 
the locus of its rth polars with regard to binary forms giving groups 
of points cut from the given curve on lines through the given point. 



CHAPTER VI 


PROJECTIVE THEORY OF SINGULAR POINTS 

§ 1. Polar curves and singular points 

Suppose that we have given a curve of the nth order 

f(x'i,x' 2 ,x' 3 ) = a^ = 0. (1) 

We find its intersections with the line from ( y) to (x) by 
writing 

= £1 »<+&*<• (2) 


Substituting in the given equation 

f?/(y i. y«. _1 & 2 x * x i +-+ 

(y ^)+fi/(*i, *«, *3) - 0. (31) 

In the tensor notation this becomes 

ff/foi.2/2. y 3 )+i n r% Qy x «+*«*/»+■•• + 

+f _1 ~ 2/a+^/K. * 2 . *s) = °- (3 2 ) 

dx a 

In the Clebsch-Aronhold symbolic notation we have the still 
simpler form 

+n^&-= 0. (3 s ) 

We shall call this Joachirasthal’s equation.* 

The various terms equated to 0 give the various polar 

* Cf. Salmon 1 . I cannot find out the reason for the ascription to Joachims- 
thal. 



90 ' PROJECTIVE THEORY OP SINGULAR POINTS Book I 


curves of (y). They are covariants. Some are particularly 
important: 









V *dx 0L 


S*f 

4 / 0 /- _ 


dxjdXj 

-^8x a 8x p - 

8 2 f 

= nr nr -_ 

o 2 f 





= na* 

W / 


V 


= n{n-\)ala*~* 


First polar 
= 0 

Second polar 
= 0 

Conic polar 
Line polar 


(4) 


The symmetry of the terms at equal distances from the ends, 
which is especially evident in the symbolic form, gives us 
Theorem 1 ] If ( x) lie on the 8th polar of ( y) with regard to a 
curve of order n, then ( y) lies on the ( n—s)th polar of (a;) with regard 
to the same curve. 

Theorem 2] If the sth polar form of (y) vanish identically, then 

(y) lies on the (n~s)th polar of every point in the plane. 

An examination of the short symbolic form gives 

Theorem 3] The tth polar of (y) with regard to the sth polar of 

(z) is the sth polar of ( z ) with regard to the rth polar of (y). 

Since a" = we have 

Theorem 4] A necessary and sufficient condition that a point 
should lie on any one of its polar curves is that it should lie on the 
original curve. 

Theorem 5] The sth polar of a point with regard to its tth polar, 
is its (s-\-t)th polar with regard to the original curve. 

Theorem 6] The first polars of the points of a line are linearly 
dependent on two of their number. Their intersections are composed 
of all points with no line polars, and all that have the given line 
as a line polar. 

Let us look more closely at the possibility that one polar or 
another is illusory. Suppose this is the case with the (n— #)th 

oJ _ *a* = 0 = 0 \-\-y-\-v = s 

a l^l<" 8a l~ la 2 a 3 + a 22/2«IJ _ ' a M" la 3 + a 32/3 a r aa l a 2 a 3 _1 = 0 
aJJ~* +1 a* _1 s 0 
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Theorem 7] If the (n — s)th polar of a point with regard to 
a curve of order n be illusory, that point lies on the sth, and every 
previous polar of every point in the plane. 

Let us return to our Joachipisthal equation (3). This will 
have s-\- 1 roots $ 2 = 0 for all values of (x) when 

a™- H a% = 0 = 0 = 0 a* — 0 . 

Theorem 8 ] The necessary and sufficient condition that a point 
should have exactly the multiplicity s +1 for a curve of order n is 
that its ( n—8)th polar should be illusory, but no previous polar. 

Theorem 9] If a point have the multiplicity s-f-1 with regard 
to a given curve it will have at least, and in general, the multiplicity 
«+ 1 — .t with regard to a tth polar. 

Suppose ( y ) has the multiplicity a-j- 1 . Joachimsthal’s equa¬ 
tion will have on 1 roots = 0 if 

a n-a-l a s-a = o 

Theorem 10 ] If a curve have a point of multiplicity s +1 jfe 
(n—8—l)thpolar consists in the tangents at that point, each counted 
but once when the singularity is an ordinary one. This point will 
have the same multiplicity and same tangents for all the previous 
polars. 

Theorem 11] The line polar of a double point is illusory. The 
conic polar of a node is the two tangents , that of a cusp is the 
cuspidal tangent counted twice. 

Theorem 12 ] The line polar of a non-singular point is the 
tangent, and this line touches all the polars of that point. 

It is evident that there is a polar theory in tangential coordi¬ 
nates exactly corresponding to that in point coordinates. If we 
have the envelope m _ 

Wa V, 

the successive polars of a line (v) are 

VqU™- 1 = 0 = 0 v™~hi a = 0 . 

The last of these shall be called its ‘point polar’. The point 
polar of the line at infinity shall be called the ‘tangential centre’. 
If the equation of a typical line be written 

ux+vy-\-w — 0, 

and an envelope be given which is homogeneous of degree m in 
u, v, w, then the homogeneous Cartesian coordinates of the 
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tangential centre are proportional to the coefficients of uW" 1 - 1 , 
vw* 1 - 1 , and w™. The tangential centre of a set of finite points 
is their centre of gravity. 

Returning to point coordinates, suppose that we have a singu¬ 
lar point (y) of multiplicity r 

a£- r + I a£- 1 = 0. 

The sth polar of ( 2 ) with regard to this is 

a « 0 n-s _ 0. 

The tangents to the original curve at (y) are 

°£~ r °* = 0 . 

The equation a*- r a%a'-* = 0 

will give us the tangents to the sth polar of ( 2 ) and the sth polar 
of ( 2 ) with regard to the tangents at (y) to the original curve. 

Theorem 13] If a curve have a singularity of order r, the 
tangents thereat to the sth polar of a point not on one of the tangents 
there to the original curve are identical with the sth polar of that 
point with regard to the tangents to the original curve. 

Theorem 14] If a curve have a node, the tangent thereat to the 
first polar of a point, not on one of the nodal tangents, is harmoni¬ 
cally separated by those tangents from the line from the node to the 
chosen point. 

§ 2. The effect of singular points 

In the binary domain, the first polar form of the point (1,0) is 
the partial derivative with respect to the first variable. A binary 
form and one partial derivative cannot have a common root, 
which is not also a root of the other partial derivative, and 
therefore is multiple for the given form. We thus see from 13] 
that if a curve have an ordinary singularity, the first polar of 
a point not on one of the tangents there will have a multiplicity 
of one less at that point, and share no tangent there with the 
original curve. Thus, if the point have multiplicity r for the 
original curve, the number of intersections with a general first 
polar is, by Ch. II, theorem 10], r(r—1). 

Theorem 15] If a curve have an ordinary singular point of 
order r, the number of intersections with a general first polar 
absorbed there is r(r—1). 
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Suppose, next, that our curve has a cusp. Let us give this 
the trilinear coordinates (0,0,1) and to the cuspidal tangent the 
equation x t = 0. To a point in general position we can assign 
the coordinates (0,1,0). The equation of the curve mav be 

/(#!, x 2 , x 3 ) = x\(a 1 ^ 0). 

The first polar of (0, 1, 0) is 


1 df = 2 
ndx 2 n 


<y rj-Yl — 2 | 

i ••• 


Let us change to non-homogeneous coordinates, writing 


— = x 


5 * = 0 . 

x. 


The two curves are 


0 = y i +a 1 x*+... 

0 = y+px 2 +2qxy+sy 2 +... 

We can express the first curve parametrically as in Ch. II 
x — t 2 , y — V^-a 1 < 3 +... 

If we substitute in the second equation we see there are 
exactly three roots t = 0. 

Theorem 16] The first polar of a point not on a cuspidal tangent 
has exactly three intersections with a given curve at a cusp. 

The last two theorems are of vital importance, as they enable 
us to determine an important number connected with a curve, 
when the latter has only ordinary singular points and cusps. 

• Definition. The number of tangents to a curve from a general 
point is defined as the ‘class’ of the curve. It is the order of the 
polar reciprocal. If a point P lie on the tangent at Q, then Q, 
by theorems 1] and 12] is one of the non-singular intersections 
with the first polar of P, and conversely. If, thus, our curve have 
ordinary singular points of orders r v r s ,..., and k cusps, the class 
to is given by r. 

Theorem 17] If a curve of order n have only ordinary singular 
points of orders r x , r 2) ... and k cusps, its class is 

m — n (n—l)—'Zr i (r i —l)—K. (5) 

If the branches of a curve through an ordinary singular point 
of order r were pulled apart a short distance, so that each two 
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intersected, the number of nodes created in this way should be 

-A ——’ and the reduction in the class as before. From this point 

A 

of view we may look upon each ordinary singular point as a group 
of virtual nodes, if S be the total number of nodes, virtual or 
actual, we have another form for the last formula 


m = n(n— 1)—28—3*. (6) 

We get by the principle of duality explained at the end of the 
first section of Chapter II 

to = m{m— 1)—2r—3i. (7) 

Here r means the number of bitangents, actual or virtual. 

These two equations lead us to a very pretty paradox. We 
know that a curve will not ‘in general’ have a double point. 
Hence, ‘in general’, m = n(n _ 1} 

By similar reasoning ‘in general’ 

n = m(m —1) 
to 2 ( to — 2 ) = 0 


to = 2. 


Hence, ‘in general’, a curve is a conic ! 

The explanation is as follows. What do we mean by a curve 
‘in general’ ? If we mean a polynomial in point coordinates 
about which we do not make the explicit assumption that the 
discr imin ant vanishes, then such a curve has no singular points. 
But if we mean by a curve ‘in general’ the point locus corre¬ 
sponding to the general polynomial in tangential coordinates 
about which we do not assume that the discriminant vanishes, 
then this is quite a different sort of general curve. 

Let us next look at the inflexions of a given curve. We return 
to the Joaehimsthal equation (3). If (y) be an inflexion, and 
(x) on the inflexional tangent, there are three roots = 0 when 
there are two. Hence the conic polar 

a*~Hl 

includes the line polar a" _1 a z = 0 

as a factor, The conic polar must then, be a pair of lines, so 
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that its discriminant vanishes thus getting by (26) and (36) of 
the last chapter 

This means that ( y) lies on the Hessian curve 

| aa'a" \a*- 2 a’ x n -*a" x n - 2 = 0. (8) 

The left-hand side is the Hessian covariant that we found in 
(15) of the last chapter. 

Suppose, conversely, that ( y ) is a non-singular intersection of 
the curve and its Hessian. The conic polar is a pair of lines, and 
one of them is tangent to the original curve. Hence if the line 
from ( y) to (x) have two intersections with the curve at (y) it has 
three, or (y) is an inflexion. 

Theorem 18] The non-singular inflexions of a curve are its 
non-singular intersections with the Hessian. 

It is worth noticing that a curve can have an ordinary singular 
point which absorbs inflexions into itself. Such is the case with 
a lemniscate or figure 8 . 

It will be well to deduce a very different proof for 18] so as to 
connect it more closely with the usual idea of an inflexion. 
Since the Hessian is a covariant, we can write it in Cartesian 
coordinates, if we allow differentiation with respect to 1 as 
explained in the first chapter. Its equation then is 


8*f 

8 2 f 

0 2 f 

~ 8 x 2 

8x8y 

8x81 

e 2 f 

d 2 f 

JUL 

dydz 

dy 2 

8y8l 

8 *f 

e 2 f 

8 2 f 

dldx 

81 dy 

81 2 


Applying Euler’s theorem to the columns and rows, this 
becomes 


8*f 

a 2 / 

8_f\ 

8x 2 

8x8y 

8x 

8*f 

8*1 

0 J_ 

8xdy 

dy 2 

8y 


(n-!)| 

8y 

nf 


= 0 . 
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J f 

Expanding, and disregarding the term with a factor /, as 
this is immaterial when we seek the intersections with / = 0, 
we get 

ay ( 8 lW^( d lV- 2 ^L 8 ± 8 1 = o. 

8x 2 \8y) 8y a \dxJ 8x8y8x8y 


On the other hand, at an inflexion, since there is no curvature 


df 

0 - — 
dx\dx) ' dx df 


dx\8x) 

dx\8y) 

d (dy\ _ 
dx\dx) 



ay 8f s 2 f df 

ay ay, 

8x 2 8x8y 

(dy\ 8x 2 8y 8x8y8x 

\dx) 8f 


By 


ay a/ ay a/ 

ay , ay - 

dxdy by 2 ^ 

(dy\ dxdydy 8y 2 8x 

U*/ a/ 


ay 

ay/fV 

8x 2 \8yJ 

ay/a/Y 2 ay a/a/ 

8y 3 \8x) 8xdy dx 8y 



We must now face the serious task of ascertaining how the 
Hessian behaves at a singular point. Let us imagine that this 
point is at the origin, and put a ■ — £ 1 ,y = £ 2 , then arrange the 
given polynomial in terms of ascending powers of (£). We thus 
get a set of homogeneous binary forms of increasing order, so 
that our equation becomes 

0 = a'+6£+M-.... 

The tangents at the origin are given by 

a r { = 0. 

The Hessian of this binary form is 
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The lowest terms of the ternary Hessian are 
r(r—l)al r(r—l)a x a z (i n—r)ra x a % 
r(r— lja^ r(r— \)a'^ ( n—r)ra 

{n~r)ra\a’i ( n—r)ra ^ (n—r)(«— r— l)^ 2 


^- 2 a' r - 2 a"''- 2 . 


The cofactor of (ra— r)(n—r— l)o£ 2 is 


r 2 (r—l) 2 




j ^2” 

The remainder of the determinant is 


r 2 (r—l) 2 , , l2 

— 2 ~ 1 |oo l 2 


Ka^a'^a! a" \a^— \aa"\a'^\ = \K\aa’\ 2 a”^, 
by (19) of the last chapter. The lowest terms of the Hessian are 
L\aa! | 2 a£~ 2 a^ r ~ 2 aj r . 

Theorem 19] If a curve have an ordinary singular point, the 
tangents to the Hessian at that point are the tangents to the original 
curve, and the Hessian of the binary form giving those tangents. 

If the two curves had different tangents at that point the 
number of intersections would be 

r(3r—4). 

They must, however, owing to the tangency, have at least 
one more intersection on each branch. If there were auto¬ 
matically still more intersections at that point, which we may 
suppose to be the origin, there would be more when the degree 
of the given curve was only r+1. Since the tangents are given 
by an irreducible curve, if one branch of the curve had a higher 
contact with the Hessian, so would each branch and the number 
of intersections at the origin would be 3r 2 — 2 r and the number 
away from there 2r—3. But if we take the simple curve 

ar 6 +A€l +l = 0 

the Hessian will have the form 

| aa' ( 2 a|- 2 a'j r - 2 a£ r + Btf x \aa' |o£- 2 a^~ 2 a£ r = 0 

and it is not hard to show that the different branches do not 
have higher contacts with the Hessian than desired. 

Theorem 20] If a curve have an ordinary singular point of 
order r, the number of intersections with the Hessian that are 
absorbed there is 3r(r— 1). 

*781 


tr 
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When the point is a node, the number is 6, and this shows that 
an ordinary singular point absorbs just as many intersections 
with the Hessian as if it were divided into virtual nodes as 
before. 

There remains the case of a cusp. We write our curve 

0= — y 2 +ar s +36z 2 y+3cxy 2 +dy 3 _|_.... 

This may be written as before 

* = ^ <*+•■• y = -t 3 +.... 
a a 

A short calculation gives the lowest terms in the Hessian 
0 = ty 2 (ax+by)+.... 

Substituting we get 8 roots t = 0. 

Theorem 21] A curve vriU meet its Hessian 8 times at a cusp. 
If i be the number of inflexions, S and r the nodes and 
bitangent, actual or virtual respectively, we get from 20 and 21 


i= 3n(n- 2)-3£ r t (r x - 1)-2* 

(9) 

t = 3n(n— 2)— 68—8k 

(10) 

k — 3m(m — 2) — 6t— 8i. 

(ID 



CHAPTER VII 


PLttCKER’S EQUATIONS AND KLEIN’S EQUATION 
§ 1. Forms of Pliicker’s equations 

In the last chapter we developed certain fundamental equations 
connecting the number of point and line singularities of curve 
whose worst singularities are ordinary point and line ones, cusps 
and inflexions. These are called Pliicker’s equations.* Their 
importance cannot be overestimated. 

Let the order of a curve be n. 

Let the class be m. 

Let the number of actual or virtual nodes be 8. 

Let the number of actual or virtual bitangents be r. 

Let the number of cusps be k . 

Let the number of inflexions be t. 

The equations of the last chapter are, then, 

m = n(ra— 1)—28 — 3k (1) n — 2 t — 3i (1') 

i = 3n(n—2)—68~8 k (2) k = 3m(m-2)-6r—8i (2') 

Adding (1) and (1') and transposing, we get 

m 2 —2n-f m 2 —2m—2{8+r)—3 (i+k) = 0. 

Adding (2) and (2'), transposing and dividing by 3, we get 
the same result. This shows that only three of the equations 
are linearly independent. It is well, in practice, to keep the 
equations in symmetrical pairs, or to reduce to forms which are 
symmetrical in point and line characteristics. The six numbers 
and a seventh to be deduced presently are called the ‘Pliicker 
characteristics’ of the curve. It should be noted that they do 
not by any means classify a curve completely under the pro¬ 
jective group of transformations. There are irreducible curves 
of the fifth order with six nodes, as we shall see later. Such 
curves have the same Pliicker characteristics as those composed 
of a conic and a cubic, but are, obviously, very different. If we 
restrict ourselves to irreducible curves, then the Pliicker charac¬ 
teristics give a good classification, as it can be proved that the 
totality of curves of a given order which are irreducible and 

* For an historical account, see Berzolari 1 , p. 343. 
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have a given number of nodes form a single irreducible con¬ 
tinuum in higher space.* 

Let us return to our equations. We get from (2) and (2') 


3n 2 — 6n—6(8-f *)—k = 3m a —6m—6(r+i)—t. 
From (1) and (1') 

n 2 — 2(8+k)— k = m 2 — 

Subtracting and dividing by 2, 

n 2 — 3re—2 (S-)-k) = m 2 — 3m—2 (t-(-i) 


-(»+«)- <g= l><— a > _(,+.), <3) 


This last characteristic, p, is called the ‘genus’ and is for many 
purposes the most important of all. We shall see, much later 
in our work, that whereas the other characteristics are invariant 
under all linear transformations of the plane, p has the funda¬ 
mental property of being unaltered by every transformation of 
the curve which is one to one and algebraic. We have already 
seen in Ch. IV, theorem 12, that it is one less than the maxi¬ 
mum number of real circuits possible for the given curve, when 
all the singular points are supposed real. From (1) and (T) 
2(r—S) = m 2 —n 2 — 3(i— k), 

6 (t — S) = 3 (m 2 — n 2 ) — 9(i— «■). 

From (1) and (1'), (2) and (2') eliminating S-fr, 

i — K — 3(m—n), (4) 

2(r—S) = (m—n){m-\-n— 9). (5) 

If m = 7i, then i = k, t = 8. 

If i = k, then m — n, r — 8. 

If r = 8, either m = n , i = k, 

or m-f-n = 9. 

We have the following cases under the last hypothesis: 


ii 

m = 6 

8 = K = 

o 

II 

t- 

t = 6, 


72- — 4 

m = 5 

8 = 2 

T = 2 

K=1 

1 = 4, 

n = 5 

m — 4 

N 

II 

to 

T — 2 

K = 4 

i=l, 

n = 6 

m = 3 

8 = T = 

i = 0 

K = 6. 
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We thus get a pretty theorem due to Bioche.* 

Theorem 1] If two complementary Pliicker characteristics be 
equal, then each characteristic is equal to its complement, except 
in four cases where the sum of the order and class is 9. 

Let us seek an expression for r in terms of the point charac¬ 
teristics alone. We easily find from (5) 


2t = (n 2 - 2ra-2S-3K)(M 2 -2S-3*-9)+2S. 


Let us now make an apparently arbitrary change of notation. 
x' = x{x— 1) — 2y— 3z x == x'(x'— 1)— 2y'~ 3z\ 

2 y’ = (x 2 — 2x—2y— 3z)(x 2 — 2y —3z—9) -{- 2y 
2 y = (x' 2 -2x'-2y'-3z')(x' 2 -2y'-3z'-$)+2y', 
z' = 3x(r—2)—6y—8z z = 3x'{x'-2)-fy'—8z'. 


If we introduce homogeneous space coordinates x:y:z:t we get 
px‘ = t 2 [x(x—t)—2yt—3zt], 

py' — | (x 2 —2xt—2yt — 3zt)(x 2 — 2yt — 3zt — 9f 2 ) + yl 3 , 
pz = t 2 [3x(x— 2 f)— 6 y<— 82 !], 
pt' = t*. 

p'x = f' 2 [x'(*'-<')-2y'f'-3zT], 

p'y = i[*' 2 -2xY-2yT-3zY][x' a -2yY-3zT-9<' 2 ]+y'<' 8 - 

/>'z = f' 2 [3x'(x , -2f')-6y , <'-8zT], 
p'< = t 

We have here, if we interpret x:y:z:t as homogeneous Car¬ 
tesian coordinates in projective space of three dimensions, a 
transformation which is involutory, i.e. the same as its inverse, 
algebraic, and one to one. A plane is transformed into a surface 
of the fourth order linearly dependent on four such surfaces. 
There is thus a three-parameter family of these surfaces. There 
is a two-parameter sub-system of reducible surfaces which 
correspond to planes parallel to the y-axis, namely, 

P{\(x 2 -xt-2yt-3zt)+p(3x 2 -6xt-6yt-8zt)+vt 2 } = 0. 

If we take A-f-3/r = 0 we get 

t*[p(-3x+z)+vt] = 0, 

and this is the plane at infinity counted three times and a pencil 


* Bioche, p. 68. 
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of parallel planes. They correspond to curves the number of 
whose cusps exceeds three times their orders by some constant. 
The quadric = 0, 

which corresponds to curves with no inflexions, is a cone with 
its vertex at (0, 4, — 3, 0), a cylinder parallel to the plane x = 0.* 

§ 2. Existence conditions 

If a curve exist with only the sort of point and line singularities 
that we have considered, its Plixcker characteristics satisfy our 
equations (1), (1'), (2), and (2'). An important question, to 
which, so far, no complete answer has been found, is the fol¬ 
lowing. Given a system of positive integers or 0’s n, m, 8, x, r, i 
where mn =£ 0 which satisfy Plucker’s equations, is there always 
a curve having these numbers as Plucker characteristics 1 We 
shall prove shortly that this is not always the case; unfor¬ 
tunately all we can do is to prove the non-existence of curves 
to fit some sets of characteristics, without surely knowing 
which. 

Suppose that we have three linearly independent polynomials 
of degree n in an auxiliary variable X, 

px l =f 1 (X) px 2 = ft(X) px 3 =/ 3 (X). 

Let us further suppose that a single point (x) of the plane 
curve so determined will not, usually, correspond to two distinct 
values of X. What will be the order of the plane curve ? If 
wg write 

(ux) = uJ^Xj+uJzW+uJziX) = 0, 
we get n different roots X and so n points of the plane curve, 
its order is n. We shall call such a curve a ‘rational’ one. In 
non-homogeneous coordinates we should express x and y as 
rational functions of the auxiliary parameter. 

Has our rational curve any nodes ? In order to have a node, 
We must have 

MX) j 2 (X) = f 3 (X) 

MY) MY) UY)’ 

MX)UY)-UX)MY) = 0 , f 1 (X)MY)-UX)f l (Y) = o. 

Each of these polynomials is divisible by (X— Y), The 
quotient will, in each case, give us a curve of order 2(n—l) 
• Cf. Kautor 1 , pp. 769 ff. 
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with a point of order n —1 at the end of each axis. The number 
of finite intersections will be 

4(«— l) 2 — 2(n~ 1 ) 2 = 2(n —l) 2 . 

From these we must deduct the sets of intersections pf the lines 
fi(X) — 0,/ 1 ( Y) = 0, X F, which are n 2 —n in number, leaving 
(n—l)(n—2). 

These points appear in pairs, symmetrical with regard to the 
line X—Y. Each pair will correspond to a node. The number 

of nodes will thus, ‘in general’, be — . The curve will 

not, usually, have any cusp. If it had a cusp corresponding to 
the parameter value X 0 , each line through that point would 
meet the curve twice there, which involves 

UX 0 ) / 2 (X 0 ) ux 0 ) 

These equations have not, in general, any common solution, 
as we can see in a special case, and apply the reasoning explained 
in the first chapter. As a matter of fact, we shall see in a sub¬ 
sequent chapter that when such curves have cusps, the number 
of nodes is reduced accordingly. 

Theorem 2] A rational curve of order n has, ‘in general', 

no,,*. 

2 

. Suppose, conversely, that we have a curve of order n with 
multiple points of orders r v r 2 which are ordinary or cusps, and 

Ttr n PfP 

2 ri{ri ~~ 1) =(p —o). 


Let us try to construct an adjoint curve of order n—2 which 
passes through n —3 ordinary points of the curve. The number 
of conditions imposed is not greater than 




(n—2)(»+l) t 


so that we have at least one degree of freedom. If the given 
curve be irreducible and so do not include this adjoint as a part 
of itself, there is exactly one variable intersection. The number 
of degrees of freedom could not exceed the number of variable 



Am mmxrs ® q ® ktrh ?' smi 
intewections, lor if there were more freedom we could fix too 
many arbitrary points, and make the given curve ‘swallow’ the 
adjoint, which is not possible when the former is irreducible. 
Moreover, the conditions imposed on the adjoints are all linear, 
hence these form a system of the form 

<f>-\-Xifi = 0. 


Combining this with the equation of the given curve, only 
one intersection will depend on X, so that x and y will be 
rational functions of X ; we have a rational curve;. 

Theorem 3] A curve of genus 0 is always rational- 
Let us next notice that a polynomial of order n in one variable 
depends upon »+l coefficients, including the constants. The 
three polynomials f(X) together, allowing for homogeneity, 
depend on 3(n-fl)—1 parameters. Moreover, each such curve 
is carried into itself by the three-parameter system of trans¬ 
formations 


x _ oX'+ p 

yX'+S’ 

so that the number of degrees of freedom cannot exceed 3n — 1. 

Now let us look at the matter otherwise. If we require a curve 
to have a multiplicity two or more at a particular point, we 
impose three conditions. If we require it to have one double 
point, and then require that double point to be at a particular 
spot, we impose one plus two conditions. Hence but one con¬ 
dition is imposed by requiring it to have a double point. The 

number of conditions imposed by ~ n - ^ double points 


will, thus, not exceed —■- ■■■- — , and the amount of freedom 

of a rational curve will not be less than 3m—1. Comparing these 
two calculations, we see that the amount of freedom must be 
exactly this, and each double point must have imposed one 
condition. This gives 

Lefschetz’s Theorem 4] Each double point assigned to an 
irreducible curve whose genus is not negative imposes exactly one 
condition .* 

Suppose that we have a continuous system of curves of given 


* Lefschetz, pp. 23 ft. 
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order and genus, the general curve being irreducible with a 
certain number of cusps. Suppose that a particular curve is 
reducible, we may find an irreducible curve infinitely near to 
this. The Riemann surface of the irreducible curve hangs to¬ 
gether in one piece: we may find a single path away from all 
branch points going from any one point of the surface to any 
other. In the case of the reducible curve this is not possible. 
Take a path of the irreducible curve which connects two points 
which pass continuously into two points of different factors of 
the reducible curve. This path by a slight deformation goes 
into a path through a critical point. Now if the branch points 
of the irreducible curve were at finite distances from one 
another, we could take a path from any point to any other 
which remained at a finite distance from each branch and 
critical point, and so by a slight deformation could not go into 
a path through a critical point. Hence, in the irreducible curve 
two branch points must be infinitely near. Hence, in the passage 
to the limit two branch points must coalesce. Now whether 
these come from vertical tangents, or cusps, when two come 
together we get a limiting case of either a new singularity or 
a more complicated singularity. This gives an interesting 
theorem, which I believe is due to Bertini, though I cannot 
verify the fact. 

Theorem 5] If a continuous system of algebraic curves of 
assigned order be given, and if the general curve be irreducible of 
given genus and given number of cusps, then if a particular curve 
of the system become reducible, it will have more, or more com¬ 
plicated, singularities than the general curve* 

As an example of this, we see that if we have a system of 
rational quintic curves with six double points, a particular curve 
cannot become a conic and a cubic; it might become a rational 
quartic and a line. 

Let us next look at the cuspidal conditions. Let us start with 
a curve of order n, a rational curve, with an ordinary singularity 
of multiplicity n— 1 at the origin O. Let A be another point of 
the curve. We pass a non-degenerate quadric surface through 
O and A, not tangent to the plane of the curve, and call F an 

* Cf. Severi-Loffler, p. 319. There is a long algebraic discussion of this and 
hindred questions. 
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intersection of a generator through O with one through A. If 
we project the plane curve on the quadric from V we get a space 
curve of order n, for it will meet VA once, and VO n—1 times. 
This spaoe curve is rationally connected with the plane curve, 
And so rational. We project it back into a plane curve of order 
n from a point not on the quadric, not on a tangent to the space 
curve, nor on a line connecting two points of that curve with 
coplanar tangents. We get a rational plane curve of order n 
with no singularity but a node, or one with just one cusp, if the 
new centre of projection be on one tangent. Just one condition 
is hereby imposed. We may thus find a rational curve of any 
order with no cusp, or just one cusp; hence, by the principle of 
duality, or by polar reciprocation in a conic, we may find a plane 
curve of any class with no inflexion or with just one inflexion. 
If a curve of genus 0 have no inflexion its order is 

n = m(m— 1)———— = 2(m—1). 

2 

If it have just one inflexion, the order becomes 

n — 2m— 3. 

We may thus have a rational curve of any even order with 
no inflexion, or any odd order with just one. 

Suppose next that we had a curve of any chosen order and 
positive genus with a certain number of double points. Suppose 
that some of these were automatically compelled to be cusps. 
The same would hold if that curve had additional double points, 
enough to have genus 0. But in the latter case we are not com¬ 
pelled to have any cusps, or we may have just one. Hence, in 
the original case we may have no cusps, or just one. The same 
will hold for the inflexions of a curve of given class. 

Suppose that a curve of class m have no inflexions. Since 

T ^ 0, (m-l)(TO-2)-2p>0, 

2(m-l)^l+V8p+I. 

If m be compatible with the genus p, this relation must hold; 
conversely, Pliicker’s characteristics can be found with i = 0 
and m and p connected by this relation. But 
n-f i = 2(m—l)+2p (i = 0). 


Hence 


( 6 ) 
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and n can have any value for p given, and i = 0 that satisfies 
this relation. In the same way we have, when i = 1, 

fi>2p+\%>-j-9. (6') 

We have, moreover, from equations (2) and (2'), 
i = 3[(n-2)+2p]-2/< 

« = l[(»-2)+2p]-| t , 

so that when n and p are given, the maximum number of cusps 
is obtained when t is 0 or 1. If, then, n and p be connected 
by the suitable relation (2) or (2'), there will actually exist a 
curve of that order and positive genus with the maximum per¬ 
missible number of cusps. 

Will there exist curves of this order and genus with a lesser 
number of cusps ? Let us start with assigned values for n and 
p, compatible with (G) or (6'), and assume that all the double 
points, or all but one, are nodes. Such curves, we have Been, 
exist. The number of free parameters, by Lefschetz’s theorem, 
is exactly 

1 < 2±2 -8 = 3»+(y-l), or ?<»+»> -S-2 = 3„+y-2. 
z z 

Suppose next that we require one double point (x 0 , y 0 ) to 
become a cusp, by writing 

8 1 J*LY = 0 

e^u Syl \Sx 0 dyJ 

then a second, and so on until we reach the requisite maxi¬ 
mum number of cusps. None of these cuspidal conditions could 
automatically introduce new nodes, for if one did, we should 
depress the genus, which need not happen, for we have seen that 
a curve does exist of just this order and genus with the maxi¬ 
mum number of cusps. It might conceivably happen, however, 
that at some stage when we wished to change one node to a 
cusp, we automatically changed several at once, then when all 
the cusps were reached, we should have more freedom than we 
should expect, i.e. the freedom would be greater than 

n(n-t-3) 

—— 


(S-}-2k) = 3n-j-(2>— 1)— k. 
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But, by (4), i —k = 8(wi—w), 

3»+(jj—1 )—k — 3m+(p—1)—i, 

and we have just seen, by Lefschetz’s theorem, that when t = 0 
or i — 1 the right-hand side represents the exact freedom. That 
being so, the cuspidal conditions must have been independent, 
and the cusps come in one at a time. 

Theorem 6] Given the order n of a curve, and the genus p, 
subject to the restriction that when n is even n ^ 2 p+ l+V8p-fl 
and when odd n^2p-\- \8p-j-q, then there mil exist irreducible 
curves of this order and genus with any desired number of cusps 
up to the maximum permissible, and each node will deduct one 
from the total freedom of the curve, each cusp tivo* 

We shall, towards the end of the present work, find a means 
by the theory of linear series of point-groups on a curve, to 
extend this theorem to a certain extent, though no one can say 
to-day in every case just what aTe the necessary and sufficient 
conditions that an apparently proper set of solutions of Pliicker’s 
equations should correspond to actual curves. The fact that 
there exist sets which do not so correspond is easily established 
in the following fashion. Here is, apparently, a perfectly good 
set of solutions: 

n — m= 14 S = t = 0 k — i— 56 p = 22. 

If this curve does not exist, our statement is justified. If it 
does, it must have at least eight degrees of freedom, for the 
colline&tion group in the plane which carries such a curve into 
another such depends on eight parameters, and the curve is not 
carried into itself by any one-parameter group of collineations. 
For if it were, there would be an infinite number of collineations 
leaving all the cusps in place, hence an infinite number leaving 
in place every line through each cusp, which is absurd. On the 
other hand, a curve of order 14 with 56 double points has 
14X17 

—--56 = 63 degrees of freedom. If the cusps came m one 

at a time, the amount of freedom of the present curve would 
be 63-56 = 7. 


* Cf. Coolidge*, p. 452. 



Chap. VII EXISTENCE CONDITIONS 100 

We leave to the reader the easy task of proving in the same 
way 

For every value of n above IB there exist solutions of Pliicker’s 
equations which do not correspond to any curve. 

It is evident that there must be many further restrictions 
when we allow singular points of order above two. A triple 
point is equivalent to three nodes in determining the other 
Pliicker characteristics, but whereas an irreducible curve of the 
fifth order can perfectly well have six nodes, it cannot have 
two triple points; the line connecting them would meet it too 
often. 

§ 3. Klein’s equation 

Pliicker’s equations are reached by purely algebraic means, and 
do not involve any question as to the reality of the curves or 
the singularities. It is evident that in dealing with real curves 
an important question is, what real point and line singularities 
are permissible ? Are there any equations connecting the number 
of these ? 

As a preliminary investigation, let us see what is the effect of 
sliding a real curve an infinitesimal pure-imaginary distance in 
a real direction, x. Let the equation of the curve, whose only real 
singularities are nodes, cusps, bitangents, and inflexions, be 

f(x,y) = 0. (7) 

The equation in the new position will be 

f(x+fi,y) = 0. (8) 

Has this new curve any real points ? They lie also on 

f(x-ei,y)= 0, 

and so on the following two real curves: 

<f>{x,y ) = \[f(x+€i,y)+f(x—ei,y)] =f(x,y)-~ d ^+... = 0, 

(9) 

**■»> s £([/<*+"■»>-/<*-«»]=g- ■?£+••■ = 0- 

They are, therefore, extremely near to points on the original 
curve where the tangent takes the direction of sliding, or which 
are singular. 

At this point we must stop and make one or two remarks 



11© •PLtJCKER'S EQUATIONS, AND KIRIN’S EQUATION Boob I 
about a question of procedure. In the present investigation we 
shall feel free to use the somewhat archaic apparatus of oblique 
Cartesian coordinates, where a point is located by its distance 
from each of two intersecting but not necessarily mutually 
perpendicular lines, measured in a direction parallel to the 
other line. Projective properties of curves receive the same 
statement in these coordinates and in rectangular ones, as well 
as relations to the line at infinity which do not involve distances 
or angles. We shall use the usual (x, y) notation for these. We 
shall also feel free to change coordinates of this sort as often as 
the fancy take us. We seek those cases where the curve (8) 
has a real point near the origin, that being suitably located on 
(7). Lastly, we see that if all real points near the origin on / lie 
close also to points of a simpler curve /', we may substitute for 
<f> and ifi corresponding simpler curves tp' and ip' and count their 
real intersections near by. 

Suppose, first, that our curve has a horizontal tangent at the 
origin end of the x-axis 

f = y+ax*+... f = y+ax 2 , 

<p' = y-\-a(x 2 — e 2 ) ip' = 2 ax, 

there is clearly one intersection of tf>’ and ip’, and so of </> and </>, 
near the origin. 

Suppose, secondly, there is a node at the origin. We choose 
our oblique axes so as to divide the nodal tangents harmonically, 
getting j _ y 2 +ax 2 + _ f = f +ax \ 

<p‘ = y 1 - |-a(x 2 —e 2 ) p' = 2 ax. 

When a < 0, i.e. when the node has real tangents, there are no 
real intersections near the origin, but when a > 0, i.e. when the 
tangents a reconjugate imaginary and we have a so-called ‘con¬ 
jugate point’, we have two real intersections close to (0, ±eVa). 

Suppose, thirdly, we have a cusp whose cuspidal tangent does 
not lie in the direction of sliding, 

f=x 2 +ay 3 +... f' = x 2 +ay 3 , 

<f>' = — e 2 -f x 2 -\-ay z ip' — 2x ; 

we have one intersection close to (o, 
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Let $1 be the number of real nodes with real tangents, Sg that 
of real conjugate points as described above, that of real bi¬ 
tangents with real contact, r' 2 that of real conjugate bitangents, 
i.e. with contact at pairs of conjugate imaginary paths of points, 
k' the number of real cusps, and i that of real inflexions; then, 
if N be the number of finite points with real horizontal tangents, 
the number of points sought is 

N+2V 2 +k'. 

We return to our curve (8) and see how many real tangents 
it has. To begin with we have N real horizontal tangents found 
above. Let us show that there are no other real non-singular 
tangents. 

Let the equation of a non-horizontal line be 

x — uy-\-v. 

The sliding of the plane will have the effect of changing v to 
v—ei, and this will change the tangential equation of the curve 
from <!>(«,*;) = 0 to ei) = 0. The new curve, by our 

previous reasoning, has only real non-singular tangents where 

^ = 0, i.e. at infinite points, and has only real singular tangents 
dv 

which come from the real inflexional or conjugate tangents of 
the original curve. The number of real tangents of (8) is 

N+ 2rJ+t'. 

The difference between the number of real points and real 
tangents to (8) is 2 (8 '-t;)+k'-i'. 

It is our next task, and a difficult one, to show that this 
number can be calculated in terms of our Pliicker character¬ 
istics. Let us project the curve (8) vertically on the plane 
z — i, the Cartesian coordinates in space not necessarily being 
rectangular. We shall also project the curve f(x—ei,y) = 0 on 
the plane z= —i. We have two conjugate imaginary plane 
curves in two conjugate imaginary planes. If we connect a real 
infinite point with them we get two conjugate imaginary 
cylinders, whose intersections are either real lines or pairs of 
conjugate imaginary ones. The common tangent planes to the 
two are either real, or conjugate imaginary in pairs. When the 
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projecting point is the end of the z-axis, the difference between 
the number of real lines and real planes is 2 ( 82 —i'; let 
ns show that it has this value in every case, and then calculate 
it in other terms when the infinite point is skilfully chosen. 

The real lines of the cylinder are the generators through its 
infinite vertex which belong to the two (real)-parameter system 
of lines connecting conjugate imaginary points in the two con¬ 
jugate imaginary planes z = i and z — —i. This number will only 
change when two lines of the family fall together, i.e. when the 
infinite point crosses the infinite trace of the developable deter¬ 
mined by conjugate imaginary points in the two planes whose 
tangents are eoplanar, and so parallel. The real planes through 
a point P tangent to the two curves are tangent to this develop¬ 
able, and their number will only change when P crosses the sur¬ 
face, or crosses a singular tangent plane to the developable. As 
a matter of fact, in this case the number will not alter. We see 
it in this way. Consider the dual problem, when the developable 
becomes a space curve. If a moving plane which passes across 
a double point of this space curve lose or gain two real inter¬ 
sections, the double point must be a cusp. But if for one 
particular way of crossing no real intersections are lost or gained, 
then this is not a cusp, and two are never lost. In the same 
way, if there be one way for an infinite point P to cross a 
singular tangent plane without changing the number of real 
tangent planes through it, the same will hold for all passages. 
We have merely to assume that no singular tangent plane is 
horizontal, which must be the case, considering how the surface 
is generated, and let P move along the infinite line common to 
Ihe planes z = const. The number of real planes here is always 
m, the class of the curve; we have merely to draw from P, 
which lies in the plane of both curves, tangents to one, and the 
conjugate imaginary tangents to the other. 

It remains to be seen how the number of real lines and planes 
changes as the infinite point moves across the developable. We 
take a generator of the developable, which connects conjugate 
imaginary points in the planes z = i, z=—i, with parallel 
tangents, as the z-axis, the z-axis shall take the direction of 
these tangents, while the point P shall subsequently move 
slightly in the y direction. Projecting the conjugate imaginary 
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curves from the end of the 2 -axis on the (x, y) plane, we get 
the curves 

y = ( 2 > 2 +? 2 *)* 2 +- y = (p 2 -q i i)x z +.... 

If P move a small distance in the y direction, we get 

y+Si = (p 2 +q 2 i)x 2 +... y—8i = (p 2 —q 2 i)x 2 +.... 

Any real intersections of these curves will be common to 
y = Ptx*+- h = q 2 x 2 +.... 

These will have two real intersections near the origin if Sy 2 > 0 . 
Now for tangent planes through P or tangent lines to the 
complex projected curves. The equation of the tangent at (x 0 ,y 0 ) 
to y 0 + 8 t = (p 2 +q 2 i)x 2 4-... is 

2 ( P , +g „>„+... 

x x§ 

y+Si = [2(p 2 +j,i)^o+[(p 1 +gr,t>g+...]. 

Calling this y+ 8 i = ux-\-v, 

u = 2{p 2 +q 2 i)x 0 +... v— -(p 2 +q 2 i)x% —... 

v =- 1 -w 2 4-.,,. 

*(p2+qz*) 

For a real line, u and v—Si are real. 

Hence 0=—8+ --ft- 

Hpz+ql) 

and there will be two roots close to 0 if 8q 2 > 0 . This shows that 
if P cross the developable so as to lose two real lines, it will 
lose two real planes at the same time, and conversely, which is 
another way of saying that 

2(8 2 -t ;)+«w 

is a constant. But when P is on the infinite line common to 
the planes 2 = i, z — —i, the line at infinity counted n times, 
where n is the order of the curve, gives the real lines, and the 
m tangents to one curve, and the conjugate imaginary tangents 
to the other, give the real planes. We thus get 
2 ( 8 j—'^ 2 )-}-K , — <■' = n — m, 

and so, finally, — (10) 

This is called Klein’s equation. 

«781 r 
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Klein’s Theorem 7] If a retd curve have no singularities but 
nodes and cusps, bitangents and inflexions, the order, plus twice 
the number of conjugate tangents plus the number of real inflexions, 
is equal to the class, plus twice the number of real conjugate points 
plus the number of real cusps* 

Certain very simple corollaries flow from this. If our curve 
have no cusps, or real conjugate points, we have from (4) and (10) 

m—n = i'+ 2 t 2 
3 [m—n) = 3i'+6t2 
3 (m—n) = i. 

Theorem 8] If a real curve have no cusps, and no real conjugate 
points, not more than one-third of the inflexions can be real. 

Suppose that there are i" pairs of conjugate imaginary in¬ 
flexions, and k" pairs of conjugate imaginary cusps, and suppose 
that So — To. 

3 (m— n) — i —k = 3(i — k') 

k = k'-)-2k:" 



Theorem 9] If a real curve have the same number of real con¬ 
jugate points and real conjugate tangents, and no singularities but 
cusps and nodes, inflexions and bitangents, then the difference 
between the number of pairs of conjugate imaginary cusps and the 
number of real cusps is equal to the same difference for inflexions. 

As a final topic for the present chapter, let us see whether 
there be any other equations, independent of those already 
shown, which always connect the "real Plueker characteristics. 
We make a large list of these: 

n — The order of the curve. m = Class of curve. 

n' — The apparent order. m' = Apparent class. 

c' = The number of real cir- c' = Number of real circuits, 

cuits. 


8 = Number of nodes. t = „ of bitangents. 

k = „ of cusps. t= „ of inflexions. 


* Cf. Klein 1 . The proof is taken from Juel, the only rigorous proof yet 

published. 
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Si = Number of real nodes with 
real tangents. 

Si = Number of real conjugate 
points. 

k' — Number of real cusps. 


— Number of real bitan¬ 
gents with real points 
of contact. 

= Number of real conju¬ 
gate tangents. 

l = Number of real inflex¬ 
ions. 


Suppose that some polynomial involving some or all of these 
characteristics is identically 0 for every curve. We may assume 
it to be self-dual, for, if not, the dual polynomial will vanish, 
and the sum will be self-dual. Let us use Plucker’s equations 
to eliminate m, r, and i, and Klein’s to eliminate t',, and thus get 


F{n,n',m! ,c ',k ,SJ,t],8:>) = 0. 


(ID 


Let us assume that the highest power to which any one argu¬ 
ment appears is N. We proceed to show that each of the 
arguments in turn may be given more than N values, without 
altering the values of such of the other arguments as may still 
be in the equation; hence we show that one argument after 
another is not there, and so, finally, there is no polynomial at all. 

The equation of the curve we are going to study shall take 
the bizarre form 


f{x, y)(f>{x, y)-\-el 3 (x—a) 3 ip(x, y) = 0. ( 12 ) 

The curious factor l 3 is introduced to indicate that the degree 
of ip is at least 6 less than that of fp, hence the form of the 
curve at infinity is determined by the first part, p and <p are 
supposed to be real definite forms, i.e. real polynomials whose 
signs are the same for all values of the variables, e is supposed 
to be a real infinitesimal, so that in appearance the curve differs 
as little as we please from the real curve /, whose form we shall 
prescribe with minute care. As a preliminary we shall prove 
a proposition which will be of utmost importance to us at 
various times in the present work. 

Bertini’s Theorem 10] The general curve of a system linearly 
dependent on a certain number of given irreducible curves iviU not 
have a singular point which is not fixed for all the curves of the 
system.* 


* Bertini*. 
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This theorem is certainly true if we can prove it for a set 
linearly dependent on two given curves. Write this set 

5(r,y)+zS(a:,y) = 0. 

This may be interpreted as a surface of order n-\-1 in three- 
dimensional space, the end of the z-axis being a multiple point 
of order n since every line through it has but one finite inter¬ 
section with the surface. If for every value of z there were a 
moving singularity, then either every horizontal plane would 
have to be tangent to the surface, or there would be a curve of 
singular points. If every point on a line lies on a surface, all the 
tangent planes pass through that line, so, dually, if every hori¬ 
zontal plane were tangent to a surface, the point of contact 
would lie in the infinite line in these planes, a case we may 
exclude at once. But if the surface had a curve of singular 
points, a vertical line through a point of that curve would meet 
the surface too often or be swallowed therein. If there were an 
infinite number of these lines the surface would be a vertical 
cylinder, and z would not appear. But if there were a finite 
number, the singular points would correspond to fixed values 
for x and y. 

The immediate consequence which we draw from this vitally 
important theorem is that the singular points of our curve (12) 
are known for the general e. 

We shall assume that the compound curve f<f> has no singular 
points which are singular for ip, so that the only singularities 
we need bother about are those which lie on the line 

x—a = 0, (13) 

or on the line at infinity. 

It remains to describe the curve 

/= o. 

This shall consist in 

A) Pairs of conjugate imaginary straight lines which meet 
either on (13) or on the line at infinity. 

B) Quartic ovals of the three following types: 

1) Convex ovals. We get such curves from equations like 

l- 1 ) ( * , +y , + 1) +8 = °. 
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where 8 is a real infinitesimal. This curve looks exactly like an 
ellipse and has no real inflexions. Some of these shall intersect 
in pairs on (13). 

2) Lima-bean ovals. These have each a real bitangent and 
a pair of real inflexions* We get such a curve by a small change 
in the equation of a cardioid. 

3) Crescent loops. Each of these has a real cusp at each horn, 
and one real inflexion near each horn. We construct such a 
curve in the following fashion. Start with the curve 

(xy+x+y) 2 -xy+ S' = 0, 

where 8' is a real infinitesimal. We have a real cusp at the end 
of each axis, but no other real singularity. The line x-\-y — 8'—J 
is a conjugate tangent. By Pliicker’s equation (5), 

2(r—8) = (m— n){m-\-n—q) — 2, 

8 = 0 r = 1. 

Our conjugate tangent is the only double tangent, and bo, by 
Klein’s equation, there are two real inflexions. By projecting 
to infinity a line near the conjugate tangent we get a similar 
curve in the finite part of the plane, and we may make this as 
small as we please. 

Let us see now on what will each of the arguments in (11) 
depend. 

c\ This is the total number of real circuits. It can be altered at 
will by replacing stray ovals, not in the nest nor intersecting in 
pairs, by self-conjugate imaginary ovals such as = 0. 

Hence c' can be given more than N values, and so cannot appear 
in the equation. 

§j. This depends on the number of circuits that intersect in 
pairs on (13) and can be altered at will by pulling such circuits 
about. Hence it cannot occur in the equation. t[ can be altered 
by nesting and un-nesting, and so cannot come in. 

n', the apparent order, i.e. the maximum number of real inter¬ 
sections with any line. This may be made to depend on the 
number of real intersections with (13) and may be changed at 
will, for instanoe, by transferring conjugate points from (13) 
to the line at infinity. Hence n' does not enter, m' can be 
altered by replacing convex ovals by imaginary loops. 
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k'. This depends on the number of crescent circuits. If a 
crescent circuit be replaced by a Lima-bean, taking care not to 
alter relations to the line (13), and if the lost real cusps be 
replaced by pairs of conjugate imaginary ones on the line at 
infinity, no argument has been changed but k, and this was 
changed at will. Hence k and the symmetrical i can be altered 
by replacing Lima-beans by convex ovals. 

8 g. This depends on the number of pairs of conjugate imagi¬ 
nary lines meeting on (13) or on the line at infinity. We alter 
it by replacing two pairs of conjugate imaginary parallel lines 
by a pair of ellipses which are similar, and similarly placed, so 
that they have the same imaginary infinite points. 

The only arguments which remain are n, S, and k, and we 
have seen that within the range of certain inequalities these are 
independent numbers. 

Theorem 11] There are no identical polynomial equations con¬ 
necting the Pliicker characteristics and the real characteristics 
enumerated above, which are not deducible from the equations of 
Pliicker and Klein* 

A study of the upper limits for the numbers of real singu¬ 
larities of various sorts has been made by Hollcroft;f there is, 
however, no rigorous proof that the curves so described really 
exist. 


Cf. Coolidgc*. 


t Cf. Hollcroft. 



CHAPTER VIH 

THE GENUS 


§ 1. Definition of genus, Riemann’s theorem 

We have already had occasion once or twice to speak of the 
genus of a curve; it is given by the equations 

(»— l)(w—2)_s^r t (r < —1)_ (to— l)(m—2) VftO’i -1 )_ 

2 Z, 2 "2 Z, 2 

( 1 ) 

In terms of nodes and bitangents, actual or virtual, this is 

_ (8+k) = (»- 1M--8) _ (T+0 = g , (2) 

It is to be understood in these definitions that the curve has 
no singular points but ordinary ones and cusps, with a like 
restriction on singular tangents. A curve, no matter what its 
singularities, has a definite genus, as we shall see in Book II, 
but we are not yet prepared to give the definition. 

We saw in Lefschetz’s theorem 4] of the last chapter that 
the genus of an irreducible curve can have any value from 

—— —— down to 0. We postulated in certain subsequent 

theorems that the genus of the curve in question was not negative. 
As a matter of fact we cannot have an irreducible curve of 
negative genus. We have only to consider the system of adjoints 
of order n— 1 which exist, since first polar curves are that. 

The amount of freedom of such a system is 

2 > («+ 2)(n- 1) = p + 2 (»- 1 ). 

The number of free intersections with the given curve is 
<»(»— 1)- l) = 2p+2(»—1). 

But we have already seen that the freedom cannot exceed the 
number of free intersections. 

Theorem 1] If a curve have no singular points but ordinary 
ones and cusps, its genus can never be negative. 

Theorem 2] The genus of a curve is the amount that the number 
of nodes, actual or virtual, and cusps, falls short of the maximum 
possible for an irreducible curve of that order. 
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ft is for this reason that the genus was habitually called the 
‘deficiency’ by the earlier English-speaking writers. 

Suppose that the plane in which a curve lies is so oriented 
that no singular tangent is vertical, or has an infinite point of 
contact, and no singular point lies at infinity, a condition easily 
obtainable by a linear transformation. Then y is an «-valued 
algebraic function of £ or a single-valued function on a certain 
definite n-leaved Riemann surface. The branch points of this 
surface arise from those values of x where two values of y on 
one branch fall together, and these are either the points of 
contact of vertical tangents, or else the cusps. Their number 

“ thus m+ic — 2n+2(p~l), 


m+K—2 n — 2(p— 1). 

Now the left-hand side of this last equation is the connectivity 
of the surface, and is unaltered by any continuous one-to-one 
transformation. Hence the genus is unaltered. We thus get 

Riemann’s Theorem 3] If two algebraic plane curves with only 
ordinary singular points and cusps be so related that the coordinates 
of a point on either are rational functions of a corresponding point 
on the other, then the two curves have the same genus* 

Here is a shorter statement. Two algebraic curves in any 
number of dimensions which are related in the way here de¬ 
scribed are said to be ‘birationally related’: each is said to be 
obtained from the other by a ‘birational transformation’ of the 
other. Any transformation that is algebraic and one-to-one is 
birational. We thus get 

Riemann’s Theorem 3'] The genus of a curve is unaltered by 
a birational transformation. 

If the reader reflect upon this theorem he must be struck by 
its great generality and importance. The only proof we have 
given so far is entirely transcendental, based on the connectivity 
of Riemann surfaces. That will not do; we must give an alge¬ 
braic proof. This we proceed to do, though indirectly; the proof 
comes incidentally out of a fundamentally important formula 
which must be developed for its own sake. 


* Riemann, pp. 127 S. A list of various forms of proof will be found in 
Clebsch-Lindemann, pp. 681 S. 
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§ 2. The Chasles-Cayley-Brill correspondence formula 
Suppose that we have a fixed curve, with only the sort of 
singularities we have so far allowed, and a linear system of 
curves. The variable groups of points which the curves of the 
system cut on the fixed curve, which we shall call the ‘base 
curve’, shall be called a ‘linear series of point-groups’. We 
shall consider only non-singular points as belonging to such 
groups. It may be that all of the variable groups contain a 
certain number of fixed, non-singular points. These we are at 
liberty to count as forming parts of the groups or to exclude at will. 

A linear system of curves may be built up by pencils of curves 
each connecting a fixed new curve with the curves of some 
previously recognized linear system, and the same holds, of 
course, for linear systems of point-groups. Consider the pencil 

t<fio( x ,y)+'f , i( x >y) : = 0 > 

which we may also write 

t== _'h(x,y) 

M x >yY 

The groups of the corresponding linear series are groups of 
points on the base curve where the rational function — 

M x >y) 

takes constant values. Conversely, if we have a rational func¬ 
tion of x and y, we may adjoin the factor 1, representing the 
line at infinity, to the numerator or denominator in such a way 
that we imagine them of the same order. Then the variable 
groups of points where this function takes assigned values are 
the groups of a one-parameter linear series. 

Suppose, now, we make a rational transformation of our curve 

0 i(x',y') e 2 (x’,y’) 

U x ',y') U x ',y'Y 

A rational function goes into a rational function, hence a group 
where a rational function takes assigned values goes into another 
such group, and so a one-parameter linear system goes into a 
one-parameter system. Finally, any linear system is built out 
of one-parameter ones, which gives 

Theorem 4] If a base curve be rationally transformed , a linear 
system, of point-groups will go over into a linear system. 
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Let the reader notice that in this theorem we have said 
‘rationally’, not the more restrictive ‘birationally’, and we have 
made no reference to singular points. 

Let the groups g lt g t of a linear system on a base curve /, 
which has only ordinary singular point and cusps, be cut by the 
curves and of a linear system. Let the group g x also lie 
on an adjoint curve <f> v We have, by Nother’s Fundamental 
Theorem 15] of Ch. II, 

The curve <f> 2 is thus an adjoint cutting the group g 2 . Any 
group residual to g 1 is residual to g 2 also. 

Linear Group Theorem 5] Any linear system of point-groups 
on a curve with only ordinary singularities may be cut by adjoint 
curves. 

There are two advantages in using adjoint curves for this 
purpose. One is that we may make use of the residue theorem 
of Ch. II. The other is that, as we shall see later, we are able 
to count the number of degrees of freedom exactly. 

Definition. Two groups of the same linear series are said to 
be ‘equivalent’. We write this 

9i == 9r 

If g x = g.p then g 2 = g v 

If g x - g 3 , g 2 = g 3 ; then g x ~ g 2 . 

This last is a simple result of the residue theorem; we leave 
the proof to the reader. 

Definition. The number of points in each group of a series 
is called its ‘order.’ The number of parameters on which it 
depends is called its ‘dimension’. A series of order N and 
dimension r is called a gfc. 

Definition. A linear series is said to be ‘complete’ if it be 
not contained in any other series of the same order and larger 
dimension. 

Theorem 6] If a group of points be residual to one group of 
a complete series, it is residual to every group of it. 

This is an immediate consequence of the residue theorem. 

Consider the totality of adjoints erf a given order on which no 
restriction is placed except that they go through a certain 
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number, perhaps zero, of points on the base curve- These points 
will be residual to every group of the complete series which 
includes the series cut by these ad joints. But the complete 
series will be cut by adjoint curves, and they must be of such 
an order as to meet the base curve as often as do the given 
adjoints; hence, they are nothing but the given adjoints, and 
the given series is complete. Conversely, by the last theorem, 
if we have a complete series, and pass an adjoint through one 
group, that complete series will be cut by the totality of adjoints 
of that order through the residual group cut by the first one. 

Theorem 7] The totality of adjoints of a given order on which 
no restriction is placed except that they pass through a certain 
number, perhaps zero, of fixed points on the base curve, will cut 
a complete series on that curve, and every complete series can be 
cut in that way. 

Theorem 8] A linear series is contained in but one complete 
series. 

Definition. We mean by ‘the sum of two linear series’ the 
complete series which contains the totality of groups composed 
of a group of the first and a group of the second. If, for instance, 
the given series be cut by the curves 


their sum will be the complete series containing every group 


cut by 


2 = °- 
tj 


In the same way we may define a positive integral multiple of 
a series as the complete series whose groups include those com¬ 
posed of any selection of that number of groups of the given 
series. 

If 9i — 9i 9 2. = ?2> 

then 9i+9i = g'i+gt. 

Let 9\=9i 9i+9i = 9'i+9z- 

To prove = g'<i. 


9i = 9»t 

9if~9i — 9 , iH"9 f 2 = 9i~f9i‘ 


suppose 

then 



Soot/ 
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Let all these groups be residual to y. 

Then g' 2 and g' a are residual to g\-\-y. 

Hence g t = g t = g' t . Q.E.D, 

If g 3 include g lt we mean by g a —g t the remainder of the 
group, and our last statement amounts to saying 
If g x = g[, g 3 = g 3 ; then g 3 -g x = g 3 -g x . 

We thus see that our symbols for addition, subtraction, and 
equivalence obey the rules for addition, subtraction, and 
equality in elementary arithmetic. 

Suppose that on a base curve we have two variable points 

(*) Bnd {y) ’ f( x v ** **) = 0 f(y v y„ y a ) = 0. 

Let them be connected by a series of equations 

x 2 > x a< Vv V 2 > Vs) = 0, ^ 2 {x v x 2 , x 3 , y v y 2 , y 3 ) = 0,..., 

•P p (x v x 2 ,x 3 ,y lt y 2 ,y 3 ) = 0. 

Suppose further to each point {x), which we shall also call the 
point P, there corresponds in this way exactly v' variable points 
(y) or P', no one of which is, in general, identical with P, and 
that to each P' there correspond v variable points P. We shall 
say that we have a v-toV correspondence, the numbers v and 
v' being called the ‘indices’ of the correspondence. Suppose 
lastly that there is a positive, negative or zero integer y with 
these properties: 

a) When y^O, if P corresponds to P\, P' 2 ,... t P'. and Q to 
£ 2 ,-, Q' y ; then 

P\-\- P'i-\- ••• + P'v'-^ryP = ••■ J rQ'v ,J ryQ- 

b) When y < 0, if P correspond to P\, P\,..., P' and Q to 
Q\> Q'it—i Q'v> then 

P'l^r P't^r P' v '—yQ — Qi^rQ'i-V Q'y'—yP > 

then y is called the ‘value’ of the correspondence. 

Could a correspondence have two different ‘values’ ? 

Pi +P'fV •••+ Py+YiP — 

P'l~\- ^2 + ••• + Py+y^P = Ci + ^2 + ”* + Gy+y20> 

(yi— vi) p = (yi-ys)Q- 
If Yi—Yi ^ 0, 

we have a one-parameter linear system of curves tangent to the 
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base curve, but the condition for contact is not linear, so that 
such a system is only possible when Yi~~Yt = 1 or P = Q. 

Our base curve will, then, have a g\. Let this be given by 

^o+-^Ai= 0. 

Only one intersection of such a curve and the base curve will 
depend on X, so that x and y will be rational functions of this 
parameter, which is a rational function of them; the curve is 
rational and so has genus 0 by 2] of the last chapter. 

Theorem 9] A correspondence cannot have more than one value 
on any curve whose genus is greater than zero. 

Theorem 10] The indices and value of a correspondence are 
unaltered by a birational transformation. 

Correspondences on curves of genus zero are easily studied. 
Since the coordinates of points on such a curve arc rational 
functions of one parameter, say X, which is a rational function 
of them, the curve may be birationally transformed into the 
X-axis. The correspondence will be given by equations 

• MX, X') = mx. X')=... = mx, X') — o. 


These curves in the (X,X') plane must all have a common 
factor, hence our whole correspondence must be given by a 


single equation: 


P(X,X') = 0. 


Definition. If in one correspondence a point P corresponds 
to points P\, Po,..., P' y ’ and in a second to PJ, PJ,..., P”- the 
correspondence where it corresponds either to P' or to Pj is 
their ‘sum’. We get at once from the arithmetic of point-groups 
developed at the beginning of this section: 

Theorem 11] The value of the sum of two correspondences is the 
sum of their values. 

Suppose that in ohe correspondence P corresponds to 
P' V P 2 ,..., P's and in a second P' corresponds to P' t , P^ 2 ,..., P^-, 
then the correspondence where P corresponds to P' (except 
when the latter is identical with P) is called the ‘product’ of 
the two. Let the indices and value of the first correspondence 
be v lt v], Yv and of the second be v 2 , v\, y 2 . 


P , 1 +P' 2 +...+P' v ' l +nP^Q' 1 +Q2+-+Ql' l +YiQ> 

Ph+Ph+-"+ p i;+y^=^n+Qh+-+Qi:+Y i Qo 
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Adding all these latter relations we get 

y.2^*+2n=y.2«i+2C&. 

i i>3 i i,j 

But y 2 [ 2 P'i+YiP] = y 2 [ 2 Q'i+YiQ]- 

Hence 2 yi Yi p = 2 Qy—Yi YzQ- 

i,i i.i 

Theorem 12] The value of the product of two correspondences 
is the negative of the product of their values. 

It is the existence of this unexpected negative that clears up 
all our difficulties. If we have a gf v on our base curve, to each 
point P will correspond N— 1 points P' and conversely, i.e. we 
have a correspondence of indices N— 1 , and of value 1 . By 
adding and multiplying such correspondences, we get 

Theorem 13] There exist correspondences of positive, negative, 
or 0 values. 

The correspondences of value 0 are those which we must look 
at next. To each point (y) will correspond a group of points ( x) 
cut by a curve of the linear series 

The coefficients A* are single-valued algebraic functions of (y) 
when f(y v y 2 , y A ) = 0, so that under these circumstances they are 
rational, and we may write 

<f>(x l ,x 2 ,x 3 ,y v y 2 ,y 3 ) = 0, (3) 

</>(x,y,x’,y') = 0. (3') 

This polynomial will not vanish identically when wc put 
(a;) = (y), nor contain / as a factor, for the correspondence has 
the value 0, so that (x) is not, in general, a point of the group 
corresponding to ( x). From this we see incidentally that the 
inverse correspondence has also the value 0. The matter with 
which we are especially concerned is to find the coincidences, 
i.e. the self-corresponding points. These are among the inter¬ 
sections of the curves 

f(x v z 2 ,x 3 ) = 0 f>(x 1 ,x i ,x s ,x 1 ,x 2 , x 3 ) = 0, (4) 

f(x, y) = 0 <j>(x, y, x, y) = 0. (4') 

Suppose there is a coincidence at an ordinary singular point. 
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Let us take this as the origin, and make an ordinary circular 
inversion: . 


x = 


y 


x' 2 +y' 2 


x't+y ' 2 


What can we say about the new base curve ? If the first 
curve have a singular point of order r at the origin, the new 
curve is of order 2 n—r, with a singularity of order n at the 
origin, and one of order n—r at each circular point at infinity, 
otherwise its singular points correspond to those of the original 
curve. Hence, as we see by a short calculation, it has the same 
genus p. We shall have on it a v-toV correspondence of value 0. 
The branches at the origin will be dissipated into different points 
on the infinite line. A coincidence at the origin which came 
from two points on different branches will be dissipated, one that 
came from two points approaching on the same branch will be¬ 
come a coincidence at a non-singular point. No new coincidences 
need be introduced at the origin or circular points at infinity. If 
we make such a transformation a number of times, we may be sure 
finally of having no coincidences arising from points approach¬ 
ing on different branches; the indices, value, and genus of / are 
unchanged. 

Now look at coincidences coming from points which approach 
on the same branch. We may write this 

x — a 1 t+a 2 t i +... y = b 1 t+b i t i +... 

x' = a^V -]-a 2 t' 2 -\-... y' — b^t' . 


We get from (3') ^t,t') = 0. 

If this be divisible by tfi and t'P', then for the general (x, y) in 
(3') the curve in (x',y'j has p intersections with / at the origin, 
and for the general (x\y') the curve (3') has p intersections 
with / there. If we divide iPt'P' out of the number of 

coincidences at t — f = 0 will be the intersections there of the 

curves <£(U') = 0 t-t’ = 0, 

and so is the excess of intersections at (0, 0) of 


f(x\ y') = 0 4(x\ y\ x\ y’) = 0 


over the intersections there of 


fix', y') = 0 y, x\ y') = 0 
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for Hie general (*, y), and of 

/<*.») = 0 

over those of /(a . y) = 0 


my>x,y) = 0 
<f>(x,y,z',y') = o 


for the general (x\y'). 

Let the order of / be n,. Let (3') be of order N in (x,y) and 
N' in (x',y'). Then for a general (x,y) the curves 

m>y') = <l>(x,y> x '’y') = 0 

have N'n—v' fixed intersections, and for a general (x’,y‘) the 
curves f(x,y) = <f>(x,y,x',y') have Nn—v fixed intersections. The 
number of coincidences is obtained by taking these from the 
total intersections of the curves f and (4) and so is 


n(N-\-N') — [N'n —v'J——v] = v-\-v. 


We have here the number of coincidences of a correspondence 
of value 0. The coincidences in the other cases are obtained 
from this formula as follows. 

Suppose that we have a correspondence of negative value y. 
Let us take — y points in general position and draw radiating 
lines through them, each set cutting the base curve in a g\ 
giving rise to a correspondence of indices n-~l, n— 1, and value 
1. The coincidences of these latter are the points of contact of 
the tangents from the points whence the lines radiate, and the 
cusps, the number of coincidences in each such case, is 
m+K = 2n-\-2{p— 1). 

When we add these — y correspondences to the original one, we 
get a correspondence whose indices are v—y{n— 1), v — y(n— 1) 
and whose value is 0. The number of its coincidences is 


y+v' — 2y(n — 1), 

If we take from this the 2p-\-2(n—l) coincidences of each of 

the added correspondences, we have left the coincidences we 

seek, in number , , , « 

v+v -\-2py. 

Suppose, lastly, we have a correspondence with positive value 
y. If we add a correspondence of indices v, v and value — y, we 
get one of indices v+v, v'+v, and of value 0. The coincidences 
are in number v+v+v'+i/'. Deducting the v-\-v-\-2p{—y) un¬ 
desired coincidences of the correspondence added we have left 

vArv -\~2py. 
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This very long and involved discussion leads us at last to 
Theorem 14] The number of coincidences of a (v, v') correspon¬ 
dence of value y on a curve of genus p is given by the Chasles- 


Cayley-BriU formula* 


v-\-v -\-2py. 


( 5 ) 


Theorem 15] A correspondence and its inverse have the same 
values. 


It is clear that the number of coincidences of a correspondence 
is invariant for a birational transformation of the curve. We 


thus get from 7] 

Riemann’s Theorem 3'] The genus of a curve is unaltered by 
a birational transformation. 

The formula (5) is certainly one of the sharpest tools available 
for attacking problems in the theory of algebraic plane curves, 
but for that reason the unwary reader is in the greatest danger 
of cutting his fingers therewith. This we shall endeavour to 
show by a series of examples. 

Suppose that we wished to apply the formula to find how 
often a certain line meets a given circle. We might reason as 
follows. A point lies on a circle when it lies on a tangent and 
on the corresponding normal. Let P be a point of the line. 
Through it we may draw two tangents to the circle, the normals 
at the points of contact will meet the line in the two points P' 
which correspond to P. Conversely, if P' be given, the normal 
through it is the line to the centre, the tangents at the two 
points where it meets the circle give the corresponding points 
P. We have thus a 2-to-2 correspondence on a curve of de¬ 
ficiency 0, and four coincidences; the line meets the circle four 
times! 


The difficulty here is not very deep-seated. If a point lie on 
a curve it is on both the tangent and the normal, but this neces¬ 
sary condition is not sufficient, for the tangent and normal 
might coincide in case the tangent passed through one of the 
circular points at infinity. In the present case we have a proper 
2-to-2 correspondence with four coincidences, but two of these 
are the intersections with the minimal lines through the centre. 


* For tho history of this formula see Segre’. The literature dealing with it 
is very extensive. Chasles only treated the case where p — 0. Cayley surmised 
the true formula, but the first proof was given by Brill 1 . The proof here given 
is taken from Seven 1 . Further references will be found in ‘Topics’, Ch. 7. 

8781 X 
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f 

Here is another example of the same rather trivial sort. How 
many circles with a given centre touch a given line ? These 
circles determine a 1-to-l correspondence on the line with two 
coincidences, yet there is surely only one circle, that which 
touches at the foot of the perpendicular from the given point. 

The explanation here is even simpler. The circles in question 
cut an involution of points equidistant in pairs from the foot of 
that perpendicular. One coincidence is the foot of the per¬ 
pendicular, the other at infinity, in which case the circle is the 
line at infinity counted twice. We must always take account 
of infinite coincidences. 

Here is a much more subtle example. Let us find the order of 
the curve traced by the points of contact of tangents to a set of 
concentric circles from a chosen finite point. Let P be a point 
of a line not through the given point. There will be one circle 
passing through it and belonging to the given concentric system, 
and the two tangents to it from the given point will meet the 
given line in the desired points P’. Conversely, if P' be given, 
one circle of the system will touch the line from P' to the given 
point, and this will cut the line in the two desired points P. 
We have thus a 2-to-2 correspondence on the given line, with 
four coincidences, yet the locus we seek is the circle whose 
diameter is bounded by the given point and the centre of the 
given circles. 

This does not fall under either of the preceding cases. There 
are no coincidences which we do not want, and there are none 
at infinity. What is the matter ? Let us put the thing through 
algebraically. The fixed point shall be the origin, the centre of 
the circles (x 0 ,y 0 ), the given line y— 1. The line from (x, 1) to 
the origin has the equation 

£ — XT] = 0 . 


*C - - octj 

The distance from (x 0 , y 0 ) to this line is . 

The circle with (x Q! y 0 ) as centre tangent to the given line has 
the equation 

U+**)[(*'—»o) 2 + (y'-Vo) 2 ] = (Zo-zyo) 2 - 


Putting y' = 1, we get the equation of our 2-to-2 correspondence: 
*'*{1 +* 2 )—2*o( 1 -\-x' i )x' -\-x 0 —2y^\ -j- 2x 0 y^-\- (1 —y 0 ) 2 = 0. 
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To get the coincidences we replace x’ by x, getting 

x 4 - 2x 0 x»+[xg+2( 1 - 2 / 0 )]x i - 2x 0 ( 1 - j/ 0 )x+(1 - y 0 ) 2 = 0, 


[x 2 -XoX+(l-s» 0 )] 2 = 0. 

The trouble here is that the quartic equation is reducible, and 
merely the square of a quadratic equation, so that there are 
but two coincidences. How could we have foreseen geometri¬ 
cally that this was going to happen ? How can we tell just how 
many coincidences should be counted at a particular point 1 
The answer is due to Zeuthen.* 

Let us assume, for simplicity, that no coincidences occur at 
a cusp, and that the tangent at a coincidence which we take as 
origin is not vertical. We may then develop y in terms of x and 
y' in terms of x', so that our correspondence on this branch is 
given by an equation , ( » _ 0 


Writing x' — (x'-x)-j-x, we may put this equation also in 
theform ip(x,x'—x) — 0. (6) 


When x'—x = 0, how many roots in x are given by x = 0 ? 
Let the lowest term in x alone here be x®. Then s will be the 
number of roots. But it is also the infinitesimal order of the 
product of the roots of (6) looked upon as an equation in x'—x, 
when x is an infinitesimal of the first order. 

Zeuthen’s Rule, Theorem 16] The sum of the number of co¬ 
incidences at a non-cuspidal point C is the sum of the orders of 
the infinitesimal distances from a near-by point P to the corre¬ 
sponding points, when the distance PC is taken as the principal 
infinitesimal. 

When the coincidence comes at a cusp the situation is a little 
more complicated. We shall see in a subsequent chapter that 
it will be the sum of the orders of the infinitesimal distances 
PP 1 when 4PC is taken as a principal infinitesimal. 

Here are some important applications of the Chasles-Cayley- 
Brill formula to the theory of linear series. Suppose that we 
have a g\, and a g l N . on a base curve of genus p, how many pairs 
of points can we find that belong to a group of each ? A g\f 
produces a correspondence of indices N— 1, N— 1, and value 1; 


* Zeuthen*, pp. 1S6 S. 
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n 

the pairs of points we see are coincidences in the products of 
our two correspondences. The indices of the product are 
(N—l){N'—l), (N—l)(N'—l), and the value —1; hence the 
number of coincidences is 2(N—l)(N'—l)—2p. 

Theorem 17] Given a g\, and a g x N . on a curve of deficiency p, 
the number of pairs of points which belong to a group of each is 
(N-l)(N'~l)-p. (7) 

The reader will remember that such a statement gives the 
number of pairs ‘in general’, or the degree of the equation on 
which their determination depends. 

If s points of a correspondence come together, all infinitesimal 
distances being of the same order, by Zeuthen’s rule that counts 
as 8 — 1 coincidences. Thus the coincidences of a g l y are given 
by the formula ^ (s t -l) = 2(N+p~l). (8) 

Suppose that a g\, and a are such that a group of s points 

A, belong to one group of each. How many coincidences 
do they count for ? When P is close to A it has a mate in the 
first correspondence close to B, C,..., and when P' is close to 

B, C,... or 8, it has a mate P in the second correspondence 

close to A. The number of coincidences in the product corre¬ 
spondence at A is s— 1, so that the number at A, B,... or 8 
iss(s-l): £ = 2 [( tf- 1)( tf'-!)-*]• W 

If we have a correspondence with indices v x , v], and value y 1( 
and a second with indices v 2 , v\, and value y 2 , the number of 
points with the same mate in both correspondences is 

V 1 v 2 ~i“ v 2 v i 2 P7 i Yz- (10) 

Here is another important application. Given a^ona curve 
of genus p. In how many places will r-J-1 points of the same 
group fall together ? We reach the answer by mathematical in¬ 
duction. When r = l the number is, as we know, 2[A T -f (p—1], 
Suppose that we have demonstrated that when the dimension 
of the series is r—1 the number of coincidences is 
r[W'+(r-l)(p-l]. 

for all values of N’. Consider a g^. If P be given, there is 
residual thereto a g T y li with r[A T — 1+ (r— 1 ){p— 1)] coincidences 
P\ When P' is given, there will be one group of our g^ with 
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r points there, and the remainder will he N—r points P. The 
value of this inverse correspondence, and so of the original, is 
r ; hence the number of coincidences is 

r[N-l + (r-l)(p-l)]+N-r+2pr = (r-f 1)[W+r(p-1)]. 

In certain cases we have to make important reductions from 
this owing to the presence of certain special points. Suppose 
there is a point A i which has this series of properties: 

oo r_1 adjoints cutting the series meet the curve times 

there. 

oo r - 2 adjoints cutting the series meet the curve 2 times 
there etc. 

oo 1 adjoints cutting the series meet the curve v^.j+r— 1 times 
there. 

One adjoint cutting the series meets the curve v ir -f -r times 
there. 

To what extent will this enter into the number found above ? 

For a g\- this will be v iv Suppose that we have demonstrated 
that for a g]^ 1 the reduction must be v (1 +c {2 +...+r 1> _ 1 . Con¬ 
sider a g r N . If P be given, we have residual thereto a g r ^} x ; the 
number of groups of r coincident points is 

r[iV— l + (r— l)(p—r)]— 2 I>ii+»'i 2 +-+''ir-i] 

i 

after deduction has been made for the undesired coincidences. 
When P' is given there correspond N—r points as before, in a 
correspondence of value r. The number of coincidences is thus 
(r+l)[N+r(p-\)]— 2 ( v »i+ v i 2 +—+ v tr-i),butwe must discard 
v iT coincidences at A^* 1 

Theorem 18] Given a g r N and certain points A 1; A 2 ,...,A t such 
that co r ~i adjoints cutting groups of the series meet the base curve 
times at A it then the number of places other than the A's 
where a group has r-j-1 coincident points is 

(r+ip r +r(p-l)]- 2>V (11) 

« 

If the group have r+s coincident points, this will count for 
a—1 places. 

An application of this theorem is to finding Pliicker’s equa¬ 
tions. The lines through an arbitrary point meet the curve in 


* Cf. Segre 1 , pp. 86-8. 
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a g\ whose coincidences come from the nodes and cusps. We 
get an equation and its dual, namely, 

m-j-K = 2(n+p— 1) = 2(m-j-p—1). 

The totality of lines in the plane cut the curve in a g%. When 
will three points of a branch lie in a line ? Either the line is an 
inflexional or a cuspidal tangent. In the case of a cusp there 
are oo 1 lines that meet the curve twice there, one line that meets 
it thrice, so that v tl = v i2 = 1: 

i=3[m+2(p-1)]-2k, 

#c = 3[m+2(p— 1)]—2i. 

Lastly, by Riemann’s theorem, 

(n-l)(n-2) _ 8 _ k = ( m—l)(m— 2) _ _ 

2 2 

All other Pliicker equations are easily deduced from these. 


§ 3. Correspondences on different curves 

Suppose that we have a 1-to-v correspondence between the 
points of a curve / of genus p and a curve / of genus p. If (x, y) 
be the coordinates of a point on the first curve, ( x , y) of a corre¬ 
sponding point on the second, since the former variables are, 
by hypothesis, single-valued algebraic functions of the second, 
we have 


x = A<&£) 

fa lx,9) 


y 


fa(%> y )' 


A one-parameter linear system of curves 
&(*»?)+*&(*.?) “0 

will correspond to a one-parameter linear system 

’Pi(z,y)+*<p2{x,y) = °, 

so that a g\ will correspond to a g 1 ^. A coincidence on the 
curve / will arise either from a coincidence of / or from 
the fact that two of the points on / which correspond to the 
same point on / fall together. A point on one curve of such 
a nature that two corresponding points on the same branch of 
tiie other fall together is called a ‘branch’ point of the first (for 
that correspondence). If the number of branch points on the 
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first curve (there are none on the second) be /J, a comparison 

of the coincidences on the two curves gives 

2(2Vv+p-l) = t[2N+2(p- 1)]+J3 
P+2v(p—l) — 2(p—l). ( 12 ) 

Suppose, in particular, p = p > 1, 

P = 2(p—l)(l—i>). (13) 

The left-hand side is positive or 0, the first two factors on 
the right are positive, the third is negative or 0. This gives 

Weber’s Theorem 19] If two curves of the same genus which 
is greater than one be in rational correspondence, that correspon¬ 
dence is birational * 

Theorem 20] If a curve of genus greater than one be rationally 
transformed into itself, the transformation is birational. 

Suppose next in (12) that p = 0, the right-hand side is essen¬ 
tially negative and the equation can only be satisfied if fi = 1, 

P = o. 

Theorem 21] If a curve of genus 0 be rationally transformed, 
the correspondence is birational, and the new curve has genus 0. 

Suppose that we have given x .and y rational functions of 
a parameter t, but are not sure that t is a rational function 
of those coordinates. Then the (x, y) curve is a rational trans¬ 
form of a curve of genus 0, and so it has genus 0 and is rational 
in some other parameter which is rational in them. This gives 

Luroth’s Theorem 22] If x and y be rational functions of a 
parameter, neither constants, the curve so defined has genus 0 and 
x and y may be expressed rationally in terms of a parameter which 
is rational in them.\ 

Suppose, lastly, that we have a v-to-v' correspondence between 
two curves of genera p and p' respectively, which curves we 
may assume to lie in the same plane. The lines connecting 
corresponding points will envelop a curve of genus p in v'-to-l 
correspondence with the first curve, v-to-1 correspondence with 
the second. We thus get 

P + 2v'(p- l) = 2(p— 1) 

F+2v(p’-l)=2{p- 1) 

|8+2v'(p— 1) = /J'+2v(p'—1), (14) 

t Luroth 1 , p. 103. 


* Weber 1 . 
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an elegant formula due to Zeuthen.* It is to be remarked that 
the correspondence must be supposed to be irreducible, as other¬ 
wise the intervening curve might become reducible and our 
equation (13) would not apply. 

It is to be noted also that in certain cases special care is 
necessary in assigning values to these constants. If we have 
corresponding branches 

x — a 0 +o 1 X+a 2 -^ z +— *' = a^+a^Y +a' 2 Y 2 +... 

y = 6 0 +6 1 Z+6 # Z*+... y’ = b' Q +b‘ 1 Y+b’< i Y 2 +..., 
the correspondence will be given by the curve 

F(X,Y) = 0, 


which we may call the correspondence curve. The branch points 
SF c)F 

will come from — = 0 or = 0, i.e. points where the tangents 


are horizontal or vertical, but also from the singular points of 
F which yield branch points that correspond to branch points, f 


* Zeuthen 1 , p. 1/52. 

■f For an elaborate discussion of this, see Sovori 5 , pp. 211 ff. 



CHAPTER IX 
COVARIANT CURVES 

§ 1. Polar curves 

In studying the general theory of invariants and covariants we 
saw that there are certain polynomials which preserve their 
form under the most general linear transformation of the 
variables. A fundamental principle of projective geometry is 
expressed in the following form: 

Every geometric theorem which results from the vanishing of an 
invariant, or the identical vanishing of a covariant, is unaltered by 
a general linear transformation of the variables, whose determinant 
is not zero. 

The converse of this theorem seems also to be true; it seems 
to be the case that every projectively unaltered theorem is 
expressed either by the vanishing of an invariant, or the identi¬ 
cal vanishing of a covariant. I have never seen a demonstration, 
however, and it seems likely that it would be difficult to give 
an absolutely satisfactory definition of a projectively unaltered 
theorem. Is the theorem, ‘All men are mortal’, projectively 
unaltered, and, if so, how is it mathematically expressed ? Let 
us leave these general speculations and come to something 
concrete. 

Definition. A system of curves of a given order linearly 
dependent on two such curves which are not the same is called 
a ‘pencil’. They all pass through all points common to the 
original two called centres of the pencil; conversely, we get from 
Nother’s Fundamental Theorem 15] of Ch. II: 

Theorem 1] If two curves of the same order intersect only in 
ordinary points, distinct or infinitely near, the system of all curves 
of that order through those points is the pencil determined by the 
first two. 

More generally, if two irreducible curves of the same order 
have the same multiplicity at each intersection, then every 
curve of their pencil has at least that multiplicity there. It can 
have no higher multiplicity there, as otherwise it would inter¬ 
sect them too often. This statement holds only when all the 
common points are distinct. If we have a pencil of curves 
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tangent to one another at a given point, one curve of the pencil 
will have a double point there; we have only to consider a pencil 
of curves tangent to the y-axis at the origin. No curve of the 
pencil will have an equation with a constant term nor a term 
in y to the first power; hence one of the curves will lack the 
term in £ to the first power, and so have a singular point there. 
If two irreducible curves of the same order intersect only in 
distinct points and have the same order of multiplicity at each 
of them, then if any other irreducible curve of that order have 
just those multiplicities it must be identical with a curve of the 
pencil through another one of its points. 

Theorem 2] If two curves of the same order be not reducible 
with a common factor, and intersect in distinct points having the 
same multiplicity at each, then every irreducible curve of their order 
which has that multiplicity at each of their common points is a 
curve of their pencil. 

Let us next turn our attention to polar curves. They are 
oovariants of the curve to which they are polar, and we have 
given them a satisfactory algebraic definition. Let us show 
that we can give them a protectively invariant geometric 
definition. 

Suppose that we have an r-parameter linear system of curves 

f — (1) 

and seek the points where tangents from the origin have r-point 
contact with curves of the system. We get from Joachimsthal’s 
equation (3 3 ) of Ch. VI that / and its first r derivatives with 
respect to 1 are 0. Eliminating the A’s, 


/. 

fi ■ ■ 

• fr 

^/o 

d fi 

tfr 

01 

01 ' ' 

' 01 

*/«> 

*ft 

&fr 

dV 

dl T 

' 01 r 


The degree of this equation is 
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Let us write further 
ft = «i 0 + (daX+bn y) -fi(a i2 z 2 +2b iiX y+ c l2 i/ s )+... 

~ = rui i0 +(n-l)(a {1 x+b {1 y)+(n—2)(a is pP+2b i &y+c i tf i )...+ 

^ = n ( n —\)a l0 +(n—\)(n—2)(a il x+b il y)+.... 

We may find such multipliers p 0 ,p v p 2 ,...,p that 
Po+ n Pi+M n — 1 )/> 2 +- = 0 

Po+( w - 1 Vi + (w-l)(n-2) / ) 2 +... = 0 

Po+( w ~ 2 )Pi+{n- 2)(n—3)/> 2 +... = 0 
.=0. 


Multiplying the various rows of the determinant (2) by the 
corresponding p’s and adding to the first row, we see that we 
have at the head of each column a polynomial with no term in 
x or y of order less than r-fil, so that this polynomial equated 
to 0 gives a curve with a point of that multiplicity, at least, at 
the origin. Let us note, finally, that if a point have the multi¬ 
plicity r-f-1 or greater for a curve of the system it will lie on 
the curve (2). 

Theorem 3] The locus of points of multiplicity r-j- 1 for curves 
of an r-parameter linear system and the locus of points where a 
curve of the system has (r-\-l)-point contact with a tangent passing 
through a fixed point, not common to all curves of the system, is 


a curve of order 


(2n- r)(r+l) 
2 


with a multiplicity r-f-1 at the 


given point * 

Suppose that each/ g , where s < r, consists in a system of n—s 
lines through the origin, and the line at infinity (which may be 
altered to any line by a linear transformation) counted s times, 
while f r is a curve of the nth order cutting the line at infinity 
in n distinct points, the corresponding asymptotes having 2- 
point contact, and not passing through the origin. In (2) every 
term below the principal diagonal will drop out. This diagonal 
will give the rth polar of the origin with regard to f r and a 
system of lines through the origin. 


* For this theorem and the next. Bee Gueoia*, pp. 268 and 271. 
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Theorem 4] The rth polar of a point with regard to a curve of 
the nth order is a part of the locus described in theorem 3]. The 
linear system of curves is composed of the given curve , and sets of 
n—8 lines through the given point and a certain line counted 
s times, where s takes successively the values 0, l,...,(r—1). The 
remainder of the locus is a set of lines through the given point. 

When r = 1 we see that the first polar is the locus of points 
of contact of tangents from the given point, and of double 
points of the curves of a pencil made up from the given curve 
and a set of n lines through the given point. 

The coordinates of a point enter linearly into the equation 
of its first polar. This gives: 

Theorem 5] The first polars of the points of a line generate 
a pencil of curves; the non-singular points common to the curves 
of this pencil are the only ones that have the given line as line-polar. 

Definition. The system of curves linearly dependent on three 
given linearly independent curves of the same order is called 
a ‘linear net’. The system of all first polar curves with regard 
to a given curve is a linear net. Let us inquire when, conversely, 
a linear net is composed of first polars. Let the net he 
A o 0 1 +A 1 02+A 2 0 3 = 0. 

Then the multipliers A must be single-valued algebraic func¬ 
tions of (y), the point whose polar is in question, and since (y) 
enters linearly into the equations of the first polar, it must enter 
linearly here. / r df\ 

yi4>i+y*ft+y*fozs(yiLY 


Polarizing to ( z ) and comparing the two sides, 


»*(* to)+*( l te) +! 4 *) s 
Conversely, if this left side = z^y +z 2 ^/ +z 3 (.V~~)> 


fyi _ . 

dxj 8x { ’ 


hence ^ 


8xi 


Theorem 6] A necessary and sufficient condition that a linear 
net of curves should be a set of first polars is that the coordinates 
of an auxiliary point should enter linearly, and that the first polar 
of a point ( z ) with regard to the curve corresponding to (y) should 
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always be identical with the first polar of (y) with regard to the 
curve corresponding to (z). 

A curve is the locus of all points which lie on their own first 
polars with regard to it. A system of curves having the pro¬ 
perties described in 6] is a system of first polars, and we may 
say that a curve is constructed from its first polar system in 
the sense that it is the locus of the points which lie on the 
curves which correspond to them. 

Theorem 7] The order of an irreducible curve is the number 
which exceeds by unity the number of successive polar systems 
necessary to construct it. 

We note that the class of a curve may be defined in the same 
way from the polar reciprocal curve with regard to a chosen 
conic. For p we have 

m , k . . 

2 + 2 - {n ~ l) - 

We shall show in a subsequent chapter that it is always pos¬ 
sible to transform a real curve birationally into one with no 
cusps. If this have the order n' and the class to', since the 
genus is unaltered we have 



It thus appears that the genus of a curve is the maximum value 
for the difference between one-half the class and a number one 
less than the order of any curve birationally transformable into 
the given curve. We are enabled in this way to give a definition 
for the order, class, and genus, and so for the other Pliicker 
characteristics in terms of strictly real quantities.* 

Let us look at the singular points of the first polars. We find 
at once 

Theorem 8] If the first polar of ( 2 ) have a double point at ( y ), 
the conic polar of (y) has a double point at (z). 

This may be generalized to the form 

Theorem 9] If the rth polar of ( 2 ) have a point of multiplicity 
s at { y ), then the n— (r-f s— l)ih polar of (y) has a point of multi¬ 
plicity s at ( 2 ). 

Let us see if we can find out when the first polar of ( 2 ) has 

* Cf. Coolidge’, 



ii r*, *T? ■« t f 

*«* . "" COVARIAUT CURVES Jfedl/ 

ft cusp at (y). It must certainly have a double point there whose 
tangents are given by 


a z a%~ Sa l = 0 




'®a = 0. 


Putting the intersections with the line (t) to («) 

which we may call (m), and suppose to be any line, are given by 

= 0. 

If the double point be a cusp, the two roots fall together, and 
we have a^- 2 a’ y n ~ 2 \<m’u\ 2 = o. 

This will be divisible by (uy) 2 . The vanishing of the other factor 
will give the desired condition. 

At the other end of the scale from the first polar is the line 
polar. This is completely determined by two of its points. Let 
(y) be the point whose line polar interests us. The intersection 
of this polar with any line through (y) is obtained by polarizing 
the binary form which gives the intersections of that line with 
the curve, as we saw in Ch. V. 23], bo that the line polar will 
be obtained by polarizing with regard to the intersections with 
two such lines. Let these two lines meet our curve in P 1 ,P 2 ,...,P n 
and Qi,Qz,..-,Q n respectively. Matching these P’s and Q ’s one 
to one in any convenient way we get n lines P t Q{. The line 
polar of (y) with regard to these is its line polar with regard to 
the original curve. If we single out one of these lines, say (v), 
the equation of all n may be written 


(vx)b^- 1 = 0. 

The line polar of (y) with regard to them will be 
b*-'(vx)+{n—l)(vy)b*- 2 b x = 0. 

The second term equated to 0 gives the line polar of (t/) 
with regard to the other lines than (v). The line polar we seek 
will pass through the intersection of this and the line singled 
out. The line through this intersection to the point (y) has the 
equation b^{vx)~{vy)b^ 2 b x . 

The cross-ratio of these four concurrent lines is — (n— 1). 

Theorem 10] The line polar with regard to n lines of a point 
not on any one of them is obtained by finding its line polar with 
regard to n— 1 of them, and finding a line through the intersection 
of this and the nth line which makes, with these and the line from 
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that intersection to the given point when taken in proper order , a 
cross-ratio of — (n— 1 ). 

Theorem 11 ] The line polar with regard to a curve of order n 
of a point not on that curve is its line polar with regard to lines 
connecting in pairs the intersections of the curve with two trans¬ 
versals through the given point, no such intersection lying on two 
connectors* 

Suppose that we have m pairs of lines 


The line polar of ( y ) will be 

2 (u w x)(v m y)-\-(u {l) y)(d‘ 1) x) _ 
(u (,) y)(v (l) y) 

The line polar of (y) with regard to the ith pair is 
(u (t) y)(v (0 a;)+(v < %)('M (,) j;) = 0. 


The system of these m lines is 

JTI (u^y^vf^x) -4- (i/ 1) y)(u (,) .z)] == 0. 

t 

The line polar of (y) with regard to this system is the expres¬ 
sion above. 

Theorem 12 ] The line polar of a point with regard to m pairs 
of lines is its line polar with regard to those lines which are its 
line polars with regard to the separate pairs. 

Suppose that we have a curve of order n, 

«S = 0. 

This shall be required to meet the line x 3 — 0 in n distinct 
points, the tangents there having the equations ( cx ) = 0 , 
(dx) — 0 .... By Nbther’s fundamental theorem 

«; = (cx)(dx)...+x]b^- 2 . 

We see that the coefficients of X 3 and x\ are the same in the 
equations of the original curve and of the n tangents. A corre¬ 
sponding theorem will hold for envelopes expressed in line 
coordinates. 

Suppose, next, that we have a set of envelopes 
= 0 u'fc — 0 ..., 

* For this theorem and the preceding see Schwarz, pp. 42 S. 
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one of which may be, if desired, the original curve. Let iv) and 
(w) meet in (x): 


Xi = 


,J l v k 


w i w k \ 

Vi = li 

The tangents to the various envelopes through (a;) are given by 
[*«&+»«&]“ = 0 [t>p£ 1 +wp£jp.... 

Let (x) be such a point that one of the invariants of these 
binary forms vanishes, i.e. such a point that there exists among 
the tangents thence to the various envelopes a projectively 
invariant condition given by the vanishing of an invariant. 
Since , „ 

** s \zap\, 

I “’a W fl 

the coordinates of the point ( x) fulfil an equation of the type 
|a;a/3|#*. \xpy\ v ... = kjf = 0. 


If we replace the envelope u”' = 0 by the points of contact 
of tangents from (0, 0, 1), which we may take to stand for any 
point, the coefficients of u% and u\ will be unaltered, as was the 
case above for a£. On the other hand the line polar of (0, 0, 1) 
with regard to kif = 0 is k^- 1 ^ — 0, which involves only the 
coefficients of kf, kjrff' 1 , k 2 k$~ l in the equation of the locus, 
and when this is written in terms of the coefficients a, /J, y... 
the subscript 3 appears but once with these Greek letters, i.e. 
the expression would have been the same had we replaced 
vTpuQ... by the points of contact of tangents from (0, 0, 1). 
This gives a curious theorem due to Laguerre.* 

Theorem 13] If a curve be the locus of points such that there 
exists among the sets of tangents thence to a number of envelopes, 
a projectively invariant relation expressed by the vanishing of an 
invariant, then the line polar of an arbitrary point with regard 
to this locus is unaltered if we replace any number of the given 
envelopes by the points of contact of the tangents thereto from the 
given point. 

If a point lie on a common tangent to two curves, the re¬ 
sultant of the binary forms giving the sets of tangents thereto 
from the point is 0. 


* Laguerre 1 , p. 410, 
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Theorem 14] The line polar of a point with regard to the 
common tangents to two envelopes is identical with its line polar 
with regard to the lines connecting the points of contact of its 
tangents with one envelope to the points of contact of its tangents 
with the other. 

A curve is the locus of points whence two tangents to it fall 
together: 

Theorem 15] The line polar of a point with regard to a curve 
is identical with its line polar with regard to the lines connecting 
two by two the points of contact of tangents from the given point. 

Theorem 16] The line polar of a point with regard to the 
tangents to a curve from a second point is identical with its line 
polar with regard to the lines from the second point to the points of 
contact of tangents from the first. 

It is worth noting in conclusion what sorts of envelopes are 
generated by polars with regard to a given curve, when a point 
moves in a specified manner. Let us start with a curve, and the 
rth polar of a point (y)\ 

a» = 0 aX" r - 

What sort of a curve will this polar envelop when (y) traces 
a curve of order n' ? h n ' — 0 

which we shall assume has S' nodes, actual or virtual, and k 
cusps. The coordinates of ( y ) shall be functions of a single para¬ 
meter t, as will those of (x), the point of contact of the polar 
and its envelope. If we substitute in the equation of the rth 
polar for both (x) and (y), we get an identity in t. Differentiating 
this, we have 

ra v~ la v' a x~ rJ r( n —r) a l a ™~ r ~ 1 a x . = 0 . 

Since (x') lies on the tangent to the rth polar of (y) at (x), 
a7 v al- r ^a x , = 0 . 

Hence a r y ~ 1 a y .a^ r = 0, 

and (y') lies on the tangent at (y) to the (n—r )th polar of (x), 
or the (n—r)th polar of (x) touches the locus of (y) at (y). 

To find the order of the envelope of the rth polar of (y) we 
must find how many points on a given line l have their {n—r )th 
polars tangent to the locus of y, a curve of order n' with 
Pliicker characteristics given above. 

3781 L * 
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Let P be a point of this latter curve. Its rth polar cute l in 
{n—r) points each having an (n— r)th polar through P and 
meeting the curve of P in n'r— 1 other points P'. The relation 
of P and P' is symmetrical; we have a correspondence of indices 
{n—r) (n’r—l), and value n—r. The coincidences will come 
from points on the curve where (n— r)th polars are tangent, and 
from the cusps. As we have not at present the time to calculate 
whether these will yield multiple coincidences or not, we shall 
limit ourselves to the simple case where k' — 0 . Then we get 
by Chasles-Cayley-Brill of the last chapter:* 

Theorem 17] If a point trace a curve of order n, with only 
ordinary singular points, the envelope of its rth polar with regard to 
a curve of order n will be a curve of order (n—r)[2n'r-\-2(p'—1 )]. 

Suppose, in particular, that we are interested in the line polar. 
The order will be 2 [n'(n-\)+p'-1}. 

The class is found by determining the number of line polars 
through a given point, and this again is the number of inter¬ 
sections of the ( y ) curve with a general first polar. Lastly, a line 
tangent to the envelope will have a good many poles, but, in 
general, only one on the (y) curve; the two are birationally 
related and have the same genus. 

Theorem 18] If a point trace a curve of order n' and genus p' 
with no cusps, the envelope of its line polars with regard to a curve 
of the nth order, when each tangent to this envelope corresponds, in 
general, to but one point of the original locus, is a curve of order 
2[n'(n— l)-f p'— 1 ], class n'(n—l), and genus p'. 

If a line envelop a curve of class n'(n — 1), it will have 
n'{n— l ) 2 positions tangent to a curve of class (n— 1). If a point 
trace a curve of order n', the remaining poles of its line polar 
with regard to a curve of order n trace a locus whose order can 
be found as follows. 

The line l being given, the line polar of a point thereon is also 
the line polar of a point on a curve of orders' if the given line polar 
be tangent to a certain curve of class n’(n— 1 ) and to another 
of class (n — 1 ), but the point itself is not an intersection of the 
line l and the curve of order n'. The order of the curve we seek 
is, therefore, n'[(n— 1 )*— 1 ]. 

* Cf. Cremona*, p. 81. 

* 
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Theorem 19] If a point trace a curve of order n' not passing 
through any singular point of a curve of order n, the remaining 
poles of its line polar with regard to the curve of order n will trace 
a curve of order n'[n 2 —2n]. 

Let the reader prove by means of Chasles-Cayley-Brill: 

Theorem 20] If a point trace a curve of order n' -which passes 
through no singular point of a curve of order n, and if in no case 
its rth polar and its sth polar are reducible with a common factor, 
then the locus of the intersections of those two polars is a curve of 
order n'[n(r-\-s) — 2rs]. 

§ 2. The simplest linear systems 

The simplest linear system of curves is the pencil already 
defined. Consider the pencil 

Differentiating to x t , 

i 1 <%-'a i +gJ%-% = 0 . 

There are three of these equations. We get the degree of the 
resultant by theorem 11] of the first chapter. 

Theorem 21] If the curves of a pencil have no common singular 
point, then at most, and in general, 3(n—l) 2 of these curves will 
have singular points. 

A line (u) has usually (n—1) 2 poles with regard to each curve 
of the pencil. What can we say about the locus of these poles ? 
Identifying (u) with the line polar of a point (x’), we have 

i^a x ++p(ux) = 0. 

Eliminating fj, £ a , and p, we get 

|a6zt|a5 _I ^ _1 = 0. 

Theorem 22] The locus of the poles of a line not through one 
of the points common to the curves of order n of a pencil is a curve 
of order 2(n—1 ). 

When n = 2, we get the familiar 11-point conic of projective 
geometry. 

We get immediately from Chasles-Cayley-Brill: 

Theorem 23] If a line do not pass through a centre of a pencil 
of curves of order n, and if no curve of the pencil be reducible with 
a multiple factor, then 2(n—1) curves of the pencil touch the line. 
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Suppose that we have two pencils 

£i®2 +UK = o viK + vz d x = o. 

The curves through (y) are 

K a x~ a yK — o d y c x'- c u d J = o ; 
their tangents are 

a^b^~ 1 [a v b x —b y a x \ = 0 = 0 . 

The curves are tangent to one another if their tangents meet 
an arbitrary line (v) in the same points: 

ay~ 1 by~ 1 Cy~ 1 dy~ 1 [ciyC y I vbd 1 — a y d y j vbc |— b y c y \vad\ + b u d y | vac |] 

= 0. 

Now, by Ch. V (18), 

c u [a u \vbd\—b v \vad\] = c y [(vy)\aJbd\~ d u \vab\], 
d y [a y \vbc\—b y \vac\] s d y [(vy)\abc\—c y \vab |], 

Subtracting and substituting we cast out the extraneous factor 
(vy), getting 

<" lb P~ 1 <~ 1 < _ 1 [ c I ,|a&<*| — d y \abc\] = 0 . (3) 

Theorem 24] If two pencils of curves of order n and n re¬ 
spectively have no common centre, and neither contain a reducible 
curve with a multiple factor, the locus of points where curves of the 
two pencils touch is of order 2(n-\-n') —3. It will pass through 
the centres of both pencils and all singular points.* 

Let us next take the linear net, say 

X ia *+X 2 b2+X 3 c» = 0 . (4) 

If three linearly independent curves of the system have a 
common point, that will be a point of every curve of the system, 
and if it be multiple for all three, it will in every case have at 
least the lowest of the three multiplicities. The line polar of 
( y ) with regard to the general curve (4) is a linear combination 
of the three line polars 

a v~ Xa x — 0 b l~ 1 b x = 0 c n y ~ l c x = 0. 

If these three be linearly independent, i.e. if 

\abc\d%- x b*- y c*- x ^ 0, 

* Cremona®, p. 69. 
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this may be any line in the plane. If they be linearly dependent, 
but not identical, they form a pencil of lines. The centre of this 
pencil could not be the point ( y) itself, unless every curve of 
the net went through (y). When it is not (y), then all the curves 
of the pencil through ( y ) touch the line thence to the centre of 
this pencil, except one which has a singular point there. The 
condition for all this is that (y) lie on the Jacobian of the net, 
whose equation is = 0 . (5) 

Theorem 25] The Jacobian of a linear net of curves of order 
n is a curve of order 3(w— 1). It passes through all points common 
to all curves of the net. It is the locus of points where curves of the 
net touch one another , and of singular points of the curves. 

We might naturally expect that, as all the curves of the net 
but one through a point of the Jacobian touch one another, 
they would also touch the Jacobian. This is not the case. Let 
the origin be a point of the Jacobian, the coordinates being 
homogeneous Cartesian. Then, with the aid of Euler’s theorem. 
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Let f l ~a 2 x 2 +2b 2 xy+c 2 y 2 +... 

/ 2 = a' 1 x+a 2 x 2 -\-2b’ 2 xy+c' 2 y 2 +... 

f 3 - al+a\x+b\y+aW+2btey+c: 2 y 2 +.... 

The lowest terms in - J are 
n 

0 = 2 aJa](6 2 a;H-c 2 y)+... 

The tangent to the Jacobian is thus harmonically separated 
from the line x — 0 by the tangents to the curve with a double 
point there. 

Theorem 26] The tangent to the Jacobian is harmonically 
separated from the common tangent to the curves of the net through 
that point of the Jacobian, by the tangents to that curve of the net 
which has a double point there. 
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Let «s see if we can determine under what circumstances the 
Jacobian will have a double point.* 

If Oq — 0, the origin is common to all curves of the system. 

If a", ^ 0, we must have a[b 2 = a ]c 2 = 0; then, if a[ # 0, either 
one curve of the system has a cusp with the common tangent 
of all the other curves as cuspidal tangent, or else it has a higher 
singularity, or when a[ = 0, all curves of the system through 
the origin have a double point there. 

Theorem 27] A point will be at least a double point for the 
Jacobian if: 

a) it be common to all curves of the system; 

b) it be a cusp, and all curves through there touch the cuspidal 
tangent, or else it be a singularity of higher order; 

c) it be at least double for all curves of the net through it. 

If ( y) be a point of the Jacobian, its line polars are concurrent 
in a point (z) given by the equations 

a V' a z = K~ l K = c”- 1 ^ = o. 

If we eliminate (z), we get the fact that (y) is on the Jacobian; 
if we eliminate (y), we get (z) on a curve of order 3(w—l) 2 , 
called the Steinerian. 

Theorem 28] The locus of points whose first polars with regard 
to the curves of a linear net have a common point, which is also 
the locus of points of concurrence of line polars of points of the 
Jacobian, is a curve of order 3 (n — l) 2 . It passes through all points 
common to all curves of the system. 

The Jacobian and Steinerian are in birational correspondence, 
and so have the same genus. A third curve of this genus is the 
Cayleyan, the envelope of lines connecting corresponding points 
on the two. If corresponding points on the Jacobian and 
Steinerian be connected with a fixed point, we have a corre¬ 
spondence among the lines through this point with indices 
3(n—1), 3(n—l) 2 . 

Theorem 29] The Cayleyan of a net of curves of order n has 
the same genus as the Jacobian and Steinerian, and, in general, 
the class 2n(n—l). 


* Cf. Gerbaldi, pp. 22 ft. 
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§ 3. Fundamental covariant curves 

The most interesting linear nets are those composed of first 
polars. But how do we know that the first polars of all points 
with regard to a given curve do always form a net ? If they 
were linearly dependent we should have 


r v + r 


,,£*0. 
3 fee. 


r S, +r > _ 

This means that the first polar of (r) goes everywhere or that 
all line polars go through (r). If all the tangents to a curve go 
through the origin, 

dy _ y dy _dx 
dx x y x 


ay ax , , , 

~ = ~ logy = log z+logp y = px. 


and the curve is a line through the origin. Conversely, if a curve 

of 

consists in a set of concurrent lines through the origin, J- = 0, 

81 


and our identical relation is satisfied. 

Theorem 30] The necessary and sufficient condition that a curve 
should be a set of concurrent lines is that the three -partial derivatives 
should be linearly dependent. In this case, and in this case only, 
the system, of first polars do not form a net. 

If the original curve be _ _ 


three linearly independent first polars are 


a S _1 «i = = a x~ la 3 = 0, 

and the Jacobian is 

\aa'a”\ 2 a2~ 2 a' x n - 2 a" x n -' 2 . 

Theorem 31] The Jacobian of the system of first polars with 
regard to a curve which is not a system of concurrent straight lines 
is the Hessian covariant. It is the locus of points which are 
singular far first polars, and of points whose conic polars are 
reducible. 

Theorem 32] The Steinerian covariant of a curve of order n is 
of order 3(n—2) 2 . It is the locus of double points of conic polars, 
and of points whose first polars have singularities, variable in 
position. 

If (y) be a point on the Hessian, we find the corresponding 
point on the Steinerian in the following way. Let (r) be an 
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arbitrary point on the line polar of (y). The intersection of this 
line polar with the tangent at (y) to the first polar of (r) will be 
(z). As (y) traces the Hessian and ( 2 ) the Steinerian, both are 
functions of an arbitrary parameter t, 

~ [a«~\af | = 0 j t [ay-\a 2 ] = 0 ~ [a^a z af\ = 0 . 

Multiplying through by y v y 2 , y z and adding, we get 
(n—2)a%-\.a e +a%-'a z , — 0. 

But a*~ 2 a z a V ’ = 0. Hence a” _1 a £ . == 0. 

This shows that the point (z’), which surely lies on the tangent 
to the Steinerian, is on the line polar of the corresponding point 
of the Hessian. 

Theorem 33] The tangent to the Steinerian at a non-singular 
point is the line polar of the corresponding point of the Hessian. 

If two first polars touch, the corresponding line has coincident 
poles. 

Theorem 34] The Steinerian is the envelope of lines with two 
coincident poles. 

Let us note in passing that when the original curve is a cubic, 
the Hessian and Steinerian are identical. We revert to the 
previous equations 

(n—2)a2- 3 a v a s g i +a%-\.a l = 0 . 

Multiplying through by z i and summing, 

(n—2)a r f- % a\a y .^-a n u -’ l a x a z . — 0. 

But = 0. 

Hence al~ 3 a\a y . = 0. 

The first polar of ( 2 ) has a double point at ( y ), the equation 
of the tangents is a g a£" 3 a 2 = 0. 

The equation just above shows that (y') is on the polar of 
(z) with regard to these two tangents. 

Theorem 35] The tangent at a non-singular point of the Hessian 
is the tangent to the second polar of the corresponding point of the 
Steinerian, and is harmonically separated from the corresponding 
tangent to the Cayleyan by the two tangents to the first polar of 
that point of the Steinerian.* 

* Cf. Clebsch-Lmdemann, p. 370. 



Chap. IX FUNDAMENTAL COVARIANT CURVES 163 

We saw in Ch. VI that if the original curve have a singular 
point, that point is singular for the Hessian also. It is natural to 
ask whether the Hessian usually has a singular point apart from 
those of the original curve. We can prove that this is not the 
case by a very elegant method due to Valentiner.* 

Let us write our Hessian 

\aa'a"\ 2 a*- 2 a' x n - 2 a" x n - 2 = 0. 

Assuming that the point 0 3 is not on the given curve, it will 
be singular for the Hessian if and only if 

| aa'a" = 0 i = 1,2,3. 

How many conditions will these equations usually impose on 
the curve ? Three if the Hessian usually have no double point, 
otherwise two or less. But if there were only two conditions in 
general, there would be only two in the case of a cubic curve, 
for the only coefficients involved are those of aq and x 2 in the 
original equation to a degree 3 or less, so that the condition 
will be the same if the curve consists of a cubic curve and the 
line x 3 = 0 counted n—3 times. But the Hessian of a cubic is 
also a cubic, usually non-singular, as we see if we write the 
original curve in the form 

+*2+*3+3jfcr 1 ar 2 ®8 = 0. 

Hence, for the general cubic, or the general n-ic, three con¬ 
ditions are imposed by requiring the Hessian to have a singu¬ 
larity at 0 :t , or the Hessian has not usually any singularity. 

Theorem 36] The Hessian has not, in general, any singular 
point which is not a singularity of the original curve. 

This does not mean that there are not cases where such 
singularities do occur. The Hessian is the Jacobian of the first 
polars, so that w'e can use theorem 27], If all first polars go 
through a point, that point can have no line polar, and so must 
be singular for the given curve. Let the point in which we are 
interested be (0, 0, 1), and let its line polar be x 3 = 0. If we 
put Xj, = £ v x 2 = our curve can be written 

0 = at5+o|»S-*+6|a5-«+.... 

* Valentiner 1 . I am sorry to say I have not been able to see the original 
article, only an account of it. 
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The first polar of the general point {r} v rj t ,-g a ), iB 
0 = 2a v a ( x £~ 2 + 3b ri bjx^+ ...+7 ja [nx %- 1 +(» - 2)a|x£- 4 + 

This will pass through (0, 0, 1) when and only when t? s = 0. 
The equation of the tangent there is 

a i) a ( = o. 

This will be independent of so that all first polars have 
the same tangent there (a point of the Hessian) if 

|oa'| 2 = 0. 

Our curve can therefore be written 

and the first polar of {i) v t) 2 , 0) is 

0 = 2a^r 8 +36,6|a;?-®+.... 

If a = 0, all first polars through 0 3 have a double point there, 
and the original curve has a triple or higher singularity. If 
a ^ 0, we shall have a cusp for the first polar of (r tl , ij 2 , 0) with 
f 2 — 0 as cuspidal tangent if 

tj 2 = 6? — b‘(b 2 = 0 bjb? z # 0. 

The cubic polar of 0 3 is now 

AWM^+bttMl+B&t+Cxl = 0 . 

This has a cusp at (1,0,0) with x 2 = 0 as tangent. Still 
assuming a 0, we have a triple point 0 3 if 

% = 6 } = 616 , = 6,61 = 0 , 

and the cubic polar of 0 3 has a triple point at 0 V 

Theorem 37] The Hessian will have a singular point at a point 
P not singular for the original curve, if, when Q is the intersection 
of the common tangent to all first polars through P, with the line 
polar of this point: a) the cubic polar of P has a cusp at Q with QP 
as cuspidal tangent-, or b) the cubic polar of P has a singularity of 
order 3 or more at Q\ arc) the conic polar of P is its line polar counted 
twice* 

Suppose that our original curve has no singularities but nodes 
and cusps, and that the conditions of the last theorem are none 
of them fulfilled. At each node the Hessian will have a node. 
At each cusp it will have a triple point whose effect on the 

* For a much longer and more detailed discussion see Del Pezzo, pp. 203 ft. 
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other Pliicker characteristics is not at once apparent. The cal¬ 
culations leading to 21] of Ch. VI showed that when the 
original curve can be written 


0= — y*+ (ax 3 +3bx z y+3cxy z +y 3 )+..., 

and the Hessian A ,, , , . , 

0 = y z (ax+by)+..., 

the first polar of (0, 1, 0) (which we may take to stand for 
any point) is 0 = y(2ax+3by)+.... 

This curve has a node with two branches: 


y = a 2 x z +a s x z +... y = ——x+b 2 x 2 +.... 

The first of these will meet the Hessian four times at the origin, 
the second but three times. This shows that from the point of 
view of the class and genus tills singular point of the Hessian 
counts as two nodes and a cusp. 

Theorem 38] If a curve of order n have no singularities but 
S nodes and k cusps, and do not fulfil any of the conditions of 
theorem, 37], the Pliicker characteristics of its Hessian are given 
by the equations 

% = 3(n—2) = S #c 1 =2S-f-ic 

Pl -l = 3(p-l)+3(n-3) 2 +2*. ^ 

H the Hessian include the original curve as a part of itself, 
every point must have curvature 0, and the curve consists of 
a set of straight lines. 

Theorem 39] The necessary and sufficient condition that the 
Hessian of a curve with no multiple factor should include the curve 
as a factor of itself or vanish identically is that the curve should 
consist only of straight lines. 

When will the Hessian vanish identically ? The curve must 
consist only of a set of straight lines. We begin in the binary 
domain. If a homogeneous polynomial of degree n have two 
distinct roots, it can be written 

x 1 x i [c g x^- 2 +c 1 x^- 3 x 2 -\-...+c n ^- 2 ]. 

If the Hessian vanish identically, we have 

Cq = Cj = ... — C n _2 = 0, 
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which is absurd. The vanishing of the Hessian is the N.S. con¬ 
dition that all roots should be identical. Suppose now we have 

\aa'a*\ 2 a%- 2 a! c n - 2 a" n ~ 2 = 0; 

this is the Jacobian of 

= p”- 1 = 0 a»~ l a 2 = = 0 a*- l a 3 = r”- 1 = 0 

\pqr\p2~ 2 g%-*rZ~ 2 = o. 

If (u) be any line 

I Pqr\(u x ) = \qru\p x + \rpu\q x + \pqu\r x 

\qru\q*-b%- 2 p%-'+ \rpu\r^~ 2 p^~ 2 q^ 1 + \pqu\p^- 2 q^- 2 r^- 1 = 0. 

Now \qru\q*- 2 r*- 2 — 0 

is the locus of points whose line polars with regard to q™' 1 and 
are concurrent on (u). If (u) go through no intersection of 
9 ” _1 , r x ~ 2 , these intersections cannot lie on the curve we have 
last found. Hence they must lie on p x ~ x , and so our three curves 
of order n— 1 are linearly dependent: 

yiPl- 1 +y22x~ 1 +ys r x~ 1 = = o. 

There is thus a point ( y ) whose first polar is non-existent; it 
must have the multiplicity n, or the curve consists in n con¬ 
current straight lines. This condition is also easily seen to be 
sufficient. 

Theorem 40] The necessary and sufficient condition that the 
Hessian covariant of a curve should vanish identically is that the 
curve should consist entirely of concurrent straight lines * 

A very special case is where the curve consists of a straight 
line counted n times. Here a line connecting two points of the 
plane will meet the curve in n coincident points: 

= Vi+tei 

a * = = C| = 0. 

But we have just seen that we must have |cc'| 2 c|- 1 c£ n_2 = 0. 

Hence, |aa’w| 2 a” -2 a^ n ~ 2 = 0 if (ux) — 0. 

Theorem 41] The N.S. condition that a curve a” = 0 should 
consist in a line counted n times, is 

|aa'w| 2 a£- 2 — 0 if {ux) = 0. (7) 

* Cf. Hesse, p. 117. The proof here given is from Clebsch-Lindemann, 
p. 698 note. 
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Let us next look at the Steinerian. We already know its order 
and genus; if we can find its class, the other characteristics will 
come easily enough. The Steinerian is the envelope of the 
line polars of points of the Hessian, so its class will be the 
number of non-singular intersections with a general first polar. 
At a node the Hessian has the same tangents as the original 
curve, so that it will meet a general first polar twice; at a cusp 
it has essentially a cusp and a simple branch; the cusp will 
meet a first polar three times, as we can verify from the equa¬ 
tion of the Hessian given recently, and the branch once, so that 
the total deduction is 4. 

Theorem 42] If a curve of order n have no singularities but 
nodes and cusps, and do not fulfil any of the conditions of theorem 
6], the Pliicker characteristics of its Steinerian are* 

n 2 = 3(w—2) 2 jw 2 = 3(n—l)(ra—2)—28—4 k 

^-l=2b—1 = 3(P—1)+3(«—3) 2 +2 k (8) 

The characteristics of the Cayleyan are more difficult to find. 
We shall limit ourselves to the case of a non-singular curve. 
We know the class and genus already; we are going to show 
that it has no inflexional tangents. Suppose that there were 
one, we take it as the y-axis, the point of contact being the 
origin. Let the distance to the corresponding point of the 
Heatfan be #<*»): ^ = a^+a ^+..., 

then the coordinates of this point are 

= * 3 +^ 0090 yi = y 3 +<f> sin ^ 

tan d = = Za 3 xl-\-ia,x\-\-... 

dx$ 

Xj = 6 0 +6 1 x 3 y 1 = 3a 3 x 2 +c 4 x|-f.... 

Since the Hessian has no singular point, the y-axis would be 
a common tangent to the Hessian and Cayleyan, whereas we 
know by 35] that the two are harmonically separated by the 
tangents to the first polar, having a double point there. The 
polar would have to have a cusp there, and this would involve 
a singularity for the Hessian. 

* Cf. Wolfling, p. 43. 
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Theorem 43] If a non-singular curve of order n fulfil none of 
the conditions of theorem 37], the Pliicker characteristics of the 
Cayleyan are 

m 8 — 3(n—l)(n—2) = 6p p 3 = 7)(3»— 8) t 3 = 0. (9) 


§ 4. Covariants of two curves or envelopes 

Let us return to theorem 24] in the simple case where n' — 1. 
We seek the locus of points of contact of tangents from a given 
point, not a centre of a pencil of curves, to the curves of that 
pencil. The point being (y), we write 


A al+^% = 0 A a^+iMb^by = 0 

a^- x b^—b^b%- x = 0 . ( 10 ) 

This goes through the point (y), the tangent there being the 
same as that to the curve of the pencil through that point, 

namely, a^b” v ~^a y b x -b v a x ] = 0. 

This will not be a singular point for our locus. Let us change 
notation and write our curves 


0 = a 0 +a 10 x+a 01 y+a 2t p i +2a n xy+a 02 y‘ 2 +~. =f 
0 = b 0 +b 1( ^+b 01 y+b 2f p: i +2b 11 xy+b 02 y 2 +... = 



+ « 1 S + 2fl_4*.2 +|fl $f + gl 

^ yi 8y^8 1J V [ 1 8x^ !,1 dy^8 1 


= 0 . 


The conditions for a double point at the origin will not involve 
the coefficients of any term above the second degree, and will 
he the same for the general case, and for the case where the 
curves are conics. In this latter case three conditions are im¬ 
posed. Hence, in general, three conditions are imposed and, 
following the corresponding reasoning in the case of the Hessian, 
we see that, in general, there is no singular point to our locus. 

Theorem 44] If a pencil of curves of order n have no fixed 
singular point, the locus of points of contact of tangents to them 
from a general point is, ‘in general', a non-singular curve of order 
2n—1 and class 2(n— l)(2n—1). 

When will an inflexional tangent to a curve of the pencil go 
through a given point (y) 1 An inflexional tangent will touch 
the first polar of every point on itself, so that the inflexional 
tangents through (y) must be among the 2(n— 1}(2»— 1) tan- 
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gents from there to the new curve. We must deduct the tangent 
at (y) counted twice. We need make no deduction for lines to 
the singular points of curves of the pencil, for such lines are 
not singular tangents, while inflexional tangents are singular, 
but we must deduct the n 2 lines to centres of the pencil. 

Theorem 45] The inflexional tangents to the curves of a pencil 
with no fixed singular points will, ‘in general ', envelop a curve of 
class 3n(n—2). 

It is curious that this should be the same as the number of 
inflexional tangents possessed by a general curve of the pencil.* 

In equation (10) ( y ) appears to the first degree only; if, then, 
(y) trace a line, the corresponding curves (10) will describe a 
pencil. The centres are the n 2 centres of the original pencil, the 
2(n— 1) points where curves of the original pencil touch the 
given line, and the double points of curves of the given pencil 
which we know from 21] are 3(w—l) 2 in number. As a check, 
n i +2(n-l) + 3(n-l) i = (2n-l) 2 . 

Suppose that we have a curve / of order n, and suppose that 
the origin is in general position with regard thereto, which 
means, in the present case, 

a) it is not on the curve; 

b) it is not on the Hessian; 

c) it is not on a singular tangent; 

d) it is not on a tangent at a singular point. 


The origin will have the same first polar with regard to the 

given curve, and to a curve 6 of order n if and only if —■ = 

cl cl 

<f> = hf+rr(x, y), 

where n is a homogeneous polynomial of degree n in x and y. 
Geometrically this means that ^ is a general curve of a pencil 
formed by the given curve and any set of n lines through the 
given point. Consider a line through the origin which does not 
go to a singular point of this pencil. How many curves of the 
pencil touch that line 1 By Chasles-Cayley-Brill there should 
be 2(n—1), but the origin itself will count as n— \ coincidences, 
by Zeuthen’s rule, theorem 16] of Ch. VIII. There are, thus, 
but »— I curves of the pencil which touch the line, each having 

* Cf. Bouwmann, p. 259. 




160 • COVABIAJTT CURVES Book I 

n —2 other intersections with the line. The locus of these latter 
intersections, as the line rotates about 0, shall be called a 
‘satellite’ of 0 with regard to the given curve. The satellite will 
not be altered if we replace f by any curve of the pencil 
kf-\-rr = 0. It would seem to depend on the choice of the lines 
ir(x,y) = 0, but that is not the case. For instance, let us find 
where the satellite cuts y = 0, which we may take as a general 
line through the origin. We have an equation 

ktfi n (z)-\-x n = 0, 

and this is independent of the slopes of the lines of n(x, y). Hence 
we may speak of ‘the satellite’ instead of ‘a satellite’. We know 
by Bertini’s theorem 10] of Ch. VII that the curves of the pencil 
do not have variable singular points. The lines through the 
origin have no singular point but that one which is not singular for 
the other curves, hence the general curve has no singular point, or 
we may say / has none. The satellite will not go through 0. 

Theorem 46] If from a -point which does not lie on a curve of 
order n, nor on its Hessian, nor on a singular tangent or 
tangent at a singular point, tangents be drawn to the curve, their 
remaining intersections with the curve, besides the contacts, will lie 
on a satellite curve of order (n—1)(»—2), which will be unaltered 
if the original curve be replaced by any curve of a pencil determ ined 
by the first curve and any set of n lines through the given point. 

If the point (x, y) of the satellite be known, when n has been 
chosen, the point of contact (x',y') and the curve of that pencil 
are determined. Thus x' and y’ are rational functions of x and y, 

xW’V) xx(. x iyY 

Now let us see how ( x’,y ') behaves near the x-axis, which we 
may take as an arbitrary line through the origin. 

Let x = a 0 -\-a 1 t-\-a z t i -\-... 
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As t varies, {%',y') moves along the fixed first polar curve 

^L — 0. If the satellite had a cusp, we should have a, = 6, = 0, 

81 

and the first polar would have a cusp not on the curve, and 
this we shall assume is not the case. A fortiori it could not have 
a more complicated type of singularity. 

The first polar of the origin will touch the z-axis when, and 
only when, it touches the satellite, but in that case it will touch 
the satellite (n— 2) times corresponding to the one contact with 
the polar. This gives us the Pliicker characteristics of the satellite 
n 4 —(n—\)(n—2) m 4 = (n— l)(n— 2) 2 /c 4 = 0 

2(p 4 — 1) = m 4 +K 4 —2n 4 — (n— l)(n—2)(n— 4). 

As a check* on this we note that between the first polar and the 
satellite we have a l-to-(n—2) correspondence with no branch 
point, as we just saw; hence, since the first polar will usually 
be non-singular, we have 

_ (n-2)(n-3) 

P 2 

Applying Zeuthen’s rule of Ch. VIII (12), 

2(p 4 -l) = [(»-2)(»-3)-2](n-2) = (*-l)(»-2)(»-4). 
Theorem 47] If a point be not on a curve of order n, nor on 
a singular tangent, nor on the Hessian, nor on a tangent at a 
singular point, and if its first polar have no singularity not on the 
curve, the Pliicker characteristics of the satellite are 

n 4 = (n—l)(n—2) m 4 = [n-l){n-2f * 4 = 0 

2(p 4 -!) = (»—1)(»—2)(»—4). ' 

Let us close this chapter with the study of a rather more 
complicated covariant of a curve and an envelope. Let the 
envelope/' have the leading Pliicker characteristics n' , to', and 
p', while the curve has characteristics n, to, p. Let a variable 
tangent to the envelope meet the curve in n moving points. 

_11 

The tangents at these intersect in ————- other points, whose 

* The only article I have seen dealing with satellite curves is that of Kohn. 
His methods are entirely synthetic, and open to grave question on the score 
of rigour. His Plucker characteristics do not agree with these for he apparently 
evolves certain cusps out of his inner consciousness. Moreover, this check will 
not work when applied to his figures. 
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locus we wish to study. We shall assume that / and/' have no 
common singular point or tangent, and that a singular tangent 
to the envelope, or tangent at a singular point, never passes 
through a singular point of the curve. 

To find the order of our locus, let P be a variable point on 
a straight line ‘in general position’. Through it we may draw 
m tangents to /, through each point of contact will pass m! tan¬ 
gents to/', each meeting/in (n— 1) other points whose tangents 
meet our line in points P'. The relation between P and P' is 
a symmetrical one, the number of coincidences is 2mm'(n— 1). 

From what will these coincidences come ? 

a) Intersections with the locus we are interested in. 

b) Intersections with common tangents to the curve and 
envelope. 

c) Intersections with the cuspidal tangents to / each counted 
m' times. 

The desired coincidences count double, for close to each will 
be a point on two tangents to /, whose points of contact lie on 
two tangents to /', each meeting / in a point whose tangent 
passes near the given point on the original line. The order of 
our locus is therefore 

w\! 

n h = 1)-(m+x) = m'[(m~l)(n— 1 )—£>]. 

2 


/'a 


We next look for the genus. There is between this curve and 
n(n— 1) 


-to-1 correspondence. The branch points on /' are 


the points of contact with common tangents with /, or tangents 
from the cusps of the latter, each counted (n— 2) times, once 
for each other intersection with /. We thus get from (12) of 
Ch. VIII. 




P 5 -l =^-i ) (jj'-l)+m'(«-2)[n-fp-l]. 

How could a cusp arise ? Consider two branches of /, 

y = ®o+°i a: +®a a:2 +... y = & 0 +M+M 2 +- ■ 
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The equations of their tangents are 

I rCS+Stt^+y) = «,+**+... 

A ~"iC 

(a 1 +2a^t J r ...)X—Y = — a 0 -\-a 2 x 2 +..., 
(b 1 -\-2b i x-\-...)X—Y = — b 0 -\-b^x z -\- .... 
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Solving simultaneously, we have 
. K b 0 ) 


_ _Uq &0 


a 1 —b 1 


(2atfc-2brfc)-\-... 


ttj b 0 ra 0 6j (a 0 b 0 ) 


«i-*i 




[26^2^:—2a 1 & 2 x]-f.... 


A) The «/-axis is a common tangent to / and /'. Developing 
sc' and «/' on /' in terms of a single parameter t, we get x and x 
single-valued in t also. 

x = p 1 t+p 2 t 2 +... x = q l t+q 2 t 2 +.... 


Hence (X, Y) traces a simple branch, no cusp. 

B) The y-axis is a bi-tangent. Then there are two different 
developments, giving two different branches for (X, T). 

C) The y -axis is an inflexional tangent. For x and x close 
to 0 we get two values of <: 


x^p. i t 2 +p 3 t 3 +... x = q 2 t 2 +q 3 t 3 +.... 


The (X, Y) curve has a cusp. 

D) The curve / has a node a 0 = b 0 , and the (X, Y) curve has 
a cusp. 

E) The curve / has a cusp: 

x = s 2 y = a 2 s 2 +a 3 s 3 +.... 

Let the tangent to /' be 

tx+y = (bjt+b 2 t 2 +...) 
ts 2 +(a i s z +a s s 3 +...) = (byt+b 2 t 2 -\-...) 


Let 

Then 


t = % a +g 3 « s +... 
b i 

t = t' 2 . 



M 2 
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H we change t' to —t' we get the second value of & corre¬ 
sponding to t. 

The tangent to / has the equation 


y—a 2 s 2 — cts-s 3 —... 
x—a 2 


= Oa+iOgS, 


The other tangent corresponding to — is 

z = 4/ 2 +^/*+... r=£/2+^/ 4 +... 

z = ^ 1 <+^ 2 < 2 +... r = 5 1 «+-B 2 t 2 +... J 

and there is no cusp. The number of cusps is thus 

,n(n— 1) , 5 

Kg = i —- +m S. 


Theorem 48] If an envelope have the Pliicker characteristics 
n', m!, p' and a curve have the characteristics n, m, p, 8, k, i, and 
if a singular tangent of the envelope meets the curve in distinct 
points, the intersections of tangents to the curve at points where it 
meets tangents to the envelope will trace a curve with the charac¬ 
teristics* 

n 5 = m'[(m—l)(n—l)—p], 

Ps= ^^(p’-l)+m'(n+p-l)(n-2)+l, (12) 


,n(n— 1) 


-fm'S. 


Corollary] When the envelope is a point in general position, 
the characteristics are 

n b =(m—l)(n—l)—p p^^^—+(p-l)(n-2) 

*5 = 8 . ( 13 ) 

* First found by Sisam. Zeuthen’ discussed the case in the corollary, giving 
a wrong answer by overlooking the cusps that come from nodes. 



CHAPTER X 

METRICAL PROPERTIES OF CURVES 

§ 1. Centres of gravity 

The great majority of the properties of curves which we have 
developed so far have been projective properties, i.e. those 
which are unaltered by a projective transformation of the plane. 
In some cases we have limited ourselves to real projective trans¬ 
formations, when we were studying real curves or real circuits. 
In Books III and IV we are going to study properties which 
are unaltered under the much wider groups of birational trans¬ 
formations of the whole plane, or of the curve alone. We have 
already seen that the genus has this sort of invariance. It is 
our present task, however, not to widen the group, but to 
narrow it, studying those properties which have to do with 
distances and angles, and so are invariant under the group of 
motions, but not under the projective group in general.* 

We must begin with certain algebraic theorems of very 
general nature concerning elimination. Suppose that we have 
two equations of degree n and n' respectively in x and y, and 
wish to eliminate y between them. We first introduce a third 
variable z to make them homogeneous, as explained in Ch. I, 
and arrange in ascending powers of this variable: 

4>n( X , y) + <l>n-l( x ,y)z + <f>n-i( X > */)z 2 + • • • + M X ’ y) zn — °> 

<M*> y)+fn’-i( x >y)z+tn--2( x >y) z2 +-"+M x ’y) zn ' =■ °- 

Eliminating y by Bezout's method of Ch. I (8), we get 
a^ nn '-ha 1 x nn '- 1 z+a 2 z nn '- 2 z 2 +...+a nn .z nn ' = 0. 

The subscript, in each case, will be identical with the exponent 
of z. Moreover, as this resultant has been reached by a series 
of additions, subtractions, and multiplications, no one of which 
can depress any exponent of z, if the coefficients be perfectly 
general, the term involving z k in the resultant cannot come from 
higher powers of z in the two polynomials, and the subscripts 
of <f> and ifi involved must be at least n—k and n'—k. This gives 
Theorem Ij If two polynomials with general coefficients be 
given, of degrees n and n' respectively, the terms of degree nn'—k 
* For an enumeration of Euclidean invariants see Weisner. 
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in the resultant, when one variable has been eliminated, will only 
involve coefficients in the original polynomials which are of degrees 
n—h and n'—k or greater respectively.* 

The most interesting application is to find the centres of 
gravity of the total intersection group of two curves. The 
abscissae of such points are given by the sums of the roots of 
the corresponding equations divided by nn', and so will only 
involve the coefficients of the two highest terms in the x equa¬ 
tion. These, by 1], involve only the two highest terms in the 
given equations and so are unaltered when either curve is 
replaced by its asymptotes. 

Waring’s Theorem 2] If each of two curves meet the line at 
infinity in distinct, non-singular points, and if all their inter¬ 
sections be finite, then if to each common point there be attached 
a weight equal to the number of intersections absorbed therein, the 
centre of gravity of these points is the centre of gravity of the 
intersections of the asymptotes .f 

Theorem 3] If a curve meet the line at infinity in distinct, 
non-singular points, no one of which is circular, the centre of gravity 
of the intersections with a circle depends on the position of its centre, 
but not on its radius. 

There is a point which plays a special role in centre of gravity 
theorems, namely, the tangential centre already defined in 
Ch. VI in what follows 12]. The line polar of a set of finite 
points is their centre of gravity, i.e. the point polar of the 
infinite line. Let us write the equations 


f(x,y) = 0, 


4 + 4 =°' 


If we eliminate y we shall get an equation whose roots are 
the abscissae of the points whose tangents pass through the 
infinite point (ar x ,yj,0) as well as the nodes counted twice and 
the cusps three times. We saw in 15] of the last chapter that 
the line polar of a point with regard to a curve is its line polar 
with regard to the lines connecting two by two the points of 
contact of tangents from that point, so by duality the tangential 


* Cf. Fouret 1 , p. 259. 

+ Cf. Waring. I have not been able to see this article, only Terquem, p. 182. 
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»«7 


centre is the centre of gravity of the intersections of the asymp¬ 
totes two by two. On the other hand, if we look at the equations 
above, we see that if we replace / by the terms of two highest 
orders, i.e. the asymptotes, we get the same centre of gravity. 
The tangents to the asymptotes are the lines to their intersec¬ 
tions counted doubly. 

Theorem 4] If a curve meet the line at infinity in distinct , 
non-singular points, its tangential centre is the centre of gravity 
of the points of contact of tangents in any non-asymptotic direction 
plus the actual or virtual nodes each counted twice and the cusps 
each counted three times, or of the points of intersection of the 
asymptotes each counted twice. 

Let ( x v 2/i)> i x 2 , Vm) be the points of contact of tan¬ 

gents making an angle 6 with the horizontal. Then, since their 
centre of gravity is fixed, 



"V —* = 0 V — f —- l = 0 

eLds t dd ds t d6 


ds 

dd 


- = p ( = radius of curvature. 


Let (£{, Tjf) be the corresponding centre of curvature 
€i = x i —p i sin0 rj^yt+piCosd 

2 *- 2 * 

Theorem 5] If a curve meet the infinite line in distinct non¬ 
singular points, its tangential centre is the centre of gravity of the 
centres of curvature corresponding to tangents in a given direction, 
plus the nodes counted twice and the cusps three times. 

The relation between the point equation and the tangential 
equation of a curve gives another property of the tangential 
centre. Let the curve be yj — Q 

To find the tangential centre we write 

8/ 8f 8f 
-L ; u = -f-: v — ~: w. 
dx dy 81 

Let the points common to these polar curves be (x v y 1 ), 
(x 2 , y 2 ),.... There are two ways of finding the tangential equation: 
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1) We eliminate x and y between these and the equation of 
the curve. 

2) We eliminate x and y between these and (ux-\-vy+w) = 0. 
In the one case we have the condition that the point whose 

line polar we have is on the curve, in the second case that it is 
on that polar. We get from Ch. I (12) 


n/fo>2/i) = 0 v,w) 

T\{ux t +vy t -\-w) = <f>[u, v, w). 

Taking the logarithmic derivatives with respect to u, after 
the equations are made homogeneous, we get 

tet , ff_ d Vi , &A 

\dXi du 8y t cm ' dz { du) 


_ 1 8<f> 
<f> 8u’ 



x i 


ux i +vy i +wz i 



dXf , 8y t 8z, 

u — i ^ r v-^+w— 1 
du du du 

uxi+vyt+wzi 


l 8 A 

(f>8u’ 


But 

Hence 


u:v:w 


dx { ' dyi'dZi' 


2 


gi 

UXi+VVi+WZi 



(1) 


Here the right-hand side is the first coordinate of the point 
polar of the line (u, v, w) with regard to the curve, the left-hand 
side is the first coordinate of the same line with regard to the 
points (x v y l ), (x 2 ,y 2 ),..., i.e. with regard to those points that 
have the line as line polar. 

Theorem 6] If a line be not tangent to a curve, its point polar 
with regard to that curve is its point polar with regard to the points 
which have that line as line polar and with regard to the singular 
points counted as in the last theorems. 

Definition. A point whose line polar is the line at infinity 
shall be called a ‘centre’ for a given curve. 

Theorem 7] If a curve meet the line at infinity in distinct, 
non-singular points, its tangential centre is the centre of gravity 
of its centres and of its nodes counted twice and cusps counted 
three times* 

There is a theorem which is, in a sense, dual to Waring’s and 


* Cf. Roberts 1 , pp. 25 ft. 
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which we may deduce therefrom by a roundabout process. Con¬ 
sider the intersections of 

f{x,y) = 0 <f>(x,y)+ A^ = 0. 

cy 

These shall be the points (x lt y x ), (x 2 , y 2 ),.... Let the equation 
of the asymptotes of / be f x (x, y) = 0, and let their intersections 
with the other curve be (x x ,y^), (x 2 ,y 2 ),.... 

Waring’s theorem gives 

2 x i = 2 ** 2 Vi = 2 Vi- 

The coordinates x it y t , x it y t are all functions of A, and if we 
substitute these values in the equations of the various curves, 
we get expressions in which are identically 0: 

dx i dX 8y t dX 


(ty , A d2 <f> \^i , | 
{dx-i ' dXityJ dX ‘ 

(— +A 

d 2 <f>\dy{ , H =0 

dy\) dX ' dy t 

fydl 



dXi cy i dy { 

dx i 

d Vi fyi 

dX t. 8<f>\ 

dX 

elf *\ 

W>+) +x ' w 

d( x i,y t ) 8 ( x i>yi) 


W»A) +A _l 

H x i.Vi) «( x i ,y i ) 


Putting A; 


Similarly 


0 and remembering 

2 dXj -y dXj 

dX dX 



dXj dXj 8y t 8y { 




dXjdXj dyjdyt 

8(M) 


Hence 
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The summation on the left covers all intersections of / and <f>, 
that on the right all intersections of f x and <f>, it being assumed 
that all are finite in each case. But these expressions are the 
cotangents of the angles of intersection, when neither has a 
tangent which is a minimal line. 

Theorem 8] If each of two given curves meet the line at infinity 
in distinct, non-singular points, and if no asymptote of one be 
parallel to an asymptote of the other, and if neither touch a minimal 
line at a point common to the two, then the sum of the cotangents 
of the angles which they make at their intersections is the sum of 
the cotangents of the angles the one makes with the asymptotes of 
the other * 

Theorem 9] If two curves be given which fulfil the conditions 
of theorem 8], the sum of the cotangents of their angles is the sum of 
the cotangents of the angles of their asymptotes. 

Theorem 10] If a curve fulfil the conditions of theorem 8], the 
sum of the cotangents of the angles which a line makes therewith 
is unaltered when the line moves parallel to itself. 

Suppose that one of the curves is a circle. If we replace it 
by its asymptotes, these are minimal lines. The cotangent of 
the angle which a minimal line makes with a non-minimal one 
is i or — i, according to which circular point the line goes 
through. This yields a really striking theorem: 

Theorem 11] If a curve fulfil the conditions of theorem 8], the 
sum of the cotangents of the angles which it makes with any circle 
which is not tangent and does not meet it at a point of contact with 
a minimal tangent is 0. 

Let us find the polar reciprocal of this last theorem, recipro¬ 
cating with regard to the given circle. The angle between the 
curve and circle is equal to the angle subtended at the centre 
of the latter by the corresponding tangential segment of the 
circle and the polar reciprocal curve. The cotangent of this 
angle is, thus, the radius of the circle divided by the length of 
the common tangential segment. If we count the radius of the 
circle, when real, as positive, this segment will be counted 
positive when progress thereon from the point of contact with 
the circle to that with the curve corresponds to a positive rota¬ 
tion about the centre of the circle. The original curve was 

* Cf. Humbert 1 , pp. 362 fi. 
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restricted so as not to pass through a circular point at infinity; 
the transformed curve must not touch an asymptote of the 
circle. 

Theorem 12] If a curve do not pass through the centre of a 
circle, nor touch one of its asymptotes, the sum of the reciprocals 
of their common tangential segments, when properly oriented, 
is 0.* 

The sceptical reader will be inclined to doubt the accuracy of 
theorems 10], 11], 12], Suppose that we have contact between 
two curves, what then ? The angles are 0 and have infinite 
cotangents, the reciprocals of the common tangential segments 
become infinite also. The difficulty is removed in both cases by 
considering the penultimate positions. The curves will have two 
angles close to 0 and -n, the sum of the cotangents will approach 
a finite limit. In the same way the reciprocals of two common 
tangential segments will approach infinity positively and nega¬ 
tively together, and their sum go towards a definite limit also. 

§ 2. Foci 

Definition. A point of intersection of tangents to a curve from 
the two circular points at infinity, the points of contact being 
both finite, is called a ‘focus’ of the curve. As the circular 
inverse of a minimal line is a minimal line, we see that the 
inverse of a focus is also a focus. If the curve pass through the 
circular points we might be tempted to call the intersections of 
the tangents there foci also. That would not be wise; the inverse 
points would not have the same property with regard to the 
inverse curve. Thus, the tangents to a circle at the circular 
points at infinity intersect at the centre, but the inverse of the 
centre of a circle is not, usually, the centre of the inverse circle. 
If a real curve of class m have multiplicity r at each circular 
point, the total number of foci is (m— 2r) 2 , of which (to— 2r) 
are real. 

Definition. A set of foci of a curve, of which one lies on each 
minimal tangent, but no two are on the same minimal tangent, 
are called ‘associated foci’. The real foci of a real curve are the 
most obvious example. A set of associated foci will be carried 
by inversion into another associated set. 

* Cf. Genese, p. 308. 
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How shall we find the coordinates of the foci ? Let the equa¬ 
tion of the curve be j^ x y^ — Q 

Then, if (x\ y’) be a focus, the curve is tangent to the two lines 

(y— y') = *(*— x') (y—y') = 

These will yield two equations: 


P{< y')±iQ{x\ y') = 0 ; P(x\ y') = 0 Q(x\ y ') = 0 . 

In finding them we must change i into —i only where it 
comes in through the equation of the tangent line, not where 
it may be involved in the coefficients of the given curve. 

The problem takes a more satisfactory form when the equa¬ 
tion of the curve is given in tangential coordinates. 

<f>(u,v,w) = 0 . ( 2 ) 

The minimal line y _ y , = 

is tangent to the curve if 

<H±i,-l,y'Tix') = 0 , ( 3 ) 

H(x',y') = 0 K(x',y') = 0 . 

As an example, take the ellipse 


Z+r -i = o 

u a ' 6 2 


cPvt+bh} 2 —w 2 — 0 

—a 2 -f-6 2 = (y'±.ix') 2 (x'±iy') 2 = a 2 —b 2 

x' 2 —y’ 2 = a z —b 2 x’y' = 0. 

It is to be noted, for future use, that even as Nbther’s theorem 
gives us the form for the equation of a curve through the inter¬ 
sections of two curves, so will its dual give us the tangential 
equation of a curve touching the common tangents to two 
curves. If, thus, {x v yj), (x 2 ,y 2 ),... be the coordinates of the foci 
of a curve, then the tangential equation of a curve with these 
and no other foci will be 

T\{ux i -\-vy i + u>)+(w 2 + v 2 )tp m - 2 (u, v,w) = 0 . (4) 

i 

There is a good deal of advantage, in studying foci, especially 
real foci, in using minimal coordinates, i.e. 

z = x+iy z'— x—iy. 
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Then (3) takes the form 

<H— 1.— *,z) = 0. 

Let this polynomial be expanded to 

a 0 2”*+ a 1 z m ~ 1 +—+« m = 0. 

The sum of the roots gives m times the first coordinate of the 
centre of gravity of the foci, and this is the root of the equation 

dz m ~' 


On the other hand, if the tangential centre have the co¬ 
ordinates (|, 7]), 

gm-i 

0-- TO _i <£(«> v > w ) — u£+vr) + w = 0 

([m-1 

j z m- 1^( — ~i x +iy) = — f—*q + (a:+ty) = 0 

This gives a pretty theorem due, apparently, to Siebeck:* 
Theorem 13] If a curve with real equation do not touch the line 
at infinity, nor pass through a circular point, the tangential centre 
is the centre of gravity of the real foci. 

We saw in 4] that the tangential centre was the centre of 
gravity of the points of contact of tangents through an infinite 
point. When we have lines through a finite point the theorem 
has to be modified. Let the radius vector from (x, y) on a curve 
to a fixed point (x', y’) make an angle —8 with the tangent 

ooee[(a:-*-)g +<»-s'')|]-*»-✓>!]-°. 

A node will be a solution of this equation counting twice, a cusp 
counting thrice. When 8^0 (mod 77 ), the highest terms are of 
degree n and come from the highest terms of f. 

Theorem 14] If a curve meet the line at infinity in distinct, 
non-singular points and do not pass through a circular point, the 
centre of gravity of those points where the tangents make a chosen 
angle, not congruent to 0 {mod it), with the radii vectores from a fixed 
finite point, plus the nodes counted twice and the cusps three times, 
is the centre of gravity of the corresponding points on the asymptotes 
plus their intersections each counted twice. 

* Siebeck, p. 175. 
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Let us see how many of these points there are when the order 
of the curve is n and the class m. Through the given point take 
a line l; this will meet the curve in n points, each with its 
tangent, so that through the given point will pass n lines making 
the required angles with their tangents. Conversely, if a line 
be given through our point, there are m tangents making there¬ 
with the given angle, and so n lines to the points of contact. 
We have among our lines a correspondence, with indices n and 
m, with n-\-m coincidences, all desirable. 

Theorem 15] Through a point not on a curve of order n and 
class m, and not on a minimal tangent, will pass, at most and in 
general, n+m lines meeting it at an assigned angle, not congruent 
to 0 (mod7r). 

When the angle is congruent to 0 (modir), n of these lines 
become parallel to the asymptotes, the others are the tangents 
from the point. 

The position of the centre of gravity mentioned in 14] will 
usually vary with the point chosen. If, however, the asymptotes 
be minimal lines, every line making an assigned angle with 
them is parallel to them, in other words, if a line approach a 
minimal direction as a limit, every line making an assigned 
angle with it will approach that same limiting direction. The 
points on the asymptotes whose centres of gravity we seek will 
tend to pass out of the picture, leaving only the intersections. 
At the same time the number of points on the curve where the 
tangents make a fixed angle with the radii vectores will come down 
to m, for, in the Chasles-Cayley-Brill correspondence formula 
just used, there will be n undesired coincidences in the minimal 
directions. We thus get from 4] and the limiting case of 14]: 

Theorem 16] If all of the asymptotes of a curve be distinct, but 
go through the circular points at infinity, and if the curve be not 
tangent to the infinite line, the centre of gravity of the points where 
it meets the radii vectores from an arbitrary point at a given angle, 
plus the nodes each counted twice and the cusps each counted thrice, 
is the tangential centre. 

§ 3. Products of distances 

The present section, like the first in this chapter, must start 
with an algebraic lemma or, rather, with three of them. 
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Lemma 1] If the polynomial 

a 0 * n +«i* B - 1 +... +a n -i x + a n 

be divisible by 1 +x 2 , then 

CLq — d2~\~Cl^ — 0 flSj •** — 0. 

The proof is immediate, and left to the reader. 

Lemma 2] If the polynomial written above be the sum of two 
others of its degree, then the expressions a 0 — a 2 -|-«4 and 
a i~ ® 3 +® 5 --- are the sums of the corresponding expressions in the 
two other polynomials. 

Lemma 3] In finding the expressions a 0 — a 2 -j-a 4 ... and 
we ma y disregard any part of a polynomial that is 
divisible by l+x 2 . 

Suppose that we have a curve which does not go through 
a circular point at infinity. Let us find its intersections with a 
circle of radius r passing through the point (x 0 ,y 0 ) and then the 
product of their distances from (x 0 , y 0 ) divided by (2r) n . It is 
well to use minimal coordinates: 


f(x,y)~A 0 y n +A 1 y ,l - l x+...+A n _ 1 yx n - 1 +A n x n + 

+b 0 y n - 1 +...+k = 0 (5) 


z — x-\-iy z — x—iy x = 


z-j-z 


z—z 
y = ~2i 


/(*>*/) = F(z,z)~ F(z q ,z 0 ) + (z- 2 0 )^+(2—2 0 )||' + .... (6) 

CZq CZq 


Let the circle through (x 0 ,y 0 ) have the equation 


P(z-z 0 )(z—z 0 )+q(z-z 0 )+q(z-z 0 ) = 0 


r — 


\'qq 


. - _ g(g-Zp) 

^( 2 - 2 0 ) + ?' 


2 —Z„= — 


Substituting, we get 


8F 


rv_ ?(*—*o) 8 F , _o 

+<*-*•) +■- ~°- 


Clearing of fractions: 


d”F 


F(z 0 > 2o)? n + - + P n -fan ( Z ~ Z o) 2n = °- 
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For tiie product of the roots we have 


n( Zf - 2o ) = (-i) n ^#| n . 


P n^ F 

Sz" 

The product of the distances from (x 0 ,y Q ) to these inter¬ 
sections is 

vn( 2l -* t) n ft -z,s=%A> 


dz 0 8z 0 


= _ (2r) re /(*oJ/o)_. _ __ 

V(^4 0 — A 2 -\-A t —...) 2 +(^4 1 — A3~fA 6 ...)® 

Theorem 17] If a curve of order n passing through no circular 
point at infinity have the equation 

f(x,y) — A i p: n +A 1 x n - 1 y+...+A n y n +b ( p: n - 1 -\-b 1 x n - 2 y+...+Jc — 0 

the product of the distances from a point ( x 0 , y 0 ) to the intersections 
with a circle through it divided by the nth power of the diameter is 


_ f( x o» Vo) _ ( 7 ) 

■A t -{-~A i — ...) 2 +(-d.i— A z -\-A 5 — ...) 2 
Definition. The expression (7) is called the ‘power’ of the 
given point with regard to the given curve.* 

Let us seek the product of the distances from a point to the m +n 
points on a curve where the tangents make assigned angles with 
the radii vectores. The desired angle being 6, we have three 
equation,: f(x,y) = t>, 


(x-x 0 ) 2 +(y-y 0 ) 2 -p 2 = o. 

We must eliminate x and y and seek the product of the roots 
of the resulting equation in p. This product will vanish in two 
cases only: the point lies on the curve, or the line from there to 
one of the m-j-n points is minimal. But a minimal line and a 
non-mini mal tangent cannot make an assigned angle; the pro- 


* This concept is due to Laguerre,* p. 20. He uses the radius of the circle 
instead of the diameter, and gives no proof. 
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duct would only vanish if the point (x 0 , yf) lay on a mminutl 
tangent. The left side of the equation of the minimal tangents 
is the product of the squares of the distances from an arbitrary 
point to a complete set of foci. Hence the product of the 
squares of the distances to these m-\-n points which is of degree 
2(m+n) in (x 0 ,y 0 ) vanishes with the square of the power of 
(x 0 , y 0 ) and with the product of the squares of the distances to 
a complete set of foci. The product will become infinite only if 
one point go to infinity. When 6 = 0, n oi the points go off to 
the ends of the axes, but the limit of the distance multiplied by 
sin 9 remains finite; hence the product of the distances becomes 
infinite with sin fl 0. There remains a constant factor, which we 
find to be unity by taking the case where 6 = 0 and the curve 
is n lines. 

Theorem 18] If a curve meet the infinite line in distinct non¬ 
singular and non-circular points, the product of the distances from 
a general point to those points of the curve, where the tangent makes 
an assigned angle, not 0, with the radius vector, is the power of 
the point with regard to the curve, multiplied by the product of its 
distances from a complete set of foci, and divided by the sine of the 
given angle raised to a power equal to the order of the curve * 

When 9 = 0, as before, n of the points go off to the ends of 
the asymptotes. 

Theorem 19] If a curve meet the line at infinity in distinct 
non-singular and non-circular points, the product of the tangential 
segments from a point to the curve is equal to the power of the 
point, multiplied by the distances to a complete set of foci, and 
divided by the product of the distances to the asymptotes. 

Theorem 20] If a curve be related to the line at infinity as in 
the last example, the product of the normal distances from a general 
point thereto is equal to the power of the point with regard to the 
curve, multiplied by the product of the distances to a complete set 
of foci. 

Theorem 21] If a curve be related to the line at infinity as in 
these examples, the product of the distances to the points where the 
tangent makes an assigned angle, not 0, with the radius vector, is 
the product of the normal distances divided by the nth power of 
the sine of the angle. 

* Laguerre,* p. 21, for this and the two following. No proofs are given. 
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14. Sums of angles 

This section, like the preceding one, must begin with an easy 
general theorem. We begin with the easy trigonometric pro¬ 
position that, if we have given angles 9 1 ,6 a ,...,8 n , 

, v a 2 tan dj— y tan 6 , tan 6, tan 6 k +... 

1-2 tan^tan^-)-... 

If these tangents be roots of the equation 

.4 o tan”0-|-A 1 tan’ l_1 0-j-.--+A Tt = 0. 


Then 


tan 2 — 


-d j— A s -\-A & —. .. 
A 0 — A 2 -\-A i —... 


We thus get from lemma 3]: 

Theorem 22] If the tangents of a system of angles be the roots 
of a polynomial in tan 6, in finding the tangent of the sum of these 
angles we may omit all parts of the polynomial with the factor 
l-ftan 2 0. 

We next seek the tangents of the half-angles made with the 
z-axis by radii vectores from the origin to the intersections with 
a circle of radius r and centre at O. We introduce polar co¬ 
ordinates: 


x = r cos 0 — 


1 —fi_ 
r i+t*~ 


—r+ 


2r 

1 +t*’ 


y = r sin 0 = 


2 rt 

1 +t*’ 


t — tan -. 

2 

Substituting in the equation of the curve, we get 


= (l+t*)<f>(t)+( 2 rnA 0 t”+A 1 t"-i+...+A, ) ]. 

At this point we must walk most circumspectly. When n is 
even, the a’s with even subscripts go with the A’s with even 
subscripts, and we have 

. . g l — a 3+ a B — - _ , At~A a +A B —... _ 

“o — —••• ^ A 0 —A 2 + A 4 —... 

When, however, n is odd, we have even subscripts in one case 
going with odd in the other, so that 

a l — a 3 + a 5—- __ -rAo—At+Ai — ... 
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which means that the tangent of the sum of the angles is 
equal to plus or minus the cotangent of the sum of the half- 
angles. 

Theorem 23] If a curve have the relation to the line at infinity 
required in recent theorems, and if it be of even order, one-half the 
sum of the angles which a fixed direction makes with the radii to 


the intersections with any circle will differ by an even multiple of 


TT 

2 


from the sum of the angles which this direction makes with the 
asymptotes. 

Theorem 24] When the order is odd, the difference is an odd 


multiple of 


TT 

2 * 


Suppose that we have two curves, and that we know a com¬ 
plete set of foci of one. We write them 


<f> i = ^i(ux i +vy i +w)+(u 3 +v 2 )il) 1 = 0 x = °- 


Let us find the sum of the angles which the x-axis makes 
with their common tangents. Eliminating w, let the resultant be 


A 0 u mm '+A 1 u mm '~ 1 v+ ...+A mm .v mm '. 

We then seek the expression 

A i- A 3 ~\~Arj —... 

A, Azfi-A 4 ... 

This will be unaltered if we replace the first curve by its foci 
of this set. 

Theorem 25] If two curves have the relation to the line at 
infinity frequently mentioned in recent theorems, the sum of the 
angles which an arbitrary direction makes with their common 
tangents is the sum of the angles which it makes with the tangents 
to one from a complete set of foci of the other. 

Theorem 26] The sum of the angles which an arbitrary line 
makes with the common tangents to two curves situated as above 
is the sum of the angles with the lines connecting a complete set of 
foci of one with a complete set of the other* 

In these theorems a common multiple tangent must, of course, 
be properly weighted. 

We may extend these theorems a bit as follows. Given two 
* Cf. Humbert*, p. 359. 
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curves of which one has a complete set of foci included among 
the foci of the other, 

<f>i = ^i(^i+vy i +w)+(u i +v 2 )ip 1 = o, 

<f> 2 == Y\fiux i +vy i +w)Tl 2 (ux i +vy i +w)+ (« 2 +d 2 )^ 2 = 0. 

Let us find the sum of the angles which the ai-axis makes 
with the common tangents of <f> x and a curve A</> 2 +^X = 0. 

We must eliminate w between 

<f> i = 0 H 2 +h-x = °> 

or between 

<£i = ° X(u 2 +v 2 )[t/i 2 —— °= 

or finally between — o x — ^ 

Theorem 27] Oiven three curves with this relation to infinity, 
of which the first has a complete set of foci included in a complete 
set of the second. Then the sum of the angles which an arbitrary 
direction makes with the common tangents of the first, and a curve 
linearly dependent in line coordinates on the second and the third, 
is independent of the curve chosen in that system. 

A point, looked upon as an envelope, is its own focus; this 
gives: 

Theorem 28] The sum of the angles which a fixed direction 
makes with the tangents to any curve in a system limited as above, 
and linearly dependent in tangential coordinates on two given 
curves, from a focus of one curve of the system, is constant, and 
equal to the sum of the angles which the direction makes with lines 
from this focus, to a complete set of foci of any curve not including 
this particular point. 

Theorem 29] Oiven a set of curves of a given class linearly 
dependent on two in tangential coordinates, the general curve being 
related to infinity as above, the locus of a continuously moving 
complete set of foci of these curves has the property that, if a finite 
point thereof be connected with any one set of foci, the sum of the 
angles these lines make with a given direction is constant. 

This theorem may be generalized as follows, remembering 25] 
and 27]: 

Theorem 30] If a complete set of foci of a curve be a complete 
set for a curve of a system linearly dependent on two in tangential 
coordinates, the original curve and the general curve of the system 
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being related to infinity as above, then the sum of the angles with 
a fixed direction made by the common tangents of the first curve , 
and a general curve of the system, is constant.* 

There are angle-sum theorems connected with asymptotes as 
well as with foci. Suppose that two curves, related to infinity 
as above, have the same intersections with a given circle. We 
write their equations 

f(x,y) = 0 f(x,y)+[x 2 +y 2 +px+qy+s]4>(x,y) = 0. 

The terms of highest degree give the direction of the asymp¬ 
totes; these will differ in the two cases, by a polynomial having 
(x 2 -\-y 2 ) as a factor: 

Theorem 31] If two curves of the same order, subject to the 
restrictions at infinity usual in the present chapter, meet a circle 
in the same points, the sum of the angles which a given direction 
makes with their asymptotes is the same. 

The only function of the circle in this theorem is to pass 
through the circular points at infinity, and thus have the factor 
x 2 -\-y 2 in the terms of highest degree. Any other curve through 
the circular points will do that: 

Theorem 32] If two curves of the same order, subject to the 
present restrictions at infinity, meet a curve through the circular 
points in the same non-singular points, the sum of the angles 
which an arbitrary direction makes with their asymptotes is the 
same.'f 

Let us try to transform 27], when the first two curves have 
a common complete set of foci, by polar reciprocation in a circle. 
Two curves with the same foci have the same minimal tangents, 
and so go into two curves having the same intersections with 
two minimal lines through a point 0. The angle which a common 
tangent makes .with a given direction, goes into the angle 
at 0 made by a line to a fixed point and to a point of inter¬ 
section: 

Theorem 33] If two curves of the same order, neither of which 
passes through a point O, nor has a singular tangent through there, 
have the same distinct intersections with the minimal lines through 
that point, then the sum of the angles with a fixed line through 
O made by lines to the intersections of the first curve and a third 


• Cf. Michel, p. 173. 


t Cf. Humbert*, p. 261. 



' < METRICAL PROPERTIES OP CURVES Book I 

general curve, having the same restrictions with regard toO,is equal 
to the corresponding sum for the second and third curves.* 

It is very easy to generalize this theorem by means of a linear 
transformation, if we remember Laguerre’s theorem that the 
angle between two lines is a constant multiple of the logarithm of 
the cross ratio they make with the minimal lines through their 
intersection. An angle sum is, thus, the logarithm of the product 
of a number of cross ratios. If, then, we transform three con¬ 
current lines projectively into oblique x and y axes, and the line 
x—y = 0, we have for the cross ratio of the three with a line 
from 0 to the point (x, y) 

x _ Dist from P to 0Y sin POY 

y Dist from P to OX sin POX ' 

Theorem 34] Given two curves of the same order, neither of 

which passes through a given point O, nor has a multiple tangent 

through there, but which have the same intersections with two non- 
minimal lines through there, then, if they be brought to intersect 
a third curve, the product of the ratios of the distances from the 
intersections of curves 1 and 3 to the two lines is the same as the 
corresponding product for the curves 2 and 3.f 

This theorem takes a still better form when the two lines are 
mutually perpendicular; the ratio of the sines is then the re¬ 
ciprocal of the slope of the line OP. 

Theorem 35] Given two curves of the same order, neither of 
which passes through a given point 0, nor has a singular tangent 
through there, but which meet vertical and horizontal lines through 
O in the same non-singular points, then, if they be brought to 
intersect a third curve with the same restriction as to 0, the product 
of the slopes of the lines from 0 to the intersection of curves 1 and 
3 is equal to the corresponding product for the curves 2 and 3. 

We have not yet finished with the foci of a curve; their pro¬ 
perties are numerous and varied. We saw in Ch. IX, theorem 
12], that the line polar of a point with regard to m pairs of 
lines is its line polar with regard to its m polars with regard to 

* Cf. Fouret*, p. 45. Cuny devotes a whole short volume to the particular 
case where one of the curves is a set of lines. He says in his preface that his 
book was largely composed under war conditions, in an observation post, 
while faithful Poilus were on watch, &c. This explains his ignorance of the 
work of his predecessors, 
t Fouret*, p. 42. 
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the various pairs. The polar of a point with regard to a pair 
of minimal lines is the line through their intersection perpen¬ 
dicular to the line connecting that with the given point. The 
minimal tangents to a given curve are the common tangents to 
that and the circular points. We thus get from IX 14] and 12]: 

Theorem 36] The line polar with regard to the lines through 
a complete set of foci of a curve fulfilling the conditions often men¬ 
tioned in this chapter, perpendicular to the lines from these foci to 
the given point, is its line polar with regard to the normals to the 
given curve at the points of contact of tangents from the given point. 

Let us find the loci of foci of certain simple sets of curves. 
First take a pencil of curves of order n with finite centres, the 
general curve being of class m. If we draw tangents to these 
various curves from the two circular points, and find the order 
of the locus of their intersections, by finding how many of its 
points lie on a given line, a simple application of the Chasles- 
Cayley-Brill formula gives 4 mn as the answer. From this, how¬ 
ever, we must subtract undesired coincidences. 2(n—1) curves 
of the pencil touch the line at infinity, and there will be 2(n—1) 
infinite coincidences. A linear transformation will show that 
each of these counts only once. The order is, really, 

4to(m— 1) —2(n—1) = 2(2m—l)(w—1). 

As a check, let us see how often the curve meets the line at 
infinity. When a curve of the pencil touches the line at infinity, 
one tangent from each circular point becomes the infinite line, 
the other m— 1 become tangents at that circular point to the 
locus sought; this latter has, therefore, a multiplicity of 
2(m—l)(u—1) at each circular point; it also passes simply 
through each point of contact of a curve of the pencil with the 
infinite line: 

4 (m— l)(n— l)+2(n—1) = 2(2m— l)(ra— 1). 

With regard to m, we note by Bertini’s theorem 10] of 
Ch. VII, if there be n 2 common points m = n{n— 1). 

Theorem 37] If a pencil of curves of order n he given, the 
general curve being of class m, and if there be no infinite centre to 
the pencil and no curve touch the infinite line at a circular point, 
the locus of their foci is a curve of order 2(2m—l)(n—1) with the 
multiplicity 2(m—l)(n—1) at each circular point. 
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Let us next take a set of curves linearly dependent in tan¬ 
gential coordinates on two curves with the relation to the line 
at infinity usual in this chapter. This locus is an old friend. By 
Chasles-Cayley-Brill, this is a curve of order 2m— 1, for we have 
an m-to-m correspondence on a general line, with one undesired 
infinite coincidence. One curve of the system touches the in¬ 
finite line. There are m— 1 other tangents to this from each 
circular point, hence each circular point has the multiplicity 
to— 1; the curve also meets the infinite line at the point of con¬ 
tact with one curve of the system. If A lt A 2 ,... and B v be 
two complete sets of foci thereon, and P a general point of the 
curve, we have, by 29], 

2 A i PB l = 0 (mod 7 t). 

Suppose, conversely, that a curve has the property that the 
sum of the angles from a variable point P to two fixed groups 
A V A 2 ,...; B v B 2 ,... fulfils this condition. Let the group A 1 ,A 2> ... 
have coordinates (x 2 ,y 2 )... while B v have coordinates 

(x'j ,y\), (x' 2 ,y 2 )... . Let P, a given point of the curve, be the origin. 

Take two curves of the same class with (x 1; y x ), (x 2 ,y 2 )... and 
( x i*2/i). ( x 2 ’ 24 )-" aR complete sets of foci: 

<£i = n(ux l +vy i +w)+(u 2 +v 2 )<p i 
<f> 2 = II (ux[ + vy[+w)+{u z + v 2 )i]i 2 . 

Let us show that a curve of the system 

has a focus at the origin. 

Let a 0 u m +a 1 u m - 1 v+ ...-\-a m v m = Tl^^vyJ 

a' 0 u mJ r a’ 1 u m - 1 v-\- = l\{ux' l -rvy'^. 

By hypothesis 

_®1 — ®3~!“ Qj 

a 0 — a 2 -\-a i —... — a 2 -\-a i ... 

Let — —° 3 "t~ as —•" • a o ••• _ p 

°i— a 3 - b®5—••• a 0 a 2~h a i ••• 

(a l -a 3 +a 6 -...) 2 +(a 0 -a 2 +a i -...) 2 

= p2[ {a ' 1 -a’ 3 +a' 6 -...r+(aa-a' 2 +a' i -...)^ 

n {*?+w?)= p^^i+y'i)- 
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Then ka® a focus at the origin, a generic point of the 

given curve. 

Theorem 38] If two curves of the same class m have the relation 
to the line at infinity frequently mentioned in this chapter, and if 
they share no minimal tangent, the locus of the foci, or a complete 
set of foci of curves linearly dependent on them in tangential co¬ 
ordinates, is a curve of order 2m— 1 with the multiplicity m—1 
at each circular point. It is a locus of points such that the sum 
of the angles subtended thereat by corresponding foci of two com¬ 
plete sets is congruent to 0(mod7r). 

Theorem 39] The locus of points whence m given line segments 
in general position, none of which is minimal, are seen at angles 
whose sum is congruent to 0 (mod n), is a curve of order 2m—1 with 
a multiplicity m — 1 at each circular point. It is the locus of the 
foci of curves linearly dependent, in tangential coordinates on two 
curves having the extremities of the given segments as two complete 
sets of foci* 


§ 5. Polars 

The polar curves discussed in previous chapters are principally 
important because of their covariance under the group of pro¬ 
jective transformations. Some of them, however, have metrical 
properties that are worth notice. 

The point that divides in the ratio — f 2 /^i the segment from 
( x,y) to (x',y‘) has the coordinates 

(iV’+^V 
> 2 +fi ’ 6+fi ’ 


or, in homogeneous form. 

Let (x) be on the (n— r)th polar of (a/) with regard to a* — 0. 
Then, if our new point be on the curve, 

Qa*f+ng-'£ 2 a2r l a x +...+Qa* = 0 = 0 . 


Remembering 

equation, 


the relations of roots and coefficients of an 



* Cl. Daxboux, p. 74. 
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II (a;') be a point (O), (a:) a point of this polar, while the inter¬ 
motions of OP with the original curve are Q v 0 2 ..., 



= 0. (8) 


Theorem 40] If a point P be on the ( n—r)th polar of a general 
point 0 unfh regard to a curve of order n, and if the line meeting 
them meet the curve in the points Q lt Q z ..., then 



where the summation includes all sets of r different indices. 
Dividing through by 

P Q 1 PQ 2 ...PQ n 
OQ 1 OQ 2 ...OQ n ’ 

Zpq.pQj... ’ 

the summation including all sets of n — r different indices. 
Let us take the first polar, r — n—1, 


( 8 ) 


(9) 


ywh^o. 

Zpq { 

( 10 ) 

Since OQ^PQi-PO, 


1 1 V 1 

PO~nZpQ i 

( 11 ) 

For the line polar r— 1 , 


1 1 V 1 

OP~nZ()Q i ' 

( 12 ) 


Theorem 41] The line polar of a finite point is the locus of 
points, the reciprocals of whose distances from the given point is 
the average of the reciprocals of the distances from the latter to the 
intersection of lines through it and the given curve. 

We have already defined a point whose line polar is the line 
at infinity as a centre of our curve. When P is infinite, we have 


2mr°- (I3) 

Theorem 42] If through a centre of a curve a non-minimal line 
be drawn, the sum of the reciprocals of the distances from the centre 
to the intersections is 0. 
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The general curve of order n has (n—1) 2 centres, whose centre 
of gravity is the tangential centre by 7] of the present chapter. 
Let us take this point as the origin. Then, in tangential co¬ 
ordinates, there will be no terms of the first order in u or v. 
Hence, if u and v be fixed, i.e. if we take tangents in a fixed 
direction, the sum of the corresponding w’a, i.e. the sum of the 
distances of these tangents from the origin, is 0. 

Theorem 43] If a curve meet the infinite line in distinct non- 
singular points, its tangential centre is the centre of gravity of 
intersections of lines through that centre and tangents in any given 
direction. This property is shared by no other point. 

If we reciprocate a curve with regard to a circle, the foot of 
the perpendicular from the centre of that circle on a tangent 
is the inverse of the point reciprocal to the tangent. If we take 
a centre of the curve as a centre of reciprocation, and the radius 
as unity, so that the distances to a point and its polar are 
reciprocals, we get from 42] and 43] 

Theorem 44] The polar reciprocal of a curve in a circle whose 
centre is one of its centres is a curvewith that point as tangential centre. 

Suppose that the point 0 whose line polar we seek goes off 
to infinity: ^ PQ t = o. 


Theorem 45] The line polar of an infinite point, not on the 
curve, is the locus of the centres of gravity of intersections with 
lines through that infinite point. 

We shall call a line of this sort a ‘diameter’. Let R be an 
infinite point, 8 the intersection of its line polar with the infinite 
line; let the line polar of S meet the infinite line in R', in general 
different from R. Conversely, if R' be given, its first polar 
meets the infinite line in (n—1) points S, and the first polar of 
each meets the infinite line in (n—1) points R. We have thus 
a correspondence of indices 1 and (n—1) 2 , with n s —2n+2 co¬ 
incidences. We discard n of these which are at the ends of the 
asymptotes, but only count simply. If we take the line polars 
of R and 8 as a pair of oblique axes, then for each x, the sum 
of the corresponding y ’s will be 0, and for each y the sum of 
the corresponding r’s will vanish, so that the equation of the 
curve will have no terms of degree n—1 in x or y, a canonical 
form for the equation. 
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The first polars of the infinite points form a pencil of curves, 
all passing through the centres of the curve. A typical first 
polar will be 

Of — Q 


X 


dx 


+y 


The centres of this latter curve satisfy the equations 


*-f2 +jr -J£_ 0 

£tc s " exdy 


+„■% = « 

dxdy 8y 2 


I dj Y 

6x 2 dy 2 \dxdy) 


0. 


( 14 ) 


This gives a rather curious theorem due to Lucas:* 

Theorem 46] The locus of the centres of the first polars of points 
of the infinite line is the locus of points whose conic polars are 
parabolas or pairs of parallel lines. 

Let us find the intersections of the line 


y — lx 

with the first polar of its infinite point (1, l, 0): 

(15) 

Theorem 47] The locus of the intersections of a set of lines 
through a finite point with the first polars of their various infinite 
points is a curve of the same order as the given curve, with the same 
asymptotic directions. It will meet the given curve only at the ends 
of the asymptotes, and at the intersections with the first polar of the 
given point. It will pass through all the centres of the given curve. 

If the origin be a centre, the equation of the curve will lack 
terms of the first degree in x and y. In (16) the lowest terms 
in x and y are quadratic or higher. 

Theorem 48] The curve corresponding to a centre by theorem 47] 
will have a singular point there. 

If our radiating lines pass through ( x 0 , y 0 ) instead of passing 
through the origin, (16) is replaced by 

(x-x 0 )?t + (y-y Q )?j- = 0, ( 16 ) 

where x 0 and y 0 appear to the first degree. Eliminating one of 
them between this and the equation of a straight line, we get 

* See Lucas for thia and the remaining theorems of the present section. 
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Theorem 40] If a point trace a finite straight line, the curves 
corresponding thereto under 47] will trace a pencil. The centres 
of this pencil are the centres of the curve, the ends of the asymptotes 
and the (n— 1) points where the given line meets the first polar of 
its infinite point. 

As a check we notice 

w 2 = (n— l) 2 +n+w— 1. 

§ 6. Transversals 

Let the equation of a curve in oblique coordinates be 

f( x > y) — o. 

Changing origin to (x 0 , y 0 ), but leaving the direction of the axes 
unaltered, we get f(x ,y )+ ... +fM = 0 . 

Setting y — 0, the product of the roots will be f(x 0 , y 0 ) divided 
by a quantity independent of x 0 and y 0 , and the same is true 
when x — 0. Hence, the ratio of these two is independent of 
x 0 and y 0 , though depending on the direction of the axes. 

Newton’s Theorem 50] If each of two non-parallel transversals 
with non-minimal directions meet a given curve in finite points 
only, the ratio of the products of the distances from the two sets of 
intersections to the intersection of the lines is independent of the 
position of the latter point* 

Theorem 51] When the curve described in 50] meets the infinite 
line in distinct non-singular points, the ratio described will be 
unaltered if the curve be replaced by the asymptotes, or lines parallel 
to them, or any curve of this order with these asymptotic directions. 

Suppose that we have a finite polygon with no sides on mini¬ 
mal lines, and apply Newton’s theorem to each vertex in turn. 
If a vertex have the coordinates (x 0 , y 0 ) with respect to a fixed 
set of rectangular axes, and if the direction of the oblique axes 
correspond to angles <f> 1 and <f> 2 , the product in question will be 

fi cosjMinjM 

/(cos </> 2 , sin <£ g )' 

Going around the polygon and multiplying the results to¬ 
gether, the product will be 1. 

* Newton seems to have proved this only for a cubic Cf. Newton, vol. iii, 
p. 250. 
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Carnot’s Theorem 52] If P lt P 3 ..., be the vertices cf a finite 
polygon with no minimal sides, and if the side P t Pj meet a curve 
Pijv Fiji'"’ then* 

hp^ np^...^ \P Nli 

* _*- *— _— = 1. (17) 

np v p vii ...np 2 p 211 1 ' 

i i 

Of course, if a side of the polygon be tangent or pass through 
a multiple point, we shall have to weight some of the distances 
thereon suitably. 

If we take two points (x 0 ,y 0 ) and {x y ,y y ) and draw parallel 
transversals through them, the ratio of the products of the 
distances on the two will be 

/(* 0 ,y 0 ) 

/(^i-J/iV 

and this is independent of the direction of the transversals.]- 

Theorem 53] If through two finite points parallel transversals 
be drawn which are not minimal lines, nor parallel to asymptotes 
of a given curve, the ratio of the products of the distances from the 
two points to the intersections of their respective transversals with 
a given curve is independent of the direction of the transversals. 

These last two theorems enable us to solve some simple 
problems in construction.]; Let P be a point near a given curve, 
Q an arbitrary point in the plane. Draw two arbitrary lines 
through P, and two through Q parallel thereto. Newton’s 
theorem enables us to tell the direction of the line connecting 
the two intersections that are close to P and so, in the limit, 
the direction of the tangent. 

Let P' and R be two points of this tangent, the former close 
to P, which is now supposed to be on the curve. P'Q shall 
meet the curve in P close to P. The circle tangent to PP' at 
P and passing through P shall meet P'Q again in Q, so that 

(. P'P)* = P'P.P'Q. 

We may eliminate (PP') 2 and P'P between this equation and 
(17) applied to the triangle P'QR, and thus find P'Q or, in the 
limit, PQ, which enables us to construct the osculating circle. 

* Cf. Carnot, p. 287. t Chasles 1 , p. 324. 

$ Lucas, pp. 100 fi. 
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§ 7. Evolutes 

The evolute of a curve is the envelope of its normals, or the 
locus of the centres of curvature. When the original curve is 
algebraic, so is the evolute. The first thing to do is to find its 
Pliicker characteristics. 

We shall determine the order of the evolute by seeking its 
intersection with the line at infinity. The centre of curvature 
will be at infinity when the point in question is an inflexion, or, 
perhaps, when the point in question is at infinity itself. Let us 
take a finite inflexion at the origin 

y = a 3 x 3 +a i x i +.... 

The homogeneous Cartesian coordinates of the corresponding 
centre of curvature are 


px = xy"~ y'(l+y' 2 ) = 3a 3 a; 2 +... 

py = yy"+(i+y' 2 ) =i+V ;4 +... 

pz = y" = 6C3X-)- .... 

This shows that the evolute will meet the infinite line simply 
at the end of the x-axis. 

Let us assume that our original curve meets the line at infinity 
in distinct non-singular points, and that the asymptotes have 
two-point contact. 

Let the y-axis be such an asymptote. To find the corre¬ 
sponding power series, development beginning with homo¬ 


geneous coordinates. Then, instead of having - as a power 

z 

series in terms of - or vice versa, we shall have - as a power 

2 y 


senes m -, i.e. 

y 


or 


X * . * i 

y V y 3 

y = —- 1 — 


X 


Then we find the homogeneous coordinates for the correspond¬ 
ing point on the evolute 

x = o 0 4-a 1 x4-a; ss x 2 -(-Q! 3 a^-(-... 

&a; 2 +j9 3 a; 3 +... 
ys® 3 +—• 


y= 

z — 
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A horizontal line meets the curve twice at the end of the 
^-axis, but the line at infinity meets it three times there. There 
is, th6n, a cusp at the end of that axis, the infinite line being 
the cuspidal tangent. This gives the order of the evolute. 

To find the class we have merely to see how many normals 
pass through a general point, and this we found in 15] to be 
m-f-n. Finally the genus is that of the given curve, for they 
correspond birationally. 

Theorem 54] If a curve of order n, class m, and genus p meet 
the infinite line in distinct non-singular points, none of which is 
circular, and if the asymptotes have two-point contact, the leading 
Pliicker characteristics of the evolute are 

n' = 371+1 in'— m-\-n p' = p t' = 0. (18) 

It is particularly noticeable that there are no inflexions. The 
evolute may well have complicated singularities, in which case 
the genus will have an interpretation to be worked out in a 
subsequent chapter. Of the m-\-n tangents to the evolute from 
a circular point, n coincide with the infinite line, the points of 
contact being the infinite cusps, the other m are the minimal 
tangents to the original curve, which are both tangents and 
normals. 

Theorem 55] A curve of the sort described in 54] has the same 
foci as its evolute. 

If the centre of a circle of fixed radius move along a certain 
curve, the envelope is defined as a ‘parallel’ to that curve. The 
parallel is usually irreducible when the original curve is, for the 
two points of contact of a circle with an adjacent circle are not 
usually rationally separable. In some cases the parallel curve 
is reducible, as when the locus of the centres is a straight line 
or a circle. Let the equation of the curve traced by the centre be 

Mv) = o- 

For a parallel curve we have 

rS. , d ± 

_ ej _ S( _ j_ 

vifif yfiRif 

Eliminating $ and tj we have the equation desired. Let us 
find its Pliicker characteristics, assuming that the original curve 
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has the restrictions mentioned in 54]. There is clearly a point 
of the second order at the end of each asymptote of the original 
curve. If the tangents fell together in general, they would in 
the particular case where the centre traced a straight line, but 
we know that in that case they certainly do not. Hence there 
is a node at the end of an asymptote. If the parallel curve meet 
the infinite line again, it must be at one of the circular points 
at infinity. Consider the system of circles 

[x-mW+[y-T>(t)?=:r\ 

To find their envelope, we differentiate to t: 

We could only have infinite values for x or y with a finite 
£> 7] when o 

that is to say, when the locus of the centre has a minimal 
tangent. We get from this two important facts: 

A) When the minimal tangents to the original curve are dis¬ 
tinct, the parallel curve has an ordinary singularity of order m 
at each circular point. 

B) Two near circles of the same radius are tangent when, 

and only when, their line of centres is minimal. Hence the 
points of contact with the minimal tangents are the only branch 
points of the one-to-two correspondence between the original 
curve and its parallel. We have first of all the order of the 
parallel n' = 2(m+n). 

We get from VIII (14) 

2m-f4(p —1) = 2{p'—l) 

p' = 2p-\-m—l. 

Since parallel curves have the same evolute, an inflexion of 
the original curve will correspond to two inflexions on the 
parallel j _ 2l 

Since parallel tangents in a non-minimal direction to the original 
curve correspond to pairs of tangents in that direction to the 
parallel curve, we have ._ 2}B 


3781 
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Theorem 56] If a curve of order n, dose m, etc., fulfil the 
requirements of 54], and if the minimal tangents be distinct and 
non-singular, the Pliicker characteristics of a parallel curve are 
found to be * 

n' = 2(m-\-n) m' — 2m i — 2i k' =s= 2/e+6m 

p' = m-j-2p— 1. (19) 

The evolute of an algebraic curve is always algebraic. When 
is the converse true, i.e. when is a given algebraic curve the 
evolute of another such curve ? Certainly this is not universally 
the case; the involute of a circle is clearly transcendental. Let 
the equation of the evolute be 

f(x,y) = 0. 

The evolute and involute are in one-to-one correspondence. 
If (£, rj) be the point of the involute corresponding to ( x , y) on 
the evolute, and if a be the parameter of arc for the latter curve, 
we shall have 



If the evolute be algebraic, everything here is rational or 



Q{x,y) ’ 


( 20 ) 


the right-hand side being supposed to be rational. Conversely, 
when this holds there is a birational relation between evolute 
and involute, and the latter is algebraic. 

We may carry this further. Equation (20) shows us that the 
are of the evolute is a two-valued algebraic function of x and y. 


Cf. Cayley* and Roberts*. 
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Suppose, conversely., this is the case. Consider the values of the 
integral 

x,v __ 


x,v 


s = 


JW+W 


J 

u„ 


e l 

8y 


dx 


( 21 ) 


around a closed contour of the Riemann surface for y in terms 
of x. 


A) 


J (IF® 


returns to its original value. Then this 


integral is 0, otherwise, by going around often enough, we could 
make s infinitely multiple-valued. 

B > M+W changes sign. If 2co be the value, and if 

we go around twice, the value is 0. It thus appears that the 
two values of the integral (21) are a and 2u>— a. Hence a is 
a two-valued algebraic function of x and y on the surface, and 
the sum of the roots is 2 to. 

— + is 


But 


da 

dx 


jm i 


8 i 

dy 


u)—a 


jm%r 


P(x, y ) 
Q(x, y)' 


We finally get 

Humbert’s Theorem 57] The necessary and sufficient condition 
that an algebraic curve should have an algebraic involute is that 
the length of arc should be a two-valued, algebraic function of the 
coordinates of the extremities. This function is a root of a quadratic 
equation whose coefficients are rational functions of x and y* 

* Cf. Humbert 4 , p. 136. 
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BOOK II 

THE SINGULAR POINTS 


CHAPTER I 

THE REDUCTION OF SINGULARITIES 


§ 1. Quadratic transformations 

We have, in the course of our work, frequently been obliged to 
transform algebraic curves in various ways. We have changed 
from rectangular to oblique axes, which is the same thing as an 
affine transformation, we have spoken of projective properties, 
which are unaltered under a collineation of the plane, we have 
transformed by inversion, and we have pointed out that the 
genus of a curve is unaltered by any birational transformation. 

Let us pick from this list the familiar inversion in a circle. If 
the centre be the origin, and the radius r, the transformation 
is written 


, r*x 
x = , 

x 2 +y 2 


y'^jX : 

x 2 +y 2 


X — 


rV __ rhf ... 

x’ 2 +y' 2 V ~~ x' 2 +y' 2 ( } 


We may describe this transformation in language of pro¬ 
jective geometry in the following way. The polar of a point 
(x, y) with regard to a circle 

x 2 -\-y 2 = r 2 

has the equation x'x+y'y = r 2 ; 

this is brought to intersect the line from (x, y) to the centre 

y'x—x'y = 0. 


The intersection (x',y') is the point corresponding to (x,y). The 
transformation consists in replacing a point in general position 
by a point conjugate with regard to a fixed conic, on a line 
from the first point to a fixed point. The transformation is one 
to one, involutory, that is to say, identical with its inverse. 
A general straight line goes into a circle, i.e. a conic through 
three fixed points, the centre of inversion and the circular points 
at infinity. These are the only points which do not transform 
into determinate points. We proceed to show how the trans- 
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formation can be modified in such a way that the three excep¬ 
tional points enter symmetrically. 

Consider the totality of conics through four given points, of 
which no three are collinear. If a point be taken which is not 
a vertex of that triangle which is self-conjugate with regard to 
all these conics, its polars with regard to them will not be 
identical, but will pass through the one point which is conjugate 
to the first with regard to all these conics. The relation between 
the two points is a reciprocal one. 

Theorem 1] If each point in the plane be replaced by the point 
of concurrence of its polars with regard to a pencil of conics through 
four points , no three of which are collinear, the result is an in- 
volutory transformation of the plane which is one-to-one for all 
points except the vertices of that triangle which is self-conjugate 
with regard to all the conics.* 

The transformation described in 1] shall be called a ‘standard 
quadratic transformation’. The vertices of the common self- 
con jugate triangle shall be called ‘fundamental points’, its sides 
‘fundamental curves’ or ‘lines’. The fundamental points are 
the only ones which are not uniquely transformed, each is, so 
to speak, ‘exploded’ into the opposite fundamental line. All 
points on a fundamental line, other than the two fundamental 
points thereon, are transformed into the opposite fundamental 
point. Each fundamental line is completely determined by the 
fundamental points on it, and two fundamental lines meet only 
in a fundamental point. These properties are characteristic of 
one-to-one algebraic transformations of the plane, as we shall 
see in Book IV. 

If a point P trace a straight line, its polars with regard to 
the various conics will trace pencils which are projective with 
the original range, and so with one another. As the line con¬ 
necting the centres of two such pencils is not self-corresponding, 
the point P' where all these various polars meet traces a non- 
degenerate conic, which is the locus of the poles of the given 
line with regard to these various conics. It has many points 
which are easy to find. We thus get 

Theorem 2] If a point trace a straight line not through a funda- 

* Apparently discovered by Magnus, q.v. For a bibliography see D6hle- 
mann\ p. 49. 
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mental point of a standard quadratic transformation, the corre¬ 
sponding point, under the transformation, will trace a conic through 
the three fundamental points, the six points each harmonically 
separated frcm a point of the line by two centres of the pencil of 
conics, and the double points of the involution which the pencil 
of conics cuts on the given line. 

This conic, for obvious reasons, is called the ‘eleven-point’ 
conic. 

Feuerbach's Theorem 3] The locus of the centres of all conics 
through the vertices and orthocentre of a triangle, which conics, 
when not degenerate, are rectangular hyperbolas, is a circle through 
the middle points of the sides, the points half-way from the ortho- 
centre to the vertices, and the feet of the altitudes * 

Theorem 4] If a point trace a straight line through a single 
fundamental point, the corresponding point, in a standard quad¬ 
ratic transformation, will trace a line through the same fundamental 
point. When a point approaches a fundamental point, the corre¬ 
sponding point approaches a definite position on the opposite 
fundamental line depending on the tangent at the fundamental 
point to the curve on which the first point approached. 

We leave aside the possibility of approaching a point by a 
non-algebraic curve with no tangent at that point, e.g. ap¬ 
proaching the origin on y — a; sin -. 

Theorem 5] If a point trace a curve with an ordinary singu¬ 
larity of order k at a fundamental point, yel with no fundamental 
tangent at that point, the corresponding curve will meet the opposite 
side of the triangle in just k distinct points, no one of which is 
fundamental. 

If one of the tangents at a fundamental point approach a 
limiting position which is fundamental, the corresponding point 
on the opposite side will approach a limiting fundamental 
position. 

To find the order of the curve into which a given curve is 
transformed, we find how many non-fundamental intersections 
the first curve has with a conic through the three fundamental 
points, as this is the transform of a straight line, and the order 
of a curve is the number of intersections with a general line. 

* Cf. Feuerbach. 
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Theorem 6] A curve of order n with multiplicities r v r g , and r t 
at the three fundamental points will he transformed into a curve of 
order 2n—(r x -f r 8 4-r 3 ) with multiplicities n—(r e +r 3 ), n— (ij+rJ, 
n— (r l +r a ) at the fundamental points. 

It is time to express our standard quadratic transformation 
analytically. Let us take the three fundamental points as O v O t> 
and 0 3 in a triiinear system. If one of the points common to 
all the conics be (1, 1, 1), and we are at liberty to assume that 
is the case, for we may take the unit point where we choose, 
the other centres of the pencil of conics are (—1,1,1), (1,—1,1), 
(1, 1, —1). The conics may be written 

a^l+a^l+a^ f = 0 (2) 

where a x -f a 2 + a 3 = (3) 

The canonical equations for the standard quadratic transforma¬ 
tion are then 


P x i — P X 2 — P% 3 — 

ax x = x!,x' 3 ax 2 = XjXj ax 3 — x\x' 2 . 


or, more simply, 
Let us put 


, , , 111 

x 1 :x i :x i — — . 


x 1 x 2 x 3 


1 , 1 , 1 , 

~ x x = yjVk - x j = ykVi ' X k=yxyj e - 


( 4 ) 

( 5 ) 


Then seeking the limit as e ->■ 0, 

° x l = yjyk (rX’ } = y k y. ox' k = 0, 
a definite position on x k = 0. 

To give an analytic proof of 6], let us note that if the point 
(1, 0, 0) have the multiplicity r x for a curve f(x v x 2 ,x a ) = 0, the 
highest power of x x is n—r x , and so for the other fundamental 
points. When we make the substitution x'jX' k for x it we have an 
equation of order 2n. Since every term will involve x' 2 x\ and 
together to the power r x at least, we may divide out x\ n 
and similarly for x 2 and Xj, The transformed curve is a reducible 
one of order 2 n and contains the three fundamental lines 
counted r v r 2 , and r 3 times respectively. The residue is of order 
2n—(rj-f r 2 +r 3 ); its multiplicity at the fundamental points is 
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given by the non-fundamental intersections of the original curve 
•with the fundamental lines. 

In the standard quadratic transformation, as in inversion, 
the net of all lines is carried into a net of conics. This can be 
done in a variety of other ways. If we generalize inversion pro¬ 
tectively so that corresponding points are collinear with a fixed 
point, which we shall take as O s , and conjugate with regard to 
a fixed conic whose equation shall be x^— x| = 0, the trans¬ 
formation takes the slightly altered form 

~ * 1®8 *2 ~ ^2^3 *3 == 

X x = x\x 3 X 2 = X' 2 X ' 3 X 3 = X' X X' 2 . 

This is known as a ‘Hirst transformation’, and is essentially 
like a standard quadratic one, being factorable into such a 
transformation and a very simple collineation which merely 
interchanges x x and x 2 . 

Here are other cases of quadratic transformations. Suppose 
the totality of lines is simply carried into conics through three 
distinct points in any one-to-one fashion. This may be written 

px i — o n X2X 3 -j- a 12 x 3 x x -j-a 13 x x X2 ax 1 = Cj- i X2X 3 -\~c X 2 x 3 x x -\~c X 3 x i x 2 

PX 2 — <XX 2 = C 2X X 2 X 3 -\-C 22 X 3 X x -\-C 23 X x X% 

px 3 — a^jXjX^ x x 2 ax 3 = c 3 X x 2 x 3 ~\x 33 x,iX x c 33 x x z 2 

( 7 ) 

and is factorable into a standard quadratic transformation and 
a collineation. 

lot us look for a quadratic transformation where straight 
lines are carried into a net of conics which are tangent to one 
another at a given point, and pass through a second point. Let 
the conics be tangent to z 1 — 0 at 0 2 and pass through O v Then 
the transformation and its inverse can be put in the form 

pz[ — z x x 3 ax y = x \ 2 

px 2 — x x x 2 0X2 — x%x 3 (8) 

px's = x\ ax 3 = x[x' 3 . 

We see that the transformation is not involutory, but the 
inverse is of the same general sort. Any birational transforma¬ 
tion of the plane where lines go into conics tangent at one point, 
and passing through another can be factored into such a trans- 
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formation and a collineation. In non-homogeneous Cartesian 
coordinates this may be put in a form which Nether often used:* 
x' = x x = x' 


y' — xy 



( 9 ) 


Still another plan is to have the straight lines of the plane 
transformed into osculating conics. Here is an involutory trans¬ 
formation of this sort where the conics touch x x = 0 at 0 3 , and 
osculate one another: 

px[ = —Xl ox x = — x [ 2 

px 2 = x^ 2 ax 2 = x\x' t ( 10 ) 

px 3 = XjXy — x\ CSX 3 = xJjXj — x'fi'. 

Any one-to-one quadratic transformation where lines go into 
such conics can be factored into the product of this and a 
collineation. 

It is possible also to have quadratic transformations between 
different planes. Here is a simple example due to Steiner ,f 

We start with two planes, and two skew lines outside of both; 
neither of these lines may intersect the line of intersection of 
the two planes. We project one plane on the other, not by means 
of lines through a fixed point, but by lines intersecting the skew 
lines. If a line be given in one plane, it will determine, in 
general, a regulus with the two skew lines. The projecting lines 
will generate a second regulus which meets the second plane in 
a conic through the intersection with the two skew lines and 
the point on the second plane where it meets the line in the 
first that intersects the two skew lines*. 

Theorem 7] The product of any number of collineations and 
standard quadratic transformations is a birational transformation 
of the plane with but a finite number of points which have not 
unique mates. As a point approaches one of these along a curve 
with a definite tangent there, the corresponding point will approach 
a definite position on a certain corresponding curve. 

Analytically, a transformation of this sort may be written, 
with its inverse, 

%i —<f>i(%l>X2,X 3 ) <SX^ — (f>i(Xy,X2,X 3 ). ( 11 ) 


* Cf. N6ther>, p. 170. 


f Cf. Steiner, pp. 407 ff. 
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Let tile three homogeneous polynomials fa be of degree n. 
Then the equations ^+^ 4 .^ = 0 

n 'i fa+n'v, fa+n' 3 fa = 0 

must have n variable intersections. These equations are equi¬ 
valent to n 1 f 1 +» 2 &+» 8 & = 0 

n\x' 1 +n'< i x’ 2 +n’ 2 x' z = 0, 


so that the polynomials fa t are of order n. 

Theorem 8] A one-to-one algebraic transformation of the plane 
is of the same order as its inverse. 

We mean, of course, by the ‘order’ of the transformation, the 
order of the curve into which a general straight line is trans¬ 
formed. 

It is an interesting fact that there is no theorem corresponding 
to 8] in a space of higher dimensions. The net of curves 
fa+n 2 fa-\-n$ fa = 0 

which correspond to straight lines are assumed to have only 
ordinary singularities, and to intersect in distinct points. Since 
they are transformed into straight lines, by Riemann’s theorem 
3'] of Chapter VIII of the last book, they must be of genus 0. 
The only assumptions we shall make about the singular points 
are that at specified points (other assumptions would be non¬ 
linear) they shall have multiplicities r v r 2 ,.... Then by Bertini’s 
theorem 10] of Ch. VII, Book I, there are no other singularities 
of the general curve. On the other hand, two of these curves 
must have but one variable intersection to correspond to the 
single variable intersection of two lines. Hence 

lr i (r i -l) = (n-l)(n-2) 

2r2 = n 2 -l 

2r t = 3(n- 1) (12) 


V r »( r <+ 1 ) _»(»+3) 0 

Z 2 2 


The last equation shows that the conditions imposed by the 
fixed points are independent and sufficient, for the curves form 
a net. A birational transformation of the plane is called a 
Cremona transformation after the geometer who first studied 
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the problem of such transformations in a general form.* We 
have so far seen examples only of Cremona transformations of 
the first or second orders. Here is an example of a transforma¬ 
tion of any desired order. Consider the totality of rational 
curves of the nth order with a common point of order n — 1, and 
2(n—-1) common simple points. We see that equations (12) are 
fulfilled. If there were more than a net of these curves, there 
would be more than one through two given points which is 
inadmissible; there would be too many intersections. Let O a 
be the singular point. We may find a curve of order n— 1 
with multiplicity n—2 at 0 3 , which passes simply through each 
of the other 2(n—1) points. This has no other intersections 
with the curves of order n, so it cannot correspond to a curve 
but to a special point. This curve and the pencil of fines through 
0 3 must go into a pencil of curves of order n consisting of a fixed 
part of order w—1 and a pencil of lmes, each of which has but 
one variable intersection with the curves of order n which corre¬ 
spond to fines in the inverse transformation. That shows that 
in the inverse transformation we have curves of order n with 
a singular point of order n— 1 . They could have no other 
common singular points, hence the other special points must 
be 2(n—1) simple points, i.e. the transformation is of the same 
type as its inverse. Such a transformation is called a De Jon- 
quieres transformation, t Quadratic and linear transformations 
come under this general head, but we may have De Jonquieres 
transformations of any order. 

If we have a product of a succession of standard quadratic 
transformations and colfineations, we produce a Cremona trans¬ 
formation of as high order as we please. Conversely, a Cremona 
transformation which can be factored into a product of standard 
quadratic transformations and linear transformations Bhall be 
called ‘factorable’. We have seen that such is the case when 
fines go into conics through three distinct points. Consider a 
quadratic transformation of the type (8). Let us follow this by 
a standard quadratic transformation with the same 0 1 ,0 S ,0 S . 
The result would be a transformation where a fine is carried into 
a conic through 0 1 ,0 2 and a fixed point on the new fine 0 3 0 %> 
i.e. a transformation of the type (7), and this is factorable. 

* Cf. Cremona 1 , pp. 54 ft. t Cl. De Jonquieres 1 . 
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Let us now take a transformation of the type (10) where 
straight lines are carried into conics that osculate at 0 3 . If we 
follow by a standard quadratic transformation, the result will 
be a transformation where straight lines are carried into cubics 
with a node at 0 2 , a simple point at 0 1 and 0 2 , and all tangent 
to one another at a point 0' 2 of 0 y 0 2 . If we follow by a standard 
quadratic transformation with the fundamental points O v O' 2> 0 3 , 
the cubics go into conics tangent to one another at 0 3 and passing 
through a fixed point of i.e. the product is of the type (8). 

Theorem 9] A quadratic Cremona transformation is always 
factorable. 

Let us next consider the De Jonquieres transformation. If 
0 3 be at the singular point for a set of curves of order n, and 
0 1 ,0 2 be simple points common to them, then, if we make a 
standard quadratic transformation, it will carry these curves of 
order n, by 6], into curves of order n— 1, with multiplicity n —2 
at 0 3 , and 2(n— 1) other simple common points, the product is 
a De Jonquieres transformation of lower order. 

Theorem 10] A De Jonquieres transformation is always 
factorable. 

These last two theorems have little to do with our present 
interests, but will be important at a later stage of the present 
work where we shall prove the grand theorem that all Cremona 
transformations are factorable. 


§ 2. The effect on singularities 


Suppose that we have an irreducible curve of order n, which 
has at 0 3 a singular point of order r, which is not necessarily 
ordinary, but may be of any description. Let 0 v 0 2 be two other 
points in the plane such that 
o) neither is on the curve, 

b) the lines 0 l 0 3 and 0 2 0 3 meet the curve each in n—r distinct 
points besides 0 3 , 

c) the line meets the curve in n distinct points. 

Let us make a standard quadratic transformation with 0 V 0 2 ,0 3 
as fundamental points. We are at once able to say about the 
transformed curve: 

a) It is of order n t = 2n—r. 
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y) It has an ordinary singular point of order n—r at O x and O t . 

8) Corresponding to every singular point of the original 
curve, beside that at 0 3 , the new curve has a singular point of 
the same order, a { . 

The new curve will meet 0 X 0 2 not only in 0 1 and 0 2 , but r times 
elsewhere. To make the most discouraging assumption, suppose 
it has a singular point 0' 3 of order r on 0 X 0 2 . Let us start again and 
make a second quadratic transformation with fundamental points 
0\, 0' 2 ,0' s , related to the new curve as the points O v 0 2 , 0 3 were to 
the original curve. The third curve has the following properties: 

a) Its order is n 2 = 2n 1 —r. 

ft) It has an ordinary singular point of order n 1 at 0' 3 . 

y) It has ordinary singular points of order n x —r at 0\ and 0\. 

8) It has three ordinary singular points of order n, n—r, and 
n—r respectively. 

e) Corresponding to every singular point of the second curve, 
besides that at 0' 3 , the new curve has a singular point of the 
same order. 

Our third curve has r intersections with O'fi'., to be accounted 
for; if these do not consist in a point of order r, we have made 
progress, if they do, we make a third transformation like these 
two, and so on. Let us show that we cannot keep on indefinitely 
always getting a singular point of order r. Suppose, in fact, 
that we have transformed k times and still have a point of that 
order appearing on a fundamental fine. Two features of the 
product of all our transformations must be noted. 

1) We have introduced no new singular points but ordinary ones. 

2) The orders of all the singular points of the first curve other 
than the one operated on are unaltered. 

The order of the last curve is 

It has singular points of the following orders: 


n 

n—r 

n—r 

n i 

n x —r 

n x —r 

n 2 

1 

** 

n 2 —r 

Wfc-i 

»k-i —r 

n k -1 

r 

s x 

s a .... 
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Now, fay Book I, Ch. VIII, the reasoning leading to 1] for 
tiie original curve 

(*—!)(*—2) r(r—1) %(«<- 1 ) ^ 0 

2 2 £ 2 

and, applied to the Mh transformed curve, 

(n k -l)(n k -2) %_!(%_!-!) (»*-i-r)(» fc _i-r = l)_ 

2 2 2 

_ »*-«(» *- 2 - 1 ) _ 9 (»t-a-y)(»n- a-r-1) 

2 2 


_»(»—1) 9 (ra—r)(n—r—1)_ 

2 2 

— ^ )_ S 2 ( 5 27 ~JJ_ > Q 

2 2 ■""" 

But a J+ i = 2n } —r, 

(n J+l —l)(n j+1 ~2) = (2n,—r— l)(2n y —r— 2) 

2 2 

_(%——2) , %(%-!) , „(«,—»•)(%—»•—]) r(r-l) 
_ - - ( --- r* 2 - 2 ~ ’ 

(%+ !-1)(%+1— 2) !) 9 (%-r)(n ; ^r- 1) 

2 2 2 

_ ( n }—l)( n j—2) r(r-l) 

2 2 

This reduction may be applied again and again, beginning 
with the last curve and working backwards until we finally get 

(a—1 )(tc—2) Jc r(r-1 ) s^-l) s 2 (a 2 - 1) >Q 

2 2 2 2 ' " "" 

It is clear from this that there must be an upper limit to k, 
which means that eventually the point of order r has been 
broken up into points of lower order. We may attack each of 
these in the same way, and each of the singularities of the original 
curve which are not ordinary: every singularity so attacked can, 
eventually, be ground to pieces, and nothing new but ordinary 
singularities are introduced. We thus get 
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Nbther’s Transformation Theorem 11] Any irreducible curve 
may be carried by a factorable Cremona transformation into one 
with none but ordinary singular points .* 

The tremendous importance of this theorem will be more and 
more evident as our work proceeds. We see right now that if 
we wish to reach a property of curves which is unaltered by 
a linear or standard quadratic transformation, it is sufficient to 
do so for a curve with only ordinary singularities. 

We have seen that in the case of an irreducible curve 

the expression ——cannot be negative. 

There will be a similar expression for a reducible curve, which 
we need not here develop. We may, then, reason on a reducible 
curve, as we reasoned above on an irreducible one, getting 

Theorem 12] Any two curves may be carried by a factorable 
Cremona transformation into two with only ordinary singularities, 
which are nowhere tangent to one another. 

Here is a still more important result. We saw in Book I, 
Ch. II, Theorem 6], that in the vicinity of a point (x 0 , y Q ) which 
is either non-singular or an ordinary singularity, where no tan¬ 
gent is vertical, there are a given number of developments for 
y in integral powers of x—x 0 . More generally we may say that 
the whole neighbourhood of this point is expressed by a certain 
number of developments: 

= P0i+ a vilK+ a vi2 t t+-■ (13) 

This fact will be invariant under a factorable Cremona trans¬ 
formation. 

Puiseux’s Theorem 13] The whole neighbourhood of any point 
(y) of an algebraic plane curve may be uniformly represented 
by a certain finite number of convergent developments in power 

serresf x^ Pv y i +a yil t v +a vi2 t 2 v +.... (13) 

It is a tempting idea that perhaps we may push the simpli¬ 
fication of a curve by reducible Cremona transformations even 
further. A study of this question must be postponed to a later 
chapter, as it involves many facts which we have not yet 

* Nhther 8 , pp. 267 ff. There are many proofs in existence, that here given 
ie from Bertim*. t PuiBeux, pp. 397 ff. 
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exhibited. If, however, we ease the restrictions under which we 
are working so that the transformation employed is birational, 
that is to say, one to one and algebraic for the curve alone, and 
not for the whole plane, as is a Cremona transformation, we are 
able right now to get a much greater simplification. The scheme 
which we shall follow is the following. We first exhibit a one- 
to-one correspondence between a plane and a certain cubic 
surface. We show how, in applying this to a particular curve, 
one singularity may be completely exploded so that the plane 
curve goes into a space curve with one less singular point. 
Then we project the space curve back on the plane, introducing 
new singularities, all of which are nodes. Then we begin all 
over again. 

The totality of cubic curves are linearly dependent on ten, 
for there are ten coefficients in the general cubic equation. 
Through k points will pass, in general, 10—4 linearly indepen¬ 
dent cubics. The curves through eight points will form a pencil, 
all of whose curves go through a ninth point. Consider six 
points in the plane, which are not on a conic, nor are any three 
collinear. They will impose on a cubic not less than six inde¬ 
pendent conditions. If they imposed less than six, we might 
impose four more, and make the cubic go through four arbitrary 
collinear points. It would then have to ‘swallow’ the line on 
which those points lay, and the rest of it would have to be 
a conic through the six given points, which, by hypothesis, do 
not lie on any one conic. Let us call them the six 'fundamental 
points’ of the present discussion. Take four linearly indepen¬ 
dent cubic curves through them. 

foi x >y) = ° M x ,y) = ° M x >y) = 0 M x > y) = °- ( 14 ) 

The general curve of the linear series which they determine, 
the general cubic through the fundamental points, may be 

Wn ^ ien u ofa J r u ifi J r u 2f2 J r u 3f3 = V (1®) 

If the general cubic had a singularity at one of the funda¬ 
mental points, so would that cubic of the system which consisted 
of a conic through five of the points and an arbitrary line 
through the sixth, an absurd conclusion. On the other hand, 
we know by Bertini’s theorem 10] of Book I, Ch. VII, that the 
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general cubic of the system does not have a singular point not 
common to all the curves. 

Consider a point which is not fundamental. There will be 
one cubic of the system with a double point there. If there 
were more than one, there would be a pencil of them. But two 
cubics of the pencil would then have ten intersections and so 
be reducible with a common part, and this common part must 
either be a line through two fundamental points, or a conic 
through five. But, in neither case would the cubics of the pencil 
have a common double point. There will be a pencil of cubics 
with a node at each fundamental point, the tangents being 
variable. 

Let us now write the four equations 

p x o —f 0 ( x >y) p x i —fi( x ’y) p x 2=fi( x >y) p*z=h( x >y)- ( 16 ) 
If (x, y) move all over the plane, including the infinite line, the 
corresponding point in three-space will trace a surface which is 
of the third order. 

We see, in effect, that the plane sections of the surface corre¬ 
spond to the cubics of our linear system. Two of our cubics 
have but three variable intersections, hence two planes, or a line, 
meet the surface in but three variable points. Each non-funda¬ 
mental point of the plane will correspond to a single definite 
point of the surface. How about a fundamental point ? Let 
this be at the origin, and let us write (16) in the form 
px i = a l x+b i y+.... 

If x and y vanish, (x) becomes indeterminate. Let us write 
x = x'e y = y'e, 

substituting, dividing by e, since we have homogeneous co¬ 
ordinates on the left, and then putting e — 0, we get 

aXf = diX'+biy'. 

This shows that as x' and y' vary, approaching 0, (a;) will trace 
a straight line on the cubic surface. We shall call this a funda¬ 
mental line. 

The cubic surface has no singular point. A singular point has 
the property that every plane section through it has a singu¬ 
larity there. If this singular point were not on a fundamental 
line, it would correspond to a point of the plane which was 
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singular for every cubic through it, and ‘there aifi’t no such 
animal’. If it were on a fundamental line a doubly infinite set 
of plane cubics would have singularities at a fundamental point. 
One of these would include a line connecting two fundamental 
points, the rest would be a reducible conic through the other 
four singular points with a double point at one—impossible. 
The curve in a tangent plane at a general point of the surface 
will correspond to the cubic which has a double point at an 
assigned position in the plane. The pencil of cubics with a 
fundamental double point, say the origin, will be given by 
multipliers (u) which satisfy the equations 

(wa) = ( ub) = 0 

and so will correspond to the sections of the surface through 
the corresponding fundamental line. A point of the surface, not 
on a fundamental line, will lie on one plane through each of the 
six fundamental lines, and so correspond to the single non¬ 
singular point common to six cubics each with one fundamental 
point singular. The relation between plane and surface is, thus, 
one to one except for fundamental points of the plane, and 
fundamental lines of the surface. 

Our transformation from plane to surface has been sufficiently 
developed. Let us apply it to the simplification of curves. Sup¬ 
pose that we have a plane curve whose only singular points are 
ordinary. Let us take just one of them whose multiplicity is r, 
as fundamental in the transformation described above. A cubic 
curve of the system will meet this in 3n—r variable points, so 
that will be the order of the corresponding space curve. The 
space curve will have singular points of the same description as 
the plane curve, except that the one at the fundamental point 
has been shattered into r distinct non-singular points along a 
fundamental line. 

Let V be a point of the space curve. The lines through there 
meeting the curve again trace a cone. If V be a point of the 
surface, not on this cone, the line VV meets the curve but once, 
hence, by the ‘in general’ principle of BookI, Ch. I, a line through 
V which meets the curve once will not automatically meet it twice. 
We may thus project the space curve from V back into a plane 
curve which is in one-to-one correspondence with the original 
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curve. What singularities has this new plane curve % It has 
singular points of the same description as those of the original 
curve except for the one exploded, also some introduced by- 
projecting back from V. These can only be of the second order, 
for a line meets a cubic surface but three times, and we may 
assume that V does not lie on one of the twenty-seven straight 
lines which are easily shown to lie on the surface. They corre¬ 
spond to the six fundamental points, the six conics through five 
fundamental points, and the fifteen lines each through two of 
them. It is easy to see there are no others. Well, what will be 
the nature of these double points ? If V lie on a tangent to the 
space curve, the point of contact will go into a cusp; we can 
avoid that by taking V not on the developable generated by 
the tangents. Again, if a line through V meet the space curve 
twice, we wish the two tangents to be in different planes through 
that line, otherwise we should project into a plane curve with 
two mutually tangent branches at a point. We must place V so 
that it lies on no line meeting the curve in two points with 
coplanar tangents. How many lines are there which meet the 
curve in two points with coplanar tangents ? If there were a 
two-parameter family, then every tangent would meet every 
other one. If we have a set of lines of which each two are 
coplanar, then either all go through a point or all lie in a plane. 
If all our tangents were in a plane, the space curve would be 
a plane curve of order 3, and our transformation would be 
virtually accomplished as the order would be 3. It would either 
be non-singular or transformable into a conic. 

If all the tangents went through a point, say the origin, we 
should have d f = dy == df 

x y z 

The only solutions are sets of straight lines through the origin, 
a trivial case we may exclude. Hence there is only a one- 
parameter family of lines meeting the curve in two points with 
coplanar tangents, and we may assume V is not on them. 
Lastly, V must not lie in a tangent plane to the cubic surface 
at a singular point of the space curve, for fear of ‘squashing’ 
the latter in projecting back, nor on a line connecting a singular 
point with another point of that curve. If we keep V away 
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from these four one-parameter systems of lines, the only singular 
points introduced are nodes, one singular point of the old curve 
has been eliminated, and the new and old curves are in birational 
correspondence. We can do this same trick over and over again 
till only nodes remain. Lastly, if we remember Nother’s reduc¬ 
tion theorem 11] just proved, we have 

Clebsch’s Transformation Theorem 14] Any algebraic plant 
curve may be birationally transformed into one with no singular 
points but nodes* 

* The literature of this particular subject is very extensive. For a general 
discussion see Bliss. My authority for giving the credit of discovering it to 
Clebsch is Klein, see his footnote to Bert ini 1 . The idea of using the cubic 
surface in this way is due to Bertini, but he neglects certain precautions whose 
necessity was pointed out by Walker, q.v. 



CHAPTEB II 

DEVELOPMENT IN SERIES 


§ I. Development of the branches at a point* 

We shall begin the present chapter by repeating a theorem 
proved in the last. 

Puiseux’s Theorem 1] The whole neighbourhood of any point 
(y) of an algebraic plane curve may be uniformly represented by 
a certain finite number of convergent developments in power series 

*1 = ftyi+«*ii<r+«W5+-~ 

= (!) 

^3 = / 3 v24+ a K31^ + 6E v32^; + -” • 

Each point of the neighbourhood , except (y), will correspond to 
a single value for v and t v . 

Our present task is to find a direct way of determining such 
power-series development, without having recourse to quadratic 
transformations. After that we shall study the nature of the 
curve in the vicinity of a point, by studying the power series 
directly. 

It is to be noted that the highest common factor of all the 
exponents of t v in any one triad must be 1, otherwise there would 
not be a one-to-one correspondence between the points and the 
values of t v . The totality of points which make these series con¬ 
vergent shall be called a ‘branch’, the point (y) the ‘origin’ 
thereof. The neighbourhood of any point is made up of a finite 
number of branches. 

The power-series developments at an ordinary singular point, 
or cusp, have already been determined in Book I, Ch. II, so if we 
know the system of transformations which carry a given point 
into an ordinary singularity, we can get all the power-series 
developments. This is the method of Nother.f We shall follow 
a modification of the classical method of Puiseux developed by 
Appell and Goursat.J 

To simplify matters, let us assume that the singular point in 
which we are interested is the origin of a Cartesian system. We 

* In the present chapter I have maintained close contact with Jordan*. 
Another very important reference is Enriques-Chisini, vol. ii. 

t Cf. Ndther*, p. 267. J Cf. Appell et Goursat. nn. lRaflf 
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apply to the region the method of Newton, used in Book I, 
Ch. HI, to study the neighbourhood of a real singularity. The 
exponents of x and y are plotted as integral points in the first 
quadrant of a plane. Some of them are connected by segments 
of a broken line in such a way that on each segment lie at least 
two of these marked points, and the others are shut off from 
the origin by the straight line on which the segment lies. Let 
the equation of the curve be 

%A i x a <yfr = 0 (2) 

ra p +sP p = ... = rat x +ap x = ... = ra a +s£ fl ; 

fi g ftp _ fi g &_ ftp _ r ^ 3 ) 

<*p —<* 9 »(? “*>—<*A «* ' 

Put x = x' T , y — y’x' B and divide by (r') r “A+*^* > 

(y')Pp<f>{y')+x'ili(x',y') = 0. (4) 

The degree of <f> is p Q —^ p , and it has this number of roots, 
distinct or coincident, different from 0. When x is close to 0, 
by the Fundamental Continuity Theorem 4] of Book I, Ch. I, (4) 
will have P g —f} p roots close to those of 

<t>(y') = o. 

Consider this equation more closely. 

7* 

The exponents are of the form P\—P p = -(a p —a x ). Since r 

s 

and s are relatively prime, must be divisible by r. Let 

us rewrite the equation ${y' r ) = 0 (5) 

Suppose that, looked upon as an equation in y' T , it has a 
simple root y' 0 T , as an equation in y' it has r roots y' Q> dy' Q , 

ey 0 ,..p =1. 

Close to these we have sets of r developments: 
y' = yo+a 0 iX , +- 
y’ = Oy' 0 +a n x'+... 

y' = B 2 y , 0 +O'ti x '+- 


y — y'o x ' eJ r a 01 x' s+1 +... 
y = dy' { p' , +a n x'*+ 1 -\-... 
y = & t y' 0 x'*-j-a ei x , * +1 -\-... 
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* *~*~ 1 

y = y'^+a 0 ^; r 

8 8+1 

y = %^+o a a: r -}-... 

8 8+1 

y = ^ar+a 21 a; «■ + ... 


If, in the first equation of the last set, we replace af by 0*ar, 

we get s i 

y = xr[6 k *y' Q -! r c 0l xT-! r ...] 

V’ = 6 k %+c 01 x'+.... 

and this must be one of the previous r developments for y' in 
terms of x'. Hence, there are but r developments of the present 

i 

set for y in terms of ar, and these are found from one of their 

l 

number by permuting the values of xr. 

Suppose, now, that (5) looked upon as an equation in y r has 
nothing but multiple roots. Let y' 0 be one of them, and write 

y' = y'o+y'-, 

we get from (4) Q(x',y') = 0, 

and this curve has a multiple point at the origin. If we could 
find for this a development of the sort 

*_ _ 8^+1 

f = y’oX'r'+a^’ f +... 

sr' sr'+ra ' 

y = y'< i x*+a 1 x rr 

and we have the desired result again. In fact we shall always 
reach this eventually unless a continual change of variable in 
this way never produces a drop in the order of the singularity. 
Let us show that such cannot be the case. Suppose that there 
is no drop at the start, and the original curve and (4) have 
singular points of the same order at their respective origins, 
<£(y') is an equation in y' T , and if it is to have only one root 
which is not 0, we must have r = 1 

x = x' y — y'x'*, 
while (4) takes the form 

( y'-y'ofi +x't(x',y') — o. 

If we put y' = y'o+y” y = y'^+y'x* 

®(x,y”) = 0 y = y'oP+ylP-^'+y"'' 
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If © has just as bad a singularity we may keep on indefinitely. 
But we know that eventually fractional powers will begin, and 
tiie lowest of these is not indefinitely large. Hence the singu¬ 
larity must eventually improve, and the process come to 
an end. 

Let us consider some special cases. 

A) An ordinary singularity with no vertical tangent. 

The broken line has but one segment, given by the terms of 
lowest order n _ 7 7 7 , 


o = {y-h x )(y- W-(»—***)+- 


- = 1 a p = k 
s 


7 — k P P = 0 
y = l 1 x+a li x 2 +... 
y = l 2 x+a 22 x 2 +... 


oc Q = 0 




x^t, y = l 1 t+a n t 2 +. 
x = t, y = l 2 t+a 2i t 2 - 1-. 


B) A cusp with a non-vertical tangent. 

0=(y-lx) 2 +f a (x,y)+... / 3 (U)#0 

r = s = 1 y — y'x' 

0 = (y'-l) 2 +x' f s (l,l)+... 

y' = l+y' 

o = y' 2 +x'Ui,l)+.... 

Here 

<*p=I P p = 0 a 4 = 0 [} Q = 2 r= 2 «=1 

x'=x” 2 y' = y’x' 

0 = y* a +/*(i> 0+-- 
y’ = 
y' = 

y = fe+V—, 

or * = y = J^-j-V-/ 3 (l,i)t8+a/+.... (7) 
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C) A cusp with a vertical tangent. 

0 = x 2 +/ 3 (x, y )+... /,(0,1)^0 


P P = 0 


« fl = 0 


& = 3 


y = y'x' 2 


o = i+y’W,i)+... 

y,= zl~M o,i) + “ ll: ' + '- 


X = < 3 


y= y~/»(onr l+,, ‘ J+ '"' 


Suppose that at a point (y) a curve have fc developments of 

the type (1). To find its intersections with a curve <f>(x v x 2 , x 3 ) = 0 

we write , , , A 

Pi Pa ••• Pk — b, 

where we mean by <f> { the result of substituting the ith triad in 
<f>. In the vicinity of ( y) our curve <f> will also consist in a certain 
number of branches. The equation just written shows that 
the number of intersections of the two curves is the sum of the 
number of intersections that one has with the various branches 


of the other. This applies to either curve, which gives 

Theorem 2] The total number of intersections which two curves 
have at any point is the sum of the number of intersections which 
each branch of the one with that point as origin has with each 
branch of the other with that origin. 

We may determine the number of intersections in another 
way. Let us have (x 0 , y 0 ) as a point common to the two curves, 
such that no other intersection has the abscissa x 0 . If y i on one 
curve and on the other correspond to the same abscissa x, 
the expression II(y f — yf), which is rational in x, will vanish as 
many times for x = x 0 as there are intersections there. 

Theorem 3] If two curves meet at a point (x 0 , y 0 ) and have no 
other intersections with this same abscissa, the number of inter¬ 
sections at that point is the multiplicity of x 0 as a root of the 
resultant of the corresponding polynomials when looked upon as 
polynomials in y.* 


* For an elaborate discussion of the number of intersections treated in this 
way see Segre 1 , pp. 1 £f. 
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Our theorem 3] shows that the problem of finding how many 
intersections two curves have at a common point is, by 2], the * 
problem of counting the intersections of two branches with the 
same origin. This we shall study in very great detail. In order 
to do so intelligently, we must make a more detailed study of 
the series-developments like (1). 

§ 2. Invariant numbers for branches 

Suppose that we get a development for y — y 0 in fractional powers 
of x—x 0 by the method of Puiseux developed in the last section: 

gt pi 

y—y 0 — ®o(*— ; ^o)+a k (x—x^Po+afx-, x 0 )po+... • 
Introducing the auxiliary parameter t we may write this 
x = x 0 +tPo y = y 0 +a 0 tP<‘+a k t p >+ ... a 0 a k =£ 0 ; 

we note at once that p 0 gives the number of intersections with 

a non-tangent line through (x 0 , y 0 ). The equation of the tangent 

will be , . 

V Vo — a o( x *o)> 

and the number of additional intersections with the curve is 
Pk—Pa- The number p Q is called the ‘order’ of the branch, and 
Pk~~Po ds class." 1 

Theorem 4] The number of intersections which a tangent at the 
origin of a branch has vnth the branch at that point is the sum of 
order and class. 

This theorem appears a little ridiculous, since the class was 
defined as the excess intersections possessed by the tangent, 
but we shall find another independent definition later. Let us 
write our branch in the more general form 
x i — yi+b ia s ao +b n 8^+... 

x ‘t = y2+bzd> , ’ 0 +b 2i 8 a i+... ( 9 ) 

x 3 = y3+b 30 8 O °+b al 8°l+... . 

The order will be the first exponent for which the three coeffi¬ 
cients are not proportional to y k :y t : jfe. There must be such a 
term, otherwise the branch would be a single point. If there 
be successive terms with coefficients proportional to y x .y % '.y 3> 
even if there be an infinite number of such, we may group them 
all together at the be ginning . It is not possible that the three 

* These names are due to Halphen 1 , vol. iv, pp. 4 ff. 
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coefficients in one column are linearly dependent on (y) and the 
first three not proportional to the yf s, as then the tangent 
would be entirely contained in the branch, a case we naturally 
exclude. Let us, then, group together all the terms whose 
coefficients are proportional to the yfs and all proportional to 
the first set of coefficients not proportional to the yfe, and then 
write the subsequent terms. We get 

x i = y 1 fl-r^iS+P2* 2 +-]-i-aio[« po -r?iS po+1 + ..-]+a 1 i« pl +-- 
^2 = 2f 2 [l+Pi«+PiS 2 +-]+a 2 o[ sM +5'i« w+1 +-]+«*i« Pl +- 
= y 3 t 1 +Pi«+P2« 2 +-]+a3o[ sP0 +9iS p0+1 H--]+ a 3i®' >1 +- • 
Since our coordinates are homogeneous we may first divide 
out [ 1 +PiS+P 2 « 2 +...] and write 

rP0== eP‘>+q 1 8 P°+ 1 +... 

1 +J } i*+J ) 2 s2 +-’ 

Then s is an analytic function of t whose derivative does not 
vanish with t, we may solve for a = t+Z 2 t 2 +... 

x i = 2 /i+®io Tf,# + a u TPl +... 

x a = Vi +“ao 1 ^ 0 +®2 i tPi + • • • (10) 

x 3 = 1/3 + a w rPo+d 3l TPy + ... 

\ya<Pi\ ^o. 


The class of the branch is then p t —p 0 . 

Theorem 5] The order and class of a branch are unaltered by 
a collineation of the plane. 

An algebraic curve, as we have often pointed out, may be 
looked upon as the envelope of its tangents, quite as well as 
the locus of its points. If we apply this to our branch (10),we get 


i = 


Dividing through by t Po ~ 


x ) x k\ 

x] x' k ,' 


u i = Po 


Vi y k \ +pi Vi y k 

a j0 0 * 0 ! a il °kl 


( 11 ) 


If, then, we remember that a curve and its dual are sym¬ 
metrically related, the tangents to the one correspond to the 
points of the other, we get 
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Theorem 6] The order and class of a branch of a curve are the 
class and order of the polar reciprocal branch with regard to a 
general conic. 

Theorem 7] The number of tangents to a curve from the origin 
of a branch accounted for by the tangent to the branch is equal to 
the sum of the order and class. 

We must now turn aside to study some arithmetical pro¬ 
perties of series of integral powers, which give us further 
invariant numbers for the branches of a curve. 

Definition. Given a set of positive integral powers of a 


variable t, 


T — a-\~aQtPo~\-ajtPi-\~. 


( 12 ) 


An exponent shall be said to be ‘characteristic’ if the coefficient 
be not 0, and be not divisible by the highest common factor of 
the preceding exponents. Every time a characteristic exponent 
appears, the highest common factor is reduced, hence: 

Theorem 8] The number of characteristic exponents of a series 
of increasing positive integral powers is, necessarily, finite. 

Let the characteristic exponents in the series (12) be p 0 , p a , pp. 
Let S be such a function of T that 


dS 

dT 


^0 


T = a 


S = S 0 +A 1 (T-a)+... A x ± 0 
T—a = fPolao-j-a^Pi-Po-j-...] 

[T—a]p = tPPo[aP+paP 0 - 1 (a 1 tPi-Po...)+^ f) ~~ a o~ 2 ( )*■■•]■ 


If we substitute in S, the lowest power of t appearing with a 
non-vanishing exponent is tP». An exponent between p 0 and p a 
must come from a term where the outside exponent pp 0 is less 
than p a and so is divisible by p 0 . The terms taken from the 
inside have exponents less than p a , and so these are divisible by 
p 0 . The earliest characteristic exponent is p a , and this can only 
come from T—a, for when the sum of the inside and outside 
exponents is p a and the outside is greater than 0 but divisible 
by p 0 , the inside must be greater than 0 and less than p a —p 0 > and 
so divisible by p 0 , and this is a contradiction as p a is not divisible 
by p 0 . The coefficient of p a is A x a v which, by hypothesis, is 
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not 0. By similar reasoning the next characteristic exponent 
is pp from the term A x aprPp. 

Theorem 9] If T be an analytic function of t in the vicinity 
of t ~ 0, and if 8 be an analytic function of T in the vicinity of 
T( 0), and if the derivative of 8 do not vanish there, then when 
S and T are expressed as positive integral powers of t, they have 
the same characteristic exponents, and proportional coefficients for 
them. 


Theorem 10] If T( 0) ^ 0, then terms with characteristic ex¬ 
ponents in the development of ~ in terms of r are 


Let us next suppose that we have two series, 
c + c o tP ° + c 1 tPi + ••• c 0 0, 

d-\-dQTPo-{-d]TPi-\- .... 

An exponent shall be said to be ‘characteristic’ for the two 
series, if it appear in at least one, and be not divisible by the 
highest common factor of all smaller exponents that appear in 
either series. We shall also assume that if px be a characteristic 
exponent, |c 0 c A 

k <*A ‘ 

Let us change the independent variable, writing 
tPo — C 0 tPo -f- CjTPi 

T=t{c„^+p 1 t+p 2 t 2 -{-...]. (13) 

The lowest exponent in the parenthesis which is not divisible 
by p 0 is p a —p 0 . Suppose there were a lower one, p it the lowest 
of all such. Then c 0 rPo would give a term tPo+P<. This would 
have to be cancelled in the expansion for tP* by terms coming 
from higher powers of r, say c^tPI. The outside t would have an 
exponent greater than p 0 but less than p a , and so divisible by 
p 0 ; the power of t taken from the inside would have to be less 
than p it yet not divisible by p 0 , and similarly in the expansion 
for t there would have to be a term to a power less than p ( not 
divisible by p 0 , which contradicts the hypothesis. 

If p 0 <pi< pa, the term tP< will not produce a tea, for p f is 
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divisible by and the exponent of the term taken from the 
inside is less than p a —pQ and so divisible by p Q , whereas p^ is 
not so divisible. Hence, such an expression as tP<* can only come 
from rPo and rPa, and as the two must cancel one another in the 

Pa+1 
C C Po 

expansion of tPo, the coefficient of tP*-Po in (13) must be ——-. 

Po 

In general, the characteristic exponents in the expansion (13) 
are p 0 —p a > Po — P/3>--> an d the corresponding coefficients are 

pa+I _ P/3+l 

_^ot^O P° _ c (fio P° 

Po Po 


Now let us substitute for r in the second equation. The 

coefficient of tPo will be ~ . An exponent between p 0 and p a will 
c o 

be divisible by the former. The next characteristic exponent 


will be p a with the coefficient 


°o 

1 d n d~ 


Pat 


=£ 0, and, in general, the 


characteristic exponents are p 0 , p a , pp, ... and the coefficients 


# 

do 

c o c <* 

j d 0 d a 


c o C B 
\ d o dp 


c o' 

r+i 

c 0 Po 

} 

p ±+i 

c 0 Po 


Theorem 11] Given two series 


C -j - CqTPo -j- C^tP 1 -|- ... 
d -j- d qtPv -|- djrPi -f*... 

vith the characteristic exponents p 0 , p a , pp, and with the restriction 


m the coefficients that if p\ be a characteristic exponent 
hen if c 0 ^ 0, and if we write 


c o C A 

dn d\ 


^0, 


tfi« — CoTPo + Cj tPi + ... , 

he second series when expressed in terms of t will have the same 
■haracteristic exponents as the original two series. 

Suppose, lastly, that we have a branch written in the normal 
orm (10). An exponent shall be defined as ‘characteristic’ if it be 
lot divisible by the highest common factor of all the exponents 
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that have previously appeared in any one of the series. We 
know, by the way that the normal form was derived, that 

IWaI #0. 

Theorem 12] The characteristic exponents of a branch in normal 
form are unaltered by a linear transformation of the plane. 

Let us assume that y 3 is not equal to 0. By theorem 10] — 

x 3 

has the same characteristic exponents as x 3 , with the coefficients 
.. . These will also be the characteristic exponents 

y\ y\ 

X X 

of —, —, the coefficients being 
x 3 


Vi 

y 3 

y 2 y 3 

a n x 

a 3a 

1 a Za a 3«. 


vl ' y‘s 

These could not both vanish, for then we should have 

V\y%y3 — ®J<* :a 2a :a 3a> 

which is contrary to the definition of the normal form. We 
may, therefore, write 

x = — = x 0 + <V rPo + cp-H -f... 

*3 

y = - = y 0 +d 0 TPo+d 1 TP i +.. . 

X 3 

It appears, then, that these two series have the same charac¬ 
teristic exponents as the three series of the branch. We thus 
get from 11] 

Theorem 13] If a branch of a curve be written in the normal form 

x i = +®io Tft) + a n Tft 

x 2 =-y 2 +a2 0 TP'>+a 2l TH+... ( 10 ) 

*3 = y-i+ a M TP,> + a 3i rPi +--' 

\ya<Pi\ ^ 0 , 

it may also be written in the simplified form 

x = x 0 +tfio y = y 0 +a 0 tP*+a 1 V , i+.... (14) 

The characteristic exponents are the same for the two forms. 
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§ 3. Intersections of two branches 
Definition. Given two branches with a common origin (y), 
x i = yi+a 10 TPo+a n rP'+... x x = y x -\-A w T R «+A u T*i+... 
x a = y 2 +a 20 TP°+a 21 Tp'+... x t = y 2 +A 20 T R <‘+A n T R '+... 

*3 = y 3 +«3o T ' >0 + a 3i TPl +- x 3 = y3+A so T R «+Az l T R ' + ... 
jPo 

If we put T = tR o, the infinitesimal order in r of the expression 


^ & 

x i x 2 x 3 

*^2 *^3 


where (£) is an arbitrary point, shall be called the ‘propinquity’ 
of the two. 

It is evident that it is unaltered by a linear transformation 
of the plane or by dividing through by any analytic function 
of r which does not vanish with that variable, or by the replace¬ 
ment of r by an analytic function thereof which is defined for 
t = 0 and whose derivative does not vanish for that value. The 
propinquity will, thus, remain unaltered under all those trans¬ 
formations which carry our form (14) into the form (10). But 
when we have two branches in the form (14), 


x = x 0 +tP° x = x 0 +T R ° 

y = y 0 -\-a 0 tP«+a 1 tPi+... y = y 0 +A a T lc «A-A x T R ^A-- 
the propinquity, which is merely the infinitesimal order of the 
expression p Vy—f, turns out to be the smaller of the two 

quantities , ^ +1 
Po -**o 

a i = A i ^ = § » = 0 , 1 ,( 16 ) 

Po -‘‘o 

Let us now see just how many intersections the two branches 
(15) have at (x 0 ,y 0 ). We write them in the form of fractional 
power series P , 

V = Vo+%(*- x o) +®i(z -XoV* + ■ ■ ■ 

«i 

y = y 0 +A 0 {x-x 0 )+A 1 {x-x Q )n<,+.... 

Thenumber of intersections is, then, the degree in*— x 0 = x—x 0 
d the expression IHjq—t/*), 
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where y t is given each of its p 0 values, and each of its R 0 . 
If a 0 ^ A 0 , this is clearly p 0 R 0 . 

Theorem 14] If two branches have different tangents, the num¬ 
ber of their intersections is the product of their orders. 

This will lead immediately to a new proof of the fundamental 
intersection theorem 10] of Book I, Ch. II. 

To find the number of intersections in the general case, let 
us pick that determination of y—y 0 and that one of y—y 0 which 
yield the greatest number of intersections. Let us assume that, 
in that case we have the relations (16) with the additional 
inequality. Let us call these the determinations* $q— y 0 , y\—y g - 
How many determinations of y—y 0 are identical with y x —y 0 

up to the term a^x—x 0 )po * Such a determination is obtained 

by replacing (x—x 0 )po by 6 m (x—x 0 )pa where 8p<>~ 1. We must 
have Qmp 0 _ Qm Pl _ _ \ 


m Po = mp 1 ~ ... = rnp^ = 0 (modp g ). 

For how many different values of m < p 0 can these congruences 
be satisfied 1 Let the highest common factor of p 0 , p 1 ,...,p fl be 8^. 

mp t — mXfip = 0 (mod AqS^J 
mA, = 0 (modA,,). 

Let m = pq, A 0 = pa, for A,, cannot divide every A, as 8^ would 
not be the highest common factor of the pf s: 

pqXi = 0 (mod pa) 
q\ = 0 (moda). 

Now a cannot divide q by hypothesis, and it could not divide 
Af, and A t -, for then the highest common factor of the p 0 ’s would 
beS^a. Hence a =1, m = q X 9 . 

But m < p 0 =A 0 8 ft . Hence q < 8^. The condition is necessary 
and sufficient, or m takes 8„ different values. 

. <v+i 

The difference between each of these and —j/ 0 is (x—x 0 ) p* 
In the same way we find that the number of determinations 
which coincide with tq—y 0 up to and including the term 

p*-i 

x Q ) po is 8^, but from these we must, of course, deduct 


S781 


* The next few pages are very close to Jordan 1 . 
Q 
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those which coincide further. The total number of coincidences 
with values y 0 will be 

y ( Sa - i - sa )-+ s ^. 
n po p» 

We pass from y x —y 0 to another value y m —y 0 by replacing 

1 m 1 mitt 

(x—x 0 )m by dn«(x—x 0 )Ra, i.e. by replacing A i by 9 it e A { , but 


at the same time we shall replace a i by d m pt>a i since 


Hence the total number of intersections is 

[yW^+s/^ 

On ^ t 


Pi. 

Po 


Ri 

Rn 


R n 


A=i 


Po ' Po 

It remains to show that this is an integer: 

P\~_R\ j? _PA 

~ ~5~ R* 

Po -^0 

PX _ S A R< 


^R 0 

Po 


Po 

Rn R\ 


1 0 -* X A Po 


^fiPfi+l ^fiP/i+1- 


Lastly, let us notice that if be divisible by S^j, then = §a> 
so that we need consider only the characteristic exponents. 
Theorem 15] Given two branches with a common origin (y) in 

*,-*■+a^+c„P’. + ... 

x i = y i +A i0 T B °f-A tl T R i+- 

with orders R 0 and p 0 respectively. Let the highest common factor 
of the characteristic exponents p 0 , p a ,...,px be 8* and that of the 
characteristic exponents R 0 , Bp,..., R^ be A^. If we put tP° — T R « 

and if the propinquity be ; then the number of intersections of 

Po 

the two branches is 


R 

whereas, if the propinquity be -!t + ~ , it w 


R n 


<=M 


2 ( s a-i— s a )Rx+b li R /i +i- 


(17) 


(18) 


i=l 


Since the only exponents involved are the characteristic ones, 
finite in number, and p /1+1 , JZ +lf we shall get the same number 
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of intersections if we disregard the subsequent terms in the 
power series, and treat our curves as if they were rational curves 
completely given by the polynomials which remain out of the 
series. 

Theorem 16] In finding the intersections of two branches with 
a common origin, we may replace each given curve by a rational 
curve having in the given position a singular point whose branches 
are of the same order, same characteristic exponents, and same 
propinquity unth the branches of the other curve* 


§ 4. The effect of a quadratic transformation on a branch 

It is time to see what effect a standard quadratic transforma¬ 
tion will have upon the significant numbers connected with a 
branch. There are five different cases which might be studied 
but we shall merely take up two, that where the origin of the 
branch is not a fundamental line, and that where it is at a 
fundamental point but the tangent to the branch is not a funda¬ 
mental line. In the first case our branch can be written 


Xl = y x +Po 

a; 2 = 2/2 + a O^ 0 + «'l <Pl +- 

^ 3 = 2/a = 1- 

Writing x[ = x } x k , 

x ’ 1 = x 2 = y 2 +a 0 lP<>+a 1 V , i+... 
x ' 2 = = t/i+fPo 

*3 = 2/i 2/a + (2/i a o+ 2 / 2 )^° - a o (2p °+ a i yf Pl ■ 

The order will still be p 0 since the continued proportion 

2/2 = Vi ■ 2/i 2/2 = a o : 1: 2/i a o+2/ 2 

could not hold when no (y) vanishes. The characteristic ex¬ 
ponents will be as before, for the three-rowed determinant 
associated with a characteristic exponent p k is 


2/2 a o a h 


Vi 1 


0 


= «A2/i2/ 2 ^0. 


2/i2/2 y^Q+Vi 2/i«A 


* This oonoept has been much elaborated by Brill 1 . 
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Suppose that we have a second branch with propinquity . 

Pa 

*l = 2/l +T Ro 

* 2 = y 2 +A 0 T R o+A 1 T B ^+... 

* 8 = y 3 — i 

x 1 = y 2 +A 0 T R o+... 

x'2 = yi+T R ' 

x'3*=yiy2+{yiA 0 +y 2 )T R °+... 

f ^W^ r \ = pt** +.... 

Theorem 17] If two branches have a common origin which is 
not on a fundamental line for a standard quadratic transformation, 
their orders, characteristic exponents, and propinquity will not be 
altered by the transformation. 

Theorem 18] The number of intersections which two curves have 
at a point which is not on a fundamental line of a standard quad¬ 
ratic transformation will be equal to the number of intersections 
which the transformed curves have at the transformed point. 

Let us now assume that our singular point is a fundamental 
one for the transformation, but the tangent is not fundamental. 
We may write the branch 

x x = tP» 

x 2 — a 0 ^°+a 1 <Pi 

x 3 = 1 
, 1 

x, = — XjX k 

1 p>0 J K 

x’j = ag+a^-Po... 

* 2=1 

x' 3 = a 0 ^o+®i< Pl . 

Here we have several cases to deal with. 

A) pi~Po < Po • The order of the branch has been reduced. 
We might think that the characteristic exponents had been 
reduced also to p a — p 0 , but such is not the case, for the corre¬ 
sponding two-row determinants are 0. The characteristic ex- 
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portents are as before, for the terms involving them appear only 
in x' 3 , and the two-row determinants are of the form 

!>° #o. 

0 a A 

B) Pi~p 0 > p 0 - The order has been untouched, but the 
characteristic exponents reduced by p 0 . 

Theorem 19] When the origin of a branch of higher order than 
the first is fundamental for a standard quadratic transformation, 
but the tangent is not, either the order or the characteristic exponents 
will be reduced by the transformation, and neither can be increased. 

Theorem 20] Every curve may be reduced by a factorable Cre¬ 
mona transformation into one with only branches of the first order. 

Suppose, now, that we have two curves with branches of the 
first order tangent to one another at a fundamental point, we 

write them . 

x l = t 

= a l t-\-a z t 2 -\-...-\- 

*3=1 
X x — t 

= a l t-\-a % t 2 -{-...-\-a ll ti l -^-A ll+1 ti i + 1 
x 3 = 1. 

The transformed branches will be 
x’ 2 =l x 2 = 1 

x’ 3 = aft -fa 2 t 2 -f .. .+a M 1 tn + 1 -\-... x' 3 = a x t+ a a < 2 +... +A fi+1 ti i +*+..., 

and the propinquity will be cut down from /x+1 to p. 

Theorem 21] Any two curves may be carried by a factorable 
Cremona transformation into two with only ordinary singularities, 
which are nowhere tangent to one another. 

This is merely theorem 2] of the last chapter. 

Our theorem 16] may be generalized very easily by taking 
a general analytic transformation of the plane. Let us prove 
the obvious proposition that the number of intersections of two 
curves at a point where the Jacobian of the transformation does 
not vanish will remain unaltered. 

x = x 0 +tp° y = y 0 +a 0 tp, ‘+ a i tPl +-- 
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Let 


DEVELOPMENT IN SERIES 
x'-x'z = <x 1 (x-x Q )+h(y-y 0 )+... 

v’-y'o = yi(*-*o)+My-y 0 )+.-. 


a l Pi 

Yi S i 


# o. 


The transformed branches will be 


x' — Xg-(-{ a l+^iO!o)^ >0 + — 

y' = 2/o+(yr+- S 1 a 0 )<'*®+.... 
We could not have , 0 „ 

“i+Pi a o = 0 
yi+S^o = 0, 


for then 


«i Pi 

Yi S i 


= 0 . 


The order of the branch is unaltered. In the expansion of x' the 
exponents between p 0 and p a must be divisible by p 0 , and so 
are not characteristic; the first characteristic exponent is p a , 
provided the corresponding two-row determinant is not 0. This 
can only come from y—y 0 , hence the determinant is 


a l~\~Pi a 0 Pl a u 

yi + 8l«0 Va 


a l Pi 

Yi h 


a a ^0. 


In the same way we shall have the characteristic exponents 
pp,p Y ,... for the two-row determinants will take a form like that 
just given. 

Suppose that we have a second branch 


x = x 0 +T K '> y = y 0 +A 0 T R °+A 1 T R i 


x’ = x' {j +(oc 1 +p 1 A 0 )T R »+... 

y' = y'o+(Yi+8 1 A 0 )T R o + ... 


£ x' x' 

/ 


v y' y' 


v [(yi+Si«o)^+-] [(yi+8 1 r«<-)+...] 

i i i 

V 

i i i 


If we put tf* = T 1 ^ and call the propinquity of the two 

Pii 

original branches, the expression above takes the form 

Pit+i 

pt f* 
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Theorem 22] The number of intersections of two curves at a ’ 
point where the Jacobian of an analytic transformation does not 
vanish is unaltered by that transformation. 

This theorem is so evident that one seldom bothers to prove 
it. Let the reader devise another proof suitable for non-algebraic 
curves. 



CHAPTER HI 

CLUSTERING SINGULARITIES 
§ 1. The general idea of clustering singularities 

In the last chapter we showed in detail how the number of in¬ 
tersections of two branches with a common origin may be deter¬ 
mined from their characteristic exponents and propinquity. The 
same problem may be studied by watching the effect of successive 
standard quadratic transformations on two intersecting curves. 

Suppose that two curves of order n v n 2 respectively share a 
point whose order for the one is r 1 and for the other r 2 . The 
number of intersections there will depend on a certain number 
of the coefficients and exponents in the power-series develop¬ 
ments for the different branches. If we take the chosen point 
as fundamental, while no tangent thereat is so, then the three 
fundamental lines will meet the first curve elsewhere in « 1; 
n i~ r i> n i~ r i points, all distinct we may assume, and the second 
one, likewise, in n 2 , n 2 —r 2 , n 2 —r 2 distinct points. The trans¬ 
formed curves will have ordinary singularities of just these 
orders in the three fundamental points, and we may imagine 
the tangents to one distinct from the tangents to the other. 

Let N be the number of intersections which the original 
curves have at the given fundamental point. The number of 
their other intersections will be, by Bezout’s theorem 9], Book I, 
Ch. I, n^n^—N, and such of these as are not on fundamental 
lines will be carried over into equal groups of intersections for 
the transformed curves by the last theorem of the preceding 
chapter. The total number of (2n 1 —r 1 )(2n i —r 2 ) intersections 
of the new curves are accounted for in the following way: 

A) 7iyH 2 intersections at the first fundamental point; 

B) (n 1 —r 1 )(n 2 —r i ) intersections at each of the other funda¬ 
mental points; 

C) njMjj —N intersections not on any fundamental line; 

D) N' intersections on the fundamental line opposite the 
singular point: 

(2n 1 —r 1 )(2n 2 —r 2 ) = n 1 n i +2(n 1 —r^nz—rJ+rijiiz—N+N' 

= (2%—r 1 )(2» 2 —rj+iy,— N+N' 

N = r^+N'. 
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Theorem 1] If an intersection of two curves be fundamental for 
a standard quadratic transformation, though neither curve touches 
a fundamental line there, and if they be quadraticatty transformed 
into curves with only ordinary singularities and different tangents 
at these three fundamental points, then the number of intersections 
which the first two curves have at the given fundamental point is 
the product of the orders of this point for the two curves, plus the 
number of intersections which the transformed curves have on the 
opposite fundamental line* 

It appears, thus, that our original curves intersect as though 
they had two ordinary singular points of order r x and r 2 re¬ 
spectively in common, as well as other complicated singularities 
infinitely near, yet the latter are necessarily of slightly improved 
structure, as we saw in 19] of the last chapter. Let us fix our 
attention, for the moment, on a single curve /. 

The singular point shall be 0 3 , the other fundamental points 
0 1 and 0 2 . The first transformed curve shall be It will have 
singular points at O v 0 2 , 0 3 , and a series of singularities of orders 
r' n , r' n , etc., at points 0' n , 0' 32 ,... of 0 2 0 2 . The total number of 
intersections with 0 2 0 2 at these points will be r 2 , but this may 
well exceed the sum of their orders if there be tangency at any 
point. Let us take an arbitrary conic through 0 2 , 0 2 , 0 3 , and 
Q v Q 2 as two arbitrary points thereon. Let us make a Hirst 
quadratic transformation of the type (6) of Book II, Ch. I, 
using as fundamental the points Q v Q 2 , and Q 3 the pole of 
Q y Q 2 with regard to the conic. All points of the conic but 
Q v Q z are non-fundamental in this transformation and stay in 
place, the general structure and intersections of curves passing 
through them will be unaltered. This will be the case with 0 V 
0 2 , and 0 3 . Our curve /' is carried into a curve <f>' of order 
2(2 n—rf) with ordinary singularities of order n 1 —r 1 , »!— r v and 
n 2 at 0 V 0 2 , and 0 3 respectively, and with points of like structure 
to 0 31 , 0' 32 , etc., at the transforms of these. Now take two points 
Q\, Q 2 infinitely near to Q x and Q 2 on the same conic, and Q' s 
the pole of their line, and transform again in the same way. 
The product of these two Hirst transformations will be a factor¬ 
able Cremona transformation, which differs infinitesimally from 
the identity, an infinitesimal Cremona transformation in fact, 
* Cf. Nother*, p. 326. 
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which tarries/' into a curve <f>" of order i(2n l —r 1 ) with singu¬ 
larities exactly like those of /', besides three of high order but 
simple structure at Q[, Qi, Q' z . 

The curve <f>" lies infinitely near /' and has singular points 
exactly like 0 3 i, 0 a ' 2 , etc., but off the line 0 X 0 2 . Hence, when 
we transform this by our original standard quadratic trans¬ 
formation, we shall get a curve which lies infinitely near / and 
the fundamental lines counted twice, with an ordinary singular 
point of order r x at 0 3 , and other singularities infinitely near of 
the structure of 0 a [, 0 3 ' 2 , etc. 

As an example of how this process works, consider a curve 
with a ‘beak’ at the point 0 3 : 

0 = (p 1 x 1 +p 2 x 2 ) 2 x$- 2 +i/> B [(p 1 x 1 +p 2 x 2 ),x a ]x%- s -j-..'. 

This will become 

0 = (p l x 2 +p^x 1 ) 2 x^- 2 x^- 2 +ifi 5 [(p l x 2 +pp: 1 ) x l \x^- 5 x^- b xl +.... 

Let us write x x = 

*2 = — Pz +^2 
x 3 ~ ty>3 

and substitute. We have two roots A = 0, except when 

when there are three. Hence the transformed curve has a cusp 
on x 3 — 0 at the point (p v —p 2 , 0). Moving this off a slight 
distance and transforming back, we have a curve, infinitely 
near our original one, with a node, and a cusp infinitely near 
thereto. 

Our original singular point at 0 3 will be the limit of an 
ordinary singularity, and a number of approaching singularities. 
But each of these may be analysed in the same way into 
ordinary singularities and others approaching. Continuing thus 
we find, no matter how complicated the original singular point 
is, it may be treated as a limit of approaching ordinary singular 
points. 

Theorem 2] Any singular point is the limit of a system of con¬ 
verging ordinary singular points, whose orders are given by those 
of the point's to which it is carried in a standard quadratic 
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transformation, the corresponding numbers for these points, and 
so on. 

We shall say that we have at 0 3 , under these circumstances, 
clustering singular points 0 3 , 0' 31 , 0' 32 ,..., 0\ ix , 0 " Ui ... of orders 

r x> r iv r i<i> . . .. or that 0 3 is the leader of a ‘train of 

infinitely near singularities’. This means that 0 3 has the multi¬ 
plicity r 1( its first transforms have the multiplicities r u , r 12 . 

theirs in turn the multiplicities r Ui ,.... The positions of the 
clustering singularities are known in the sense that the positions 
of their first transforms are known when the transformations 
are chosen, and so on for the second and subsequent transforms. 
Thus a second curve shall be said to have a certain multiplicity 
at one of the clustering points if its corresponding transform 
have that multiplicity at the corresponding transformed point. 
There are two points of view, the inexact one where we visualize 
these points as nestling very close to 0 3 and approaching it as 
a limit, and the exact one where we consider our language as a 
way of speaking of a point on a curve, the transformed points 
on a transformed curve, and so on. In any case the conditions 
requiring a curve to have assigned multiplicities at clustering 
singularities are linear in its coefficients. We get from a repeated 
application of theorem 1] 

Theorem 3] The number of intersections two curves have at 
a point is the sum of the products of the orders of multiplicity for 
the two curves of that point and all the following infinitely near 
points where each has an order greater than 0. 

§ 2. Singularities of a single branch 

It is time to try to link up this geometrical idea of clustering 
singularities with the arithmetical analysis of a single branch. 
This is necessary in order to make sure that they represent 
something inherent in the curve and not an artificial super¬ 
structure introduced through the quadratic transformations. 
We see from what went before theorems 19] and 20] of the last 
chapter that if the order of a branch be less than its class, the 
order is not reduced by a quadratic transformation, but the 
characteristic exponents are. If there be any terms with ex¬ 
ponents between p 0 and p a , the next characteristic exponent, 
the class cannot be less than the order, and the order of the 
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branch will not be reduced by a quadratic transformation. Let 
us look for S a , the highest common factor of p 0 and p a . 

Pa = 9oPo+ a i 
PO = ?l°i + ff 2 

a l — ? 2 CT 2 + a 3 


°A-2 ~ ?A-i cr A-i + S a 

CT A-1 = ?A S a- 

These equations show that we can make q 0 — 1 successive trans¬ 
formations without reducing the order of the branch, i.e. there 
are q 0 points of order p 0 clustering together, then q Y of order 
a v q 2 of order o- 2 , and then qx of order 8 a . There may be still 
others of this order, but they will involve the term tfp, whereas 
so far we have only involved the terms tfi a , W<*. 

In order to proceed further we must watch closely how our 
characteristic exponents are affected by the various quadratic 
transformations. At first they were 

Po> Pa> Pp PA>-" • 

After one quadratic transformation 


Po. Pa Po> Pp Po>-"> PA Po- 

After a second 

Po. Pa 2 Po. pp—2p 0 ,..., Pa 2p 0 . 

After q 0 — 1 

Po. Po+ a l. P0~Pa + Po+°i. PA”Pa+Po + °l- 

Next there comes a change; the order of the point is altered. 

They are po> p^—p a +p 0 +aj, PA~P«+Po+<*i- 

After ?! — 1 transformations of this lot they are 

CT l> £r i+ <7 2> pp~~p<x j r^ a l~^ a 2’--’ PA”Pa+ 2o i"H cr 2- 
After the next 

a 2> a l> Pp~Pa~\~ 2o , 1 + C7 2 ,..., PA”Pa + 2<7 l + ff 2- 


S a> CT A- 1 > P^-Pa+ 2 ^l + 2a 2 -f. pa— p a -t-2t7 1 + 2cr 2 -f.... 

Here the second exponent shown is not characteristic, since 
the quantities a v <t 2 ,... are all divisible by 8 a we may keep on 
transforming till we get the series of characteristic exponents 

S on Pp—Pa. . PA”Pa- 
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The highest common factor is now 8jj, and we may begin the 
process all over again. 

Theorem 4] The orders and numbers of the successive clustering 
singularities into which a complicated singularity may be decom¬ 
posed are calculated from the quotients and the remainders in the 
process of finding the highest common factors of the successive 
characteristic exponents. 

This shows that the orders of these points are intrinsic to the 
form of the curve in that vicinity, and are not dragged in from 
the outside by the process of successive quadratic transforma¬ 
tions."' 

There are times when we are concerned not only with the 
orders of the clustering singularities but with their situations, 
which amounts to saying the directions of the tangents at the 
various singular points created by the quadratic transforma¬ 
tions. We start as before: 

x 1 = tP° zi = ix 2 x 3 = a 0 +a 1 <Pi-p°+... 

x 2 = a^+a^P' x' 2 = ~ x 3 x 1 = 1 

x 3 = 1 x’ 3 = i x x x 2 = a 0 tP°+ ai tPi +.... 

These equations are not in proper shape to proceed. We work 
them by a simple linear transformation into 

x x = x\—aQX 2 +x' 3 — a 0 tPo-\-a 1 tP'-P<>- l r ... 

X 2 = x' 2 = 1 

x 3 = x 3 — ajm+aj? 1 . 

The equation of the tangent x x —x 3 = 0 is independent of a v 
By a change of variable we may write these 

x\ = tf*> 

xl = tP«+A 1 tPi-p°+... 

* 3 = 1 . 

Let us assume first that p x = p a , the first characteristic ex¬ 
ponent. The equation of the tangent is i 2 — x x — 0, and A x is 


* Cf. Nother*. 
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a function erf a 0 and a v If we make q 0 of these transformations, 
we get 

&=1 

fs = A 1 T°i+A 2 Tp°, 

where the equation of the tangent is ^—^3 = 0 independent of 
a v and A x is a function of a 0 and a v Proceeding thus we see 
that we have q 0 points of order p 0 , q x of order a v etc., whose 
positions are independent of a v They would have the same 
situations as those of a second branch: 


x x = t' R ° 
Let 


x 2 = a 0 t' R °+b 1 t' R ' + ... 

Qa = Pa 
■Ro Pa 

Pa^O = R<*Po- 


X 3 = 1. 


Pa — ffoPo + ^l 
PO = <h°l+ a t. 

°\ = ?2 cr 2+ ff 3 


CT A-1 = ?AS a - 


Hence R a — q 0 R 0 -{-Ri 

Ro = ?l^l+^2 
S 1 = q 2 S 2 +S 


S X-i = ?aAa- 


The number of points of order S a depends upon the quantities 
a as well as q and need not be the same for the two branches. 
In general, r 

»i — — art. 


P 0 

We have supposed that p t and R x are characteristic exponents. 
Our branch will share with every other of the same order, class, 
and tangent: 

q 0 clustering points of the order p 0 
q t clustering points of the order o 1 
q 2 points of the order cr 2 


All these are independent of a x and the subsequent coeffi¬ 
cients; they are said to be ‘satellites’ of the point first given.* 
Theorem 5] If the class of a branch be not divisible by the order, 
every other branch with the same origin, tangent thereat, and the same 

* This conception of satellite points is due to Enriques. Cf. Enriques- 
Chisini, vol. ii, pp. 364 ff. 
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ratio of order to class will share thereuntil a number of clustering 
satellite points whose orders are proportional to those for the first 
branch, and whose numbers are determined by the process of finding 
the highest common factor of order and class. 

Let us return to the more general case for a and assume as 


before — = . 

Po Rq 


Suppose that this gives the propinquity of the 


two curves, then a 0 ,a 1 ,...,a a _ 1 will take identical values for the 
two and the tangents will be the same until the terms tP* or 
T R « come into play. 

Theorem 6] If two branches have the same origin, and if their 
propinquity be given by the ratio of the first two characteristic 
coefficients of the two branches, then they share a number of 
clustering satellite points whose orders are proportional, and whose 
numbers are determined by the process of finding the highest com¬ 
mon factor of the first two characteristic exponents. 

This theorem shows us that we are not, by any means, free 
to assume the order which clustering singularities of one curve 
shall have as points of another. The order never increases as 
we proceed; the order of a point is always as great as the sum 
of the orders of those that immediately follow, from the develop¬ 
ments at the beginning of the present chapter. If two curves 
share satellite points, as determined above, we are by no means 
free to assume their orders for the one. Here is an example. 
Let us take a rational quintic curve: 


x 1 = i 3 x 2 = at 3 -\-bt 3 x 3 = 1. 

If we make a standard quadratic transformation we get 
x\ — a+bt 2 x' % = 1 x' 3 = at 3 -\-bt s . 


T his curve has a cusp. A second quadratic transformation 
will carry the cuspidal branch into a branch of the first order 
tangent to a fundamental line. We may then say that the 
original curve has a cluster consisting of a triple point, a node, 
and a single point. Let us require a second curve to be non¬ 
singular at each of these three places. Its first transform must 
pass through the cusp and touch the cuspidal tangent, hence 
it must be of the form 


£i = a+6r+— 


& = pT*+qr»+.:. 
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Hence the original curve must have been of the form 

ft=pr*+?r 3 +- £ 2 = apr t +(aq+Pp)T*+... £,= a+pr+..., 

and this has a cusp, and not a non-singular point at ( 0 , 0 , 1 ). 

A complicated singularity may well involve not one branch 
only but several, and a cluster may include points of different 
branches. It is easy to devise examples of such singularities by 
running a train of standard quadratic transformation backwards. 

Although it is not always possible to assign the exact multi¬ 
plicity for a curve of each of a number of clustering singularities 
of another curve, yet in some cases we may do so with a certain 
freedom, and, what is more, determine the number of indepen¬ 
dent linear conditions imposed. We saw in the reasoning that 
first led up to NOther’s fundamental theorem 15] of Book I, 
Ch. II, that if a curve have distinct ordinary singularities at 
assigned points and be of sufficiently high order compared with 
the orders of the singularities, the linear conditions imposed are 
independent. Moreover, no unexpected singularities are intro¬ 
duced in this way. Let us try to apply this to curves with 
clustering singularities. 

Suppose that we have succeeded in proving that for every 
curve that can be resolved into one with only ordinary singular 
points by N standard quadratic transformations, and, perhaps, 
some collineations, if the order be sufficiently high, the imposi¬ 
tion of permissible distinct singularities at a set of given distinct 
or clustering points will impose distinct linear conditions, and 
no unexpected singularities will appear. We wish to pass to the 
case of a curve that will require N quadratic transformations. 
Suppose there is a curve of order n which is very high, with just 
the assigned singularities, which singularities require N quad¬ 
ratic transformations to become unsnarled. Make a standard 
quadratic transformation with 0 3 at a point of order r 0 as usual, 
getting a curve of order 2 n—r 0 with three ordinary singularities 
of order n, n—r 0 , and n—r 0 , and this can be unsnarled by A — 1 
quadratic transformations. Now let n' be so large that indepen¬ 
dent linear conditions are imposed on a curve of order 2 n'—r' 0> 
which is required to have exactly the desired singularities at the 
singular points of the curve just constructed, except that at 
0 v 0 i ,0 i they are of orders n’—r' 0 , n’ 0 —r' 0 , and n' respectively. 
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Moreover, we may assume that undesired singularities are not 
introduced. Transforming back, we get a curve of order n' with 
exactly the singularities desired. With regard to the amount of 
freedom, let 1c be the number of conditions imposed on the curve 
of order 2 n’—p' 0 by the singular points other than O v O z ,O s . 
Then the freedom of this latter curve, which is the freedom of 
the curve of order m', is 

(2n'-r' 0 )(2 n’-r' 0 +3) n'(n’+1 ) _ 2 ( n ’-r' 0 )(n'-r' 0 +1 ) 

2 2 2 

_ny+3)_r;(r5+l)_ 

2 2 

and this shows that the conditions imposed on the latter were 
independent, nor has it, necessarily, any undesired singular 
points. 

Theorem 7] The distinct or clustering singularities of a given 
curve will impose independent linear conditions conformable to 
their multiplicities and situation on a curve of sufficiently high 
order, and no undesired singular point is thereby necessarily 
created. 



CHAPTER IV 


ADJOINT CURVES AND PLtUKER’S EQUATIONS 
§ 1. Adjoint curves in general 

Definition. A curve shall be said to be ‘adjoint’ to a given 
curve if at each distinct or clustering singularity of order r i of 
the former, the latter has a multiplicity r % — 1 or more. The 
conditions imposed are called the ‘adjunction conditions’. 

In order to show that this definition is not completely vain, 
it is necessary to show that there do exist, in fact, adjoint 
curves, besides the curve itself and others of as high or higher 
order. We know that there are surely such curves when the 
singularities are distinct and consist in ordinary singular points 
and cusps. In particular the first polar of a general point is an 
adjoint, and the multiplicity at a singular point is not higher 
than desired. Let us prove that this is always the case. We 
assume that we have shown that if a curve can be carried into 
one with only ordinary singular points by N~ 1 quadratic 
transformations, a general first polar is an adjoint. Let / be 
a curve of order n, with a singular point of order r 0 at 0 3 which 
requires N transformations. We may write its equation 

/ = 2 a ^i x 3 x s — 0 A-f/x+v = n. 

The first transform will be 

S' s i %^r + % v+A 4 +/i ~ ro =0. 

We may assume that the point 0 2 has no disturbing invariant 
relation to our curve /. Its first polar will be 

j£ s Z M*^*? -1 ** = 0. 

The transformed curve will be 

4>' = 2 fM Xlll ?:[ t + v - 1 x§ + ''x§ + i i - ro = 0 . 

The first polar of 0 2 with regard to /' is 

= {v+X)x^ v x v 2 +x ~ 1 xl^- r o = 0, 

x l < f >, + x t^ a = n f- 


(1) 
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By assumption is an adjoint to the curve /' which can be 

OX2 

untied by N —1 quadratic transformations. Hence <f>' is also 

an adjoint. The curve — has the right multiplicity at O a for an 

vX 2 

adjoint, at the following singularities of that cluster, if there be 
any, and at the other singular points it also has the correct 
multiplicities since <f>’ has. 

Theorem 1 ] The first polar of a general point is an adjoint. 
Theorem 2 ] The adjunction conditions are independent for an 
adjoint of sufficiently high order. 

We shall see in a later chapter that they are independent for 
every adjoint whose order is not less than n— 3. When the 
order is below that number there may be no adjoints at all. 


§ 2. Residuation 

We saw in Book I, Ch. II, Mother’s fundamental theorem 15], 
that if two curves have in common only non-singular points, or 
ordinary singularities, with the respective orders r f and s p then 
every curve which has a multiplicity ^+^—1 or more at each 
such intersection can be written 

/ = ^+^ = 0 , ( 2 ) 

where <f>’ has multiplicity r t —1 or more, and ip' multiplicity 
1 or more. Let us assume that this theorem holds in every 
case where the common singularities can be unravelled by N —1 
quadratic transformations, and let us consider the case where 
N are needed, and take one common singular point at 0 3 , the 
multiplicities there being r 0 and s 0 , while the orders of the curves 
are n x and n v The order of the curve / shall be n. We make 
a standard quadratic transformation, getting the curves /, <j>, ft. 
If the order of / be sufficiently large, / will have high enough 
multiplicity at 0 V 0 2 ,0 3 to fulfil the requirements. At the other 
intersections of $ and tp it will do so, since / does so with regard 
to <p and ip. The intersections of <£ and ip can be unsnarled by 
N— 1 quadratic transformations, by hypothesis; hence 

/ = <P'<P+<P’<P = 0 . 

At this point we are tempted to go ahead light-heartedly, 
make our standard quadratic transformation, and try to throw 
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this equation back into the form (2). Unfortunately things are 
not quite as simple as that v The result of the substitution 
might not give us /, but x\x$x$f, and it is not perfectly clear 
that the extraneous factors can be divided out. We must make 
an elaborate table of orders and multiplicities. 


Order. 

Multiplicity at 0 X 
and 0 2 . 

Multiplicity at 0. 

/ 2n—r 0 —s 0 — 1 

»- r o- 5 o+ 1 

n 

j> 2r 0 

*1—*0 


tfi 2 71 2 Sg 

n 2 *0 

n 2 

2(n-n 2 )-r 0 +l 

n x —r 0 — 1 

n x —\ 

2(n—n 1 )—s 0 +l 

n z— s o~ 1 

n 2 —l 

2n—r 0 — a 0 +l 

w i+« 2 —^o— s o— 1 

n i+n 2 — 1 


We may replace by -\-8f> and by </>' — 8f> where 8 is a 
polynomial of order 2(n—n x — n 2 )+l. When n is very large 
indeed, the number of degrees of freedom of this is of the same 
order of magnitude as 2n 2 . The number of conditions to be 
imposed on 6 to give tjj' -f 9$ as high a multiplicity as/ at 0 V 0 2 , 0 3 

3tj2 

is of the order of magnitude of — and so less than the above. 


Hence we may imagine 6 so chosen that f>'-\-8i[i has at least as 
high a multiplicity at 0 V 0 2 ,0 3 as /, and, by the identity <f>' — 0(j>, 
must have as high multiplicity also. When we transform back 
the extraneous factors x 1 ,x 2 ,x 3 will appear to as high powers 
on the right as on the left, and so divide out of the latter. Let 
us notice, lastly, that although we have assumed here that / is 
of very high order, when Nother’s theorem is established for 
curves of high order, we may establish it for curves of lower 
order exactly as in Ch. II of Book I. 

Nother’s Fundamental Theorem 3] Given two curves <f> and 
tfi which intersect in distinct or clustering points. Every curve 
which has a multiplicity ^4-^— 1 at least at a common point 
where <f> has the multiplicity and tfi the multiplicity s i has an 
equation of the form = 0> (2) 


where tfi' has at least multiplicity s { — 1, and <f>' multiplicity r t —1. 

The next theorem comes exactly as in Book I, Ch. II; we 
take over the definition word for word, it being understood 
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that when we speak of singular points we mean distinct or 
clustering. 

Definition. Two groups of non-singular points are said to be 
residual when they constitute the total non-singular intersection 
with an adjoint curve. 

Residue Theorem 4] If two groups be residual to a third, every 
group residual to the one is residual to the other. 

Two such groups are defined as eo-residual. 

Definition. Two groups of non-singular points are said to be 
‘pseudo-residual’ with the excesses A 1 ( A 2l ... where A i ^ —(^—1) 
if they constitute the total non-singular intersection with a curve 
which has a multiplicity at least ri+A f — 1 at each singular point 
where the given curve has the multiplicity r { . 

Gambier’s Extension of the Residue Theorem 5] If two 
groups be pseudo-residual to a third, then every group pseudo¬ 
residual to the first with an excess greater than or equal to the excess 
of the first less the excess of the second, is pseudo-residual to the 
second with a positive or 0 excess. 

§ 3. The genus 

Definition. Suppose that a curve of order n has clustering 
or distinct singularities 0 3 , 0 31 , 0 32 ,..., 0 3l] ,..., etc., of orders r 0 , 
r 01 ,..., r 02 , r Qi j, etc. The expression 

(n—l)(n— 2 ) r„(r 0 — 1 ) 2 r M (r M -l) 2r 0lJ (r 0ij ~l) 

2 2 2 2 ••• V \ ) 

shall be defined as the ‘genus’ of the curve. Let us take a 
standard quadratic transformation with 0 3 fundamental. The 
genus of the transformed curve is 

( 2 w—r 0 — l)( 2 n— r 0 — 2 ) _ n(n—\) _ g (n—r o )(n-r 0 — 1 ) _ 

2 2 2 

_ ? x ) _ IW^r 1 ) 

2 2 

_ (n-l)(n-2) r 0 (r 0 — 1 ) I r 0 i (r M -l) If w (f w — 1 ) 

2 2 2 2 

=P- 

If we keep on in this way we finally reach a curve with only 
ordinary singular points whose genus is that of the original one. 
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Theorem 6] The genus of an algebraic curve is equal to that of 
any curve with only ordinary singular points and cusps to which 
it may be reduced by a factorable Cremona transformation. 

Theorem 7] The genus of an algebraic curve is never negative. 

Suppose that two algebraic curves are birationally related. 
The same is true of two curves with only ordinary singular 
points to which they may be transformed. This gives 

Riemann’s Theorem 8] The genus of a curve is unaltered by 
a birational transformation. 

It follows immediately that all our work on correspondences 
holds for curves with any sort of singular points. ’ 

Theorem 9] The number of coincidences properly counted of 
a (v, v') correspondence of value y on a curve of genus p is given 
by the Chasles-Cayley-Jlrill formula 

v+v' + 2py. (4) 

We shall see later how to count coincidences at singular 
points. We find exactly as in Book I, Ch. VIII: 

Theorem 10] Given a g T N and certain points A v A 2 , A s ,..., A 
such that ccf-t adjoints cutting groups of the series meet the base 
curve vy+j times at A { , then the number of places other than the 
Afs where a group has r -f 1 coincident points is 

(r+l)[W+r(p-l)]- (5) 

t.; 

It must be understood that if A, acts in this way for several 
branches, it must be counted just so many times. Exceptionally 
some of these other coincidences might fall on the A’s. 

Weber’s Theorem 11] If two curves of the same genus which 
is greater than 1 be in rational correspondence, that correspondence 
is birational. 

Theorem 12] If a curve of genus greater than 1 be rationally 
transformed into itself, the transformation is birational. 

Ltiroth’s Theorem 13] If x and y be rational functions of a 
parameter, neither a constant, the curve so defined has genus 0, and 
x and y may be expressed rationally in terms of a parameter which 
is rational in them. 

Zeuthen’s Theorem 14] If there be a (v, v') correspondence 
between two curves of genus p and p’ respectively, and if the number 
of branch points properly counted be ft and fl', 

P+2v'{p- l) = j8'+2v(p'—1). 


( 6 ) 
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With regard to counting the branch points, the reader is 
referred back to the remarks on this subject at the very end 
of Ch. VIII of Book I. 

§ 4. Plucker’s equations 

It is evident that when it comes to a study of the Pliicker 
characteristics of a curve, there must be an extension of the 
definitions previously given. The order is the number of inter¬ 
sections with a general straight line, or the maximum number 
(assuming the curve is not reducible, with a multiple factor); 
the class is the number of tangents from a general point, or the 
order of a polar reciprocal curve. The genus we have just 
defined. 

Definition. The difference between the order of a distinct 
point and the number of different branches there is called its 
‘cuspidal component’. It will be noted that this is 0 for a non¬ 
singular point or an ordinary singularity, but is equal to unity 
in the case of a cusp. The sum of the cuspidal components of 
all distinct points of a curve is called its ‘cuspidal index’. We 
shall indicate this by the symbol k. In the same way the dif¬ 
ference between the order of a tangent and the number of 
branches which touch it is called the ‘inflexional’ component. 
The sum of the inflexional components of all distinct tangents 
is called the inflexional index and marked i. 

To find the class of a curve, let us assume that this is the 
number of vertical tangents m. Vertical lines will determine on 
our curve an u— 1 to ra —1 correspondence of value 1 , which will 
have 2n-\~2(p— 1) coincidences, for such will be the case on a 
curve with only ordinary singularities, birationally equivalent 
to the given curve, m of these will be simple coincidences 
arising from the vertical tangents, none of which we assume 
singular. The others come from the singular points. Let such 
a point be the origin with a branch of order r 0 . In this vicinity 
we may represent the branch by 

a; = y = a 0 tP °-\-. 

The number of coincidences will be the same as if we limit 
ourselves to a finite number of terms of these series, i.e. consider 
the rational curve given by these terms, whose points are in 
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one-to-one correspondence with the values of t. When x is given, 
the corresponding values of t are t, St, where 6^—1. As 
S*t—t is of the same order of infinitesimal magnitude as t, by 
Zeuthen’s rule of Book I, Ch. VIII, theorem 16], the number 
of coincidences is p 0 —1. Extending this to all the branches at 
that point, we get its cuspidal component, and extending to all 


points, we get the cuspidal index k. Thus 

m+K = 2n+2(p— 1) (7) 

n+L = 2m-f-2(p— 1) (8) 

i—k = ’i(m—n) (9) 

2j» = («— l)(n—2)—£ Pi ( Pi - 1)- 2 PiMj - l )“ 

2 Pljk(Pijk~ 1) — (1®) 


— (m—l)(m—2)— 2 1)— 2 1)— 

-2<y iik { ai}k -\)-... (ii) 

m = n(n- 1)- 2 Pi(pi~ l )~ 2 p«0>«-1)- 

— 2 Pijk(PiJk~ 1 )—* ( 12 ) 
n~ m(m— 1)— 2 ofa— 1)— 2 ^(^—1)— 

— 2 a ijk( a ijk ~!)—•••—i (13) 
These last equations suggest another method for finding m. Let 
O s be a singular point, 0 2 a point in general position. How often 
does the first polar of the latter point meet the curve at 0 3 ? 
This will give the deduction from the class caused by 0 3 . We 
previously found the equation 

= ( 1 ) 

By theorem 8 ] of the present chapter, the number we seek 
is po(p 0 ~ 1) plus the number of intersections off' and <j>’ at non- 

singular points of x 2 = 0 or of /' and 4- at such points. This 

OX 2 

again will be the number of intersections with the first polar of 
an arbitrary point at these points, plus the multiplicity of a ; 3 = 0 
as a tangent from 0 2 , and this is the difference between the 
order of 0 3 and the sum of the orders of the non-fundamental 
points on z 3 — 0 , the difference between the order of O s and the 
sums of the orders of the infinitely near points. Keeping on in 
this way, the sums of the orders of the intermediate branch 
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points cancel out, until we get down to a case where all branches 
are linear, in which case each branch will have contributed an 
amount one less than its order. Applying this to all branches, 
we get (12). 

We get further light on all these questions by using non- 
homogeneous coordinates. Assuming the point to be the origin, 
and no tangent vertical, the reduction in class caused by that 
point is the number of intersections of 


/=0 | = 0 , 

dy 

and that consists in finding the discriminant d¥ / considered as 
an equation in y. Now we learned in Book I, Ch. I, that this 
discriminant is . ,« 

—y,) 2 - 

Here two of the y’s will sometimes belong to the same branch, 
sometimes to different branches; in any case the number of 
intersections may be obtained by the methods at the end of 
Ch. II of the present book. 

Theorem 15] The number of intersections which a curve Jtas at 
a singular point with a general first polar is twice the sum of the 
orders of the infinitesimal distances from one another of the inter¬ 
sections with an infinitely near line whose distance from the point 
is considered an infinitesimal of the first order. 



\ BOOK III 

SYSTEMS OF POINTS ON A CURVE 

S. 

V CHAPTER I 

GENERAL THEORY OF LINEAR SERIES 

§ 1. Linear systems; of curves, and linear series 

In the second section 01 Oh. VIII, Book I, we touche _ u P on 
certain properties of linear at*™ 8 P 0 ^ g^ 0U P 8 on a xe 1186 

curve. We restricted ourselve^ at a a8e ° ll * ve 

with only ordinary singular poL' 11 *®’ an ^ ° ^ SU ° . ? 


hlish the idea of the positive 
It is time to cast aside 


theorems as were necessary to estai 

value of a correspondence on a curV- e ' ,. , 

the restriction and to take up the who. ^ su i ect 0 near 8en ® 

of point groups in great detail, for it hat J. P r<xve as _° n, . S . 

fruitful in the modem development of the *°!7 ° a 

curves, and the relations of that theory to l fc he yjjj -gjjf j 

braic functions. Theorems already proved in GET. ’ 

need only be stated here, not proved. )~ + p c curv cs 

The variable groups of non-singular points which Iin fe aggume 

if a linear series cut on a fixed base curve, which we'e^ 

rreducible, is called a ‘linear series’ of groups. It mayre 

ill the groups of such a series contain certain fixed non-e C 

6 T r ,. , . t roup or 

joints. Ire are at liberty to count these as part oj each g 

tot as we please. 

Theorem 1] If a base curve be rationally transformed, a 
iries will go into a linear series. ve ^ 

The number of points in each group of the series is calle ^ j, y. 
irder’, the number of independent parameters on whicl . 
spends its ‘dimension’. A series of order N and dimension 
died a <f N . „ o{ 

Theorem 2] The dimension of a series can never exceed i_oj 
rder, and can only equal it in the case of a curve of genus 0. 

We see, in fact, that if a curve contain a g%, by fixing N 
oints there will be left a grj, that is to say, a pencil of curve 
i+s^s = 0 with only one variable intersection, The coordinates 
! this intersection will depend rationally on the parameter 2 % 
hich, in turn, depends rationally on them. Hence the curve 


linear 
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can be birationally transformed into a straight line, which is of 
genus 0. 

We find, exactly as in the previous chapter, 

Linear Group Theorem 3] Any linear system, of point groups 
may be cut by a system of adjoint curves. 

It is evident that the series could not have more degrees of 
freedom than the system of secant curves; if it have less, that 
is because different curves of the linear system can cut the same 
group. But if two curves, and so a pencil of curves, cut the 
same group, no curve of the pencil will have a variable inter¬ 
section with the base curve, and a curve of the pencil through 
an assigned point of the base curve, which we suppose irre¬ 
ducible, must contain it entirely. 

Theorem 4] The dimension of a linear series cut cm. an irre¬ 
ducible base curve is the dimension of the linear system of secant 
curves, less the dimension of the complete sub-system, all of whose 
curves contain the given curve as a factor. 

Definition. A linear series is said to be ‘complete’ if it be not 
contained in another of the same order and higher dimension. 
We get just as before: 

Theorem 5] If a group of points be residual to one group of 
a complete series, it is residual to all the groups. 

Theorem 6] The totality of adjoints of a given order on which 
no restriction is placed except that they pass through a certain 
number, perhaps 0, of fixed non-singular points on the base curve, 
will cut a complete series, and every complete series can be cut in 
this way. 

Theorem 7 ] A linear series is contained in but one complete series. 

Let us look for the dimension of the series cut by the totality 
of adjoints of a given order, let us say v = n— 3-fa.* 

r-f 1 >- r — —g-2, 2- 

(v —»+ l)(y-n-\~2) 

2 * 

The equality will hold if the adjunction conditions be inde¬ 
pendent, otherwise the inequality. The right-hand side gives 

• The work from here to the end of the chapter follows olosely the admirable 
article Bertini*. See also Segre*. The beginning of all such treatment is the 
classical discussion of Brill and Nother, q.v. 
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the number of linearly independent curves of order v less the 
ostensible number of adjunction conditions, and also less the 
ostensible number of linearly independent curves of order v—n; 
for each of these, with the given curve, will form an adjoint of 
the system. We rewrite this, replacing v by its value n— a-j-3, 

r-f 1 ^ (w— 2 +oQ ( n—!+« ) y r< (r<— 1) y r^jr ^-l) 

_(«—!)(«—2) 

2 

In order that v should be at least as great as n, it is necessary 
and sufficient that a >3. But the last fraction vanishes for 
a = 1 and a. = 2. Hence this formula holds for all positive values 
of a. We may write it in the better form 

r ^ (p— 2)-j-wa. 

On the other hand, if we seek N, the order of the series, we have 
N = v»-2 - ... 

= n<x+2(p— 1). 

Hence, finally, if the system of secant adjoints have an order 
n-3+a, a>0, N-r^p. (1) 

The equality holds when the adjunction conditions are inde¬ 
pendent, otherwise the inequality. If a = 0, we have 

f ii > («—!)(»— 2)_ Y rjr\- 1)_nt _ 

r+1 ^p 

N = n(n—S)— 2^-1)- 2 r^-l)- ... 

— 2(p —1) 

JV—1. (2) 

The equality will hold if the adjunction conditions be inde¬ 
pendent, otherwise the inequality. 

Definition. An adjoint of order n— 3 or less is said to be 
‘special’. A series cut by special adjoints is called a ‘special’ 
series. The series cut by the totality of all special adjoints is 
called the ‘canonical’ series. 

Suppose that a series is special and complete. Take a point 
P which does not belong to all of its groups and adjoin it to 
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each group. Let the complete series be cut by the totality of 
special adjoints through a group (perhaps empty) 0, and let 
an arbitrary line through P meet the base curve again in 
Qi> Qz,-', Q n -v There is certainly one adjoint of order n—2 
through the group 0 and the point P, the totality of adjoints 
of that order through those points will cut a complete series. 
But as such adjoints contain n— 1 collinear points, they consist 
in the line through those points and a special adjoint, and the 
complete series they cut will consist in the original series, 
residual to 0, and the fixed point P. 

Reduction Theorem 8] If a fixed point be added to each group 
of a special complete series, the resulting series is complete. 

Suppose, now, that we know about a certain g r N that 
N—r^p— 1. 

We may suppose the series complete, for the inequality will be 
strengthened when we pass from an incomplete series to a com¬ 
plete one. If r — 0 the series is certainly special, for we have 
seen that the dimension of the canonical series is certainly as 
great as p— 1, so that we can always pass a special adjoint 
through p— 1 points. Suppose that we have proved that for 
every series of dimension less than r, if the order less the dimen¬ 
sion be not above p— 1, the series is special. Consider the 
adjoints which cut our series and which pass through an 
arbitrary point, not common to all of them. They will cut a 
ff r N-i which must be special, since (N— 1)—(r— l)<p—1 by 
hypothesis. It is also complete as it is cut by the totality of 
adjoints through certain fixed points but otherwise not re¬ 
stricted. The special adjoints which cut it must all pass through 
the arbitrary fixed point, for if they did not, we should get 
a complete g r A T 1 by adding the point to the whereas there 
is a complete g r N . Since this point is arbitrary, any group in the 
original series can be cut by a special adjoint. 

Special Series Theorem 9] If the difference between the order 
and the dimension of a series be less than the genus of the curve, 
the series is special. 

Theorem 10] If a complete series be not special, the difference 
between the order and the dimension is equal to the genus of the 

N—r = p. (3) 


curve 
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It we read again the lines which follow (2) we see that this 
means that the adjunction conditions are independent for an 
adjoint of order greater than n— 3. Consider next the canonical 
system of adjoints, or the ‘pure’ adjoint system, as it is some¬ 
times called. If we add a fixed point to all its groups, we get 
a series of order 2p—l, which is complete by the reduction 
theorem 8], If the adjunction conditions were not independent, 
i.e. if the dimension of the canonical series were above p— 1, 
then this new series would be special by 9], or all the special 
adjoint curves would pass through any chosen point, which is 
absurd. 

Adjunction Theorem 11] The adjunction conditions are inde¬ 
pendent for an adjoint of order greater than or equal to n— 3. 

It is to be noted that this theorem may not be true for 
adjoints of lower orders. Consider a curve of the seventh order 
with nine double points. We may place these where we choose. 
In general there will be one adjoint of order n— 4=3 through 
these nine double points. Suppose, however, they are the inter¬ 
sections of 2 cubics, that is to say, the centres of a pencil of 
cubics. There will be nine linearly independent curves of order 
seven with these as double points, and only a four-parameter 
sub-system will consist in a pair of cubics and a straight line. 
Hence there are plenty of our curves of the seventh degree 
which are not reducible. Moreover, by Bertini’s theorem 10] of 
Book I, Ch. VII, the general curve will not have any other 
singular points. Hence, if we take one such irreducible curve 
it will have an infinite number of adjoints of order n— 4, instead 
of a single one. 

Theorem 12] The order of the canonical series is 2p—2, and 
its dimension p— 1. It is the only series of that order and 
dimension. 

We see, in fact, that every such series must be special by 9], 
and complete, for it has all the freedom of the most general 
special series. 

Theorem 13] An irreducible curve of genus p has exactly p 
linearly independent and special adjoints. 

This theorem is of absolutely first importance in the theory 
of the integrals of algebraic functions. 

Could the canonical series have a fixed point Q ? If it could, 
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the residual series would be a complete special g$^l 3 . If we add 
an arbitrary point P, we have a complete special by 8] 
and 9], and that would mean that all special adjoints went 
through this arbitrary point. 

Theorem 14] The canonical series has no fixed points. 

There are cases where the special adjoints have fixed points 
not on the base curve. If the latter be of genus 2, the special 
adjoints form a pencil, and when n > 5 this will have centres 
other than the singular points of the base curve. 

Theorem 15] The order and dimension of a series are invariant 
for birational transformation. 

Theorem 16] The canonical series is birationally transformed 
into the canonical series of the transformed curve. 

Theorem 17] A special series is birationally transformed into 
a complete series. 

§ 2. Sums and differences of series 

Suppose that we have a complete series of order N+N' and 
dimension s, g% +N ., which contains a group 0 of N points. This 
will be a group of some complete series, let us say a g T N , which 
consists in groups cut by all adjoints of a certain order through 
a group 0. The g% +N - shall be cut by all adjoints of a certain 
order through a group T. The adjoints of this latter system, 
which contain O, will cut a complete g'f,- whose groups are 
co-residual to G and so residual to all groups of the g r N . The 
complete series will contain every group of g r N and every 
group of g’ff. and so be their sum, as defined in Ch. VIII of 
Book I. 

Theorem 18] If a complete series contain in one of its groups 
a group of a series of lower or equal order, it contains the complete 
series containing this group. 

We shall say in this case that the complete series of larger 
order ‘contains’ that of lesser order, and the latter is ‘contained’ 
in the former. The complete series whose order is the difference 
of their orders, and which contains groups obtained by taking 
groups of one series from the corresponding groups of the other, 
is also included in the series of larger order, and is defined as the 
‘difference’ of the two series. Each of the series of lower order 
is said to be ‘residual’ to the other in the series of larger order. 
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Suppose that we have two series of the same order g* N , 
which have a common g%, (which, by 18], is complete) where 
a ^ 0. Let the general adjoint cutting (f N be 

\4 , o+\’f > i J t'-- J rK4 , o+K+i i f > o+i+---+K c l ) r = 
and that cutting g r ^ be 

# A 0^0+/ i l^l+-+P o ^a+Ma+l , / , a+l+- + f i r' , / , r' = <>• 

Then the curves 

•'o ^0+ V 1 ^1 + ■ • • + ""a •Aj + *V+1 <£< 7+1 + • • ■ + »V + *V+1 +1 + • • • + 

+ WAr' = 0 

will cut a series that includes each of the given series, nor could 
any series of lower dimension include them both: 

Theorem 19] If two series be of the same order and have a 
common series of dimension 0 at least, then the dimension of the 
smallest series of that order that includes them both is the sum of 
their dimensions, less the dimension of the largest series of that 
order they have in common. 

More generally, let us suppose that we have a g T s and a g r N . 
which include a common g% but no series of that order and 
higher dimension. We may assume g p complete, by 18], and 
assume the various series cut by the totality of ad joints of given 
orders through groups 0, O’, and T respectively. Let a group 
of g r N consist in the two groups 0 and y, where y is a group of 
gp, while one group of g'f- consists of 6' and y', which latter is 
also a group of g%. G-\-Q and F are both residual to y, and, 
hence, to every group of g?. The same is true of G'+G" and F. 
Hence G-\-0 and G'-f-G' are co-residual. The series G+g^ is of 
order N-fN'-—v and dimension r', &'+g r N is of the same order 
and dimension r. They include the series G+G'-f-grP of dimen¬ 
sion p, but no other of that order and higher dimension, as such 
a series would include gP, which is complete. Hence they are 
included in a gpffff.l v . 

Theorem 20] If a g r N and a g r N ' share a complete g? v , p > 1 they 
are included in a Giv+jv 7 —v 

Let us remark in conclusion, that as we can add two series, 
so we can find any positive integral multiple of a series, this 
being the complete series that includes groups of the given 
series to the number indicated by the multiple. 
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§ 3. Representation in hyper space* 

Suppose that a is cut by the linear system of adjoint®: 

“o<£o+“l'£l+ —+ W r <£ r = 0. (4) 

Let us write 

pX 0 = (f> o pX 1 = <f> 1 ,..., pX T = <f> r . (5) 

We have a point in a space of r dimensions, since the <j)’s are 
linearly independent, corresponding to each point of our given 
curve, and these points trace a curve. The order of this curve 
will be the number of intersections with a general hyperplane (u). 

It is not clear, however, whether, conversely, each point of 
the curve in hyperspace will correspond to a single point of the 
base curve. How could two different points of the base curve 
correspond to a single point of the curve in hyperspace ? We 
must have 

< i > o( x ) — ) <f>-y(x ) = )>•••> 4 > r{ x ) — tyr( x )• 

If, then, 

we have also ]> u i &(#*) — 

so that every group which includes (x') will also include (x°). 
Conversely, if two points have this property, they will corre¬ 
spond to the same point in hyperspace. 

Definition. A linear series, all of whose points are variable, 
is said to be ‘simple’ if all groups through a generic point do 
not necessarily include any other point. If every group through 
a generic point contain p— 1 other points but no more, variable 
with the first, the series is said to be composed of an ‘involution 
of grade p.' Any algebraic system of variable point groups on 
a base curve which has the property that a generic point deter¬ 
mines p—1 others variable with the first shall be called an 
involution. A linear series which is composed of an involution 
shall be called ‘composite’. If the series be simple, the order of 
the space curve will be N, for the number of intersections with 
a hyperplane (u) is the number of variable points cut by the 
adjoint ( u ) in (4). 

Theorem 21] If a curve contain a simple series of order N and 
dimension r, it may be so birationaUy transformed into a curve of 

* The most complete treatment of this topic is Segre*. 


OTfll 
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order N in a space of r dimensions that groups of the series corre¬ 
spond to hyperplane sections of the curve. If it contain a series 
of dimension r and order N composed of an involution of grade p, 
there is a p-to-one correspondence between the plane curve and a 
curve of order p in a space of r dimensions, the groups of the 
given series corresponding to the hyperplane sections of the space 
curve. 

Suppose that we are in a space of three dimensions, and on 
a given curve we choose such a point that a line through it 
meeting the curve once will not necessarily meet the curve 
twice. There must be such points, for there is a three-parameter 
system of lines meeting the curve once, and only a two-para¬ 
meter meeting it twice. This point will be the vertex of a cone 
whence the curve is projected simply on a plane. 

More generally, take a curve in a space of r dimensions. It 
is not possible that every space of r—2 dimensions that meets 
the curve once should meet it twice. We see, in fact, that the 
number of parameters giving the spaces of r— 2 dimensions 
through a point of the space of r dimensions is the number of 
sets of r—2 linearly mdependent straight lines through the 
point, less the number through the point in a space of r—2 
dimensions, and is 2(r—2). The number of parameters giving 
the spaces of r— 2 dim ensions through a line in r dimensions 
will similarly be 2(r— 3). The lines through a point of a curve 
which meet it again form a one-parameter system. The spaces 
of r— 2 dimensions through a point on the curve which meet it 
again depend on 2r—5 parameters, which is less than the para¬ 
meter number of the system of all spaces of r— 2 dimensions 
through that point. Hence we may find plenty of spaces of r—2 
dimensions which meet the curve once, but no more. 

Let P be a point of the curve; F x ,F 2 ,...,F r _ 2 independent points 
of a space of r—2 dimensions through P which does not meet 
the curve again. Then a general space of r—2 dimensions 
through the space of r—3 dimensions determined by V v F 2 ,..., V r _ 2 
which meets the curve once, will not, automatically, meet it 
again; so that the curve may be simply projected from the space 
of r—3 dimensions upon an arbitrary plane, for in r dimensions, 
a plane and a space of r—2 dimensions meet once. This same 
thing can be done even when some of the points F f lie on the 
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given curve. A space curve may be simply projected into a 
plane curve in one-to-one correspondence with it. If the space 
of r— 3 dimensions be given by 

X 0 = 0 Xj = 0 X 2 = 0, 

and the plane on which we project be that where only the 
coordinates X 0 , X lt X 2 do not vanish, the relation between plane 
and space curve may be written 

Y _ r X _r X _r X _ ^t( x o> x i> x t) 

0 0 I,-*, X 2 _z 2 

f(x 0 ,x 1 ,x 2 ) = 0, (6) 

where the polynomials P t are all of the same degree, which is 
one greater than that of Q { . 

More generally, we may project a curve from any space into 
another of any number of dimensions greater than one, and the 
relation is birational. 

Definition. A space curve is said to be ‘normal’ if it cannot 
be obtained by projection from a curve of the same order but 
contained only in a space of more dimensions;* a conic is an 
example of such a curve, for every curve of the second order 
lies completely in a plane through three of its points. So is 
a cubic in three-space. So is a non-singular quartic in three- 
space which is the total intersection of two quadrics. We see, 
in fact, that this curve would be projected from one of its own 
points upon a plane, and the resulting curve would be a cubic 
curve with no singular point, which has genus 1. But a curve 
of the fourth order which lay in a space of order four and no 
less would be projected by planes through two of its points into 
a conic, which has genus 0. 

Suppose that we have in our space of r dimensions S r , a curve 
which has the property that the linear series cut by the hyper¬ 
planes is not complete, but contained in a series of higher 
dimension cut by some other surfaces. This series is certainly 
contained in a gff 1 , which may or may not be complete. Let 
O be a point outside our space of r dimensions S f , say the point 
(0,0,0,..., 1). Let the g^ 1 be cut by the system of surfaces 

»o*£o+“i^i+-+*Vfi&+i = 

* Cf. Severi-Loffler, p. 93. 

a 9 
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so that by taking « r+1 = 0 we get groups out by hyperplanes, 
then the groups cut by 

M 0^0+%^l4--” + M r ^ r = 0 

will be the same as those cut by the hyperplanes 

or, by a simple change of variable, the same series are cut by 
u o < t > o J r u i $i+ • ■ • +u T <f> r = 0 
u a^-e J r u i^-\ J r ■•■+u T X T — 0. 

For a point on the given curve, where tj> i = ^{pc^x^xf), 
f(x 1 ,x 2 ,x 3 ) = 0, <j> i = \X i . 

If we allow the subscript i to take also the value r+1, we 
have a curve in the space of r+1 dimensions whose projection 
from 0 is the given curve. Conversely, if a curve in S r be not 
normal but the projection of a curve in a space of higher dimen¬ 
sions, the linear series cut by hyperplanes of the curve in higher 
space will be projected into a series which will contain as a sub¬ 
series that cut by the hyperplanes of the lower space. 

Theorem 22] The necessary and sufficient condition that a curve 
in a space of any number of dimensions be normal is that the series 
cut by hyperplanes be complete. 

Theorem 23] The necessary and sufficient condition that the 
space curve obtained from a plane curve as in Theorem 21] should 
be normal is that the series in question should be complete. 

§ 4. The Riemann-Roch theorem 

Suppose that we have a group 0 of N points which belongs to 
a complete g r N , and that the special adjoints through it cut the 
base curve in a special and complete g%'. If this series exist at 
all, i.e. if r' ^ 0, then the original series is special. We may find 
such a group of r' points that they, with G, determine just one 
special adjoint. If we add a fixed point P to every group of 
the resulting series, by our reduction theorem 8], is special 
and complete; the same will hold if we add a second point, and 
so on till we have added an r'th. But if we add one more point, 
the new complete series will be non-special, and 
N+r'+l—r = p, 

N-r=p-(r'+ 1). 
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Definition. The index of specialization of a group is defined 
as the number of linearly independent special adjoints through 
that group. In the present case the index of specialization of 
the group 0 is j _ p -\-l. 

Theorem 24] All groups of a linear series have the same index 
of specialization. 

Riemann-Roch Theorem 25] The dimension of a complete 
series is equal to the sum of the order and index of specialization 
of any group, less the genus of the base curve 

r = N+i—p, (7) 

N—r—p—i. (8) 

This theorem is of such fundamental importance, both in the 

theory of plane curves and that of algebraic functions, that it 
is worth while to bring it into another form. Suppose that the 
equation of the base curve is 

f(x,y) = 0, 

and that we have a rational function of x and y, i.e. a rational 
function of / on the corresponding Riemann surface, 

r _ P(x, y) 

Q{x>y)‘ 

Introducing homogeneous coordinates, we may assume P and 
Q of the same order. The pencil of curves which we may assume 
adjomts P(x 1 ,x 2 ,x 3 )—tQ{x v x 2 ,x 3 ) = 0 

will cut a </' v on the base curve. Conversely, every g x N will give 
rise to a rational function. The correspondence is not one to one 
as the transformation 


t = 






will not give a new function, but merely permute the terms of the 
series. The set of rational functions so found is called a ‘body’. 
Since the only one-to-one analytic transformation of a straight 
line into itself is a projective one, and since the groups of a g x N 
correspond to the points of a line, there is no other system of 
rational functions corresponding to the g\- 
Theorem 26] There is a one-to-one correspondence between the 
one-dimensional linear series on a curve and the bodies of rational 
functions on the corresponding Riemann surface. 



m 
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It is worth noting in passing that we may choose the multi¬ 
pliers in such a way that the zeros of the function and its poles 
will constitute two groups of the series, provided that contains 
no fixed points. 

Theorem 27] If the groups of a g\, have no fixed points, two 
such may be taken as zeros and poles of a rational function on the 
corresponding Riemann surface. 

It is to be noted that a fixed point may be counted, in special 
cases, as the limit of a variable point. We get around the diffi¬ 
culty by saying that there is a variable point ‘next’ to the fixed 
point, an absurd but useful form of words. 

Suppose, now, that we have a group of N points. Let us seek 
the most general rational function that will have poles of the 
first order at some or all of these points, but which is finite 
everywhere else. 


Let — be a rational function with these poles which is finite 

at every other point of the Riemann surface. Then P is an 
adjoint of the same order as Q, which meets the base curve at 
the remaining intersections of Q, and is not subjected to any 
other restrictions, i.e. it is one of the set of adjoints cutting the 
complete series to which the group belongs, and so depends on 


P' 

r parameters. If — be a second rational function with the same 

y 

poles, we shall have, by Nother’s fundamental theorem applied 
to / and Q', p ,g df+PQ', 


and P is an adjoint of the order of Q', through the remaining 
intersections of / and Q'. On the Riemann surface / = 0 and 


p 1 p 

where P is an adjoint of the general system for P just 

given. 

Riemann-Roch Theorem 28] The most general rational func¬ 
tion on a Riemann surface which has poles of the first order at 
some or all the points of a given group, but which is everywhere 
else finite, depends on a number of parameters equal to the sum 
of the order of the group and the genus of the curve, less the index 
of specialization.* 


* Cf. Roch, p. 372. 



Chap, t THE REIMAKN-ROCH THEOREM 283 

Suppose that a special adjoint meets the curve in N-\-N' 
~2p-2 points. Let r and r’ be the dimensions of the corre¬ 
sponding complete series. Then by (8) 

r — r'-f-1 = p+r—N 


, r , N + N ' 
= r-W+-X_ 


N—2r = N'—2r'. 


( 9 ) 


Brill and Nother Theorem 29] If the total group of the canoni¬ 
cal series be divided into two parts, the difference between the 
number of points in each part and the double of the dimension of 
the complete series to which it belongs is the same.* 

It is not at all clear whether the numbers which appear on 
the two sides of (9) be positive or negative. If a special adjoint 
go through N' points, it has 


i—l = r'-\-p'—N'—l 

degrees of freedom. 

The N other points will determine it completely, so that they 
impose that number of conditions thereon. This number cannot 
be greater than the number they impose on an unrestricted 
special adjoint which, by the Riemann-Roch theorem, is N—r: 


N-r^r’+p'-N ’-1 
N-2r^r'-r-N'+^^ 


N—2r > \[{N-2r)-{N'-2r')] = 0. 

Clifford’s Theorem 30] The dimension of a special series can 
never exceed one-half its order .f 

We shall be able later to sharpen this theorem somewhat. 
We saw in the Reduction Theorem 8] that if a series be special 
and complete, and if a point not common to all the cutting 
adjoints be added to each group, the resulting series is com¬ 
plete. We find a converse in the following way. Suppose that 
when we add a fixed point to each group of a g r N the result is 
a complete series. The original series is obviously complete; 
moreover, it is special since 

N+l—r^p N—r^.p—1. 

f Cf. Clifford 1 , p. 331. 


Cf. Brill and Nother, p. 28. 



284 GENERAL THEORY OF LINEAR SERIES Book HI 

lastly, the fixed point could not be common to all the 
adjoints which cut the series. For if we apply the Brill and 
NOther theorem to the g r N and the <f N+1 , we see that this point 
must apply an independent condition on a special adjoint, 
through the remaining points residual to the g r N , and the g r N+1 
would be included in a (fif+i where this point becomes variable, 
contra hypothesem. 

Theorem 31] If a series all of whose groups contain a fixed 
point be complete, the series obtained by omitting this point is 
special and complete, and the special adjoints which cut it do not 
all pass through this point. 

If a g r jj be special and complete, and if the series obtained by 
adding a point P to all its groups be incomplete, this point 
must be common to all special adjoints which cut its groups. 
We must have a g T jffi which is special. Residual to the g r N in 
the canonical series is a complete g^., and residual to the g^h 
is a complete ^-_ x . If we add the point P to the groups of the 
latter, we get our g%.. 

Theorem 32] Jf a g r N and a g%, be complete special series, 
residual to one another, the necessary and sufficient condition that 
the series obtained by adding a point to the one be incomplete, is 
that that point be fixed for the other. 


§ 5. Simple series and composite series 

Suppose that we have a composite g r v , which is complete and 
not special, v^r 

2r—r^p 
(iv < 2 p. 

If N > 2 p, the series is surely not special. 

Theorem 33] If the order of a complete series be greater than 
twice the genus of the curve, the series is certainly simple. 

Suppose that we have a composite g\ r : 

2r = pv v>2 (l ^ 2. 

These are only reconcilable when we have equality, not in¬ 
quality. If 2r = 2 p, we have a gV ip , otherwise the series is special. 

Theorem 34] If the order of a composite series be twice its 
dimension, it is made up of an involution of grade 2, and is either 
ag§ p or is special. 
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Theorem 35] If the canonical series be composite, every special 
adjoint through an arbitrary point will pass through a second point 
variable with it. 

Definition. A curve of genus 1 is defined as ‘elliptic’. 

A cubic curve is an example of such a curve, and it contains 
a g\ cut by lines through a fixed point. If a curve have genus 
greater than 1, and if the canonical series be composite, a special 
adjoint through an arbitrary point passes through a second 
variable with the first. The special adjoints through p—2 fixed 
points will cut a g\. Conversely, if the genus of a curve be 
greater than 1, and if the curve have a g\, this series is a special 
one for 2— 1 <p. The (p— l)th multiple of this series is special, 
and has at least the dimension p— 1, hence it is the canonical 
series, and the latter will consist in sets of p— 1 pairs of the g\, 
i.e. every special adjoint through an arbitrary point goes 
through its mate in the g\. The canonical series is composite. 

Theorem 36] If the canonical series of a curve be composite, 
the curve contains a g\, and if a curve of genus greater than 1 con¬ 
tain a g\, the canonical series is composed of pairs of that series. 

Definition. A curve fulfilling the requirements of theorem 36] 
is defined as ‘hyperelliptic’. If a hyperelliptic curve had two 
different grj’s, each would produce a one-to-one correspondence 
of value 1 on the curve. The product of the two would be a 
one-to-one correspondence of value — 1 by theorem 12] of Book I, 
Ch. VIII, and the number of coincidences would be 2(1— p) < 0 
by the Chasles-Cayley-Brill formula, theorem 14] of the same 
chapter; and this is absurd. 

Theorem 37] A hyperelliptic curve has only one g\. 

„ I t 

Let p be an odd number. Construct a curve of order n — ——- 

A 

with a singular point of order n —3 and no other singularity. 
This is easily done. The special adjoints are curves of order 
n —3 with a common singularity of order n —4 and so rational 
curves. These curves cut one of their number in a series whose 
order and dimension are 2n— 7. If all the curves through a 
certain point on the curve of order n had to pass through 
another point abstracting from these two we should get on one of 
these curves, a gln-l series whose dimension exceeded its order; 
an absurdity. Hence this curve is not hyperelliptic. When p is 
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even we take a curve of order n with a point of order n —3 and 
a double point, and proceed as before. 

Theorem 38] There exist curves of every genus which are not 
hyperelliptic. 

Suppose that a series g r N is not composite. Is it possible that 
every group through s < r points in general position should con¬ 
tain necessarily other points ? We assume that s is the smallest 
number for which this is the case, and transform as in theorem 
21] to a curve of order N in a space of r dimensions. Then, by 
hypothesis, every hyperplane through s points will pass through 
certain other points. The hyperplanes through 8—2 fixed points 
will depend on r-s- (-3 of their number, and will not necessarily 
pass through other points, and hyperplanes through an addi¬ 
tional fixed point do not necessarily pass through any other 
point, but those through two more are supposed to pass through 
2. Since r>s, we may find four linearly independent hyper¬ 
planes through the 8—2 points, or, what amounts to the same 
thing, four linearly independent ad joints of our original system, 
and make the transformation 

pX 0 = <{> 0 pX x = <f> l pX 2 — <f> 2 pX 3 = <f> 3 . 

This will carry our original curve into a curve in three- 
dimensional space which has the property that a plane through 
an arbitrary point will not, necessarily, meet it in any other 
chosen point; but one through two points does meet it in other 
variable points. This again amounts to saying that we have 
a curve in three-space with the property that a line which meets 
it twice will meet it more than twice. Let us show that this is 
impossible for a curve which is not plane, a case ruled out here 
by the linear independence of four groups. Suppose, in fact, 
that a space curve had the assumed property. Let A and B be 
any two points. Let the line AB meet the curve again in C. 
Then every line through C meeting the curve once elsewhere 
will meet it twice elsewhere, and the curve will be doubly pro¬ 
jected from C. The tangents at A and B are in the tangent 
plane to this cone, and so coplanar. If we have a set of lines 
of which each two are coplanar, then either all lie in a plane, 
or all pass through a point. If all the tangents to our curve lay 
in a plane, it would be a plane curve contrary to hypothesis. 
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II all the tangents went through a point, say the origin, the 
curve would satisfy the differential equation 

dx _dy _dz 
x y z ’ 

and so be a set of lines through the origin, which is equally 
inadmissible. It appears, then, there is no such curve. 

Theorem 39] If a series be not composite, it is not possible that 
all groups containing a number of general points, less than the 
dimension, should necessarily contain other variable points. 

Theorem 40] If a curve be not hyper elliptic, the special adjoints 
through a certain number, less than p— 1, of general points will 
not necessarily contain other points of the curve. 

Theorem 41] If a curve be not hyper elliptic, the special adjoints 
through s points in general position will cut a complete gfpijli 
with no fixed points. 

Applying this to p~ 3 points, we get a g* +v 

Theorem 42] A non-hyperelliptic curve of genus p may be 
birationally transformed into a curve of order p+1. 

Suppose that we have a simple g r N . r points in general position 
will determine one group. Suppose that it were possible to find 
in each group s points of such a nature that all groups con¬ 
taining them would contain certain other variable points. Such 
a group of points will belong to oo r ~® groups of the series, so 
that the number of these groups would be oo r_(r_e) = oo s , which 
amounts to saying the points are arbitrary, contrary to 39], 

Theorem 43] If a series be simple, it is not possible that each 
group should contain a number of points, less than the dimension, 
such that all groups through them will necessarily pass through 
other points variable with them. 

Suppose that we have a special complete g r N . Pick out any 
set of N—r points in a generic group. Suppose that they present 
N—r—l conditions to a special adjoint. By the Riemann-Roch 
theorem, the dimension of the complete series to which they 
belong is l. Adding the r points remaining, we get, by the 
Reduction Theorem 8], a complete g l N contained in a complete 
g r N , which is absurd unless l = r, and this particular set of r 
points belongs to every group of the g\,. Our original series 
would then have r fixed points. 




68 GENERAL THEORY OF LINEAR SERIES Book III 

Theorem 44] If a tf N be special and complete with no set of 
fixed points, every set of N—r or less points of a generic group 
nil present independent conditions to a special adjoint. 

Since a group of N points of a special series presents N—r 
londitions to a special adjoint, if we represent the curve by one 
if order 2p—2 in a space of p— 1 dimensions, p-\-r—N linearly 
ndependent hyperplanes will pass through the corresponding 
proup of points, which must therefore lie in a space of N—r— 1 
limensions. This curve of order 2p —2 in a space of p —1 dimen- 
ions, which we shall have frequent occasion to mention, is called 
he ‘canonical curve’. 

Theorem 45] The groups of a complete special g r N on a non- 
yperelliptic curve will be represented on the canonical curve by 
roups in spaces of N—r— 1 dimensions. 

We saw in Clifford’s theorem 30] that for a special series 
7 ^ 2r; suppose that N = 2r. On the canonical curve we have 
. group of points in a space of r— 1 dimensions. Such a space 
dll be determined by r points and meet the curve again in r more 
loints, which is ruled out by the reasoning that led up to 39]. 

Theorem 46] For a special complete series other than the 
anonical series, N > 2r. 

We get at once from 22] 

Theorem 47] The canonical curve is normal. 

If the canonical curve had a singular point, this would impose 
single condition on a hyperplane, but deduct more than one 
rom the number of variable intersections with the curve, giving 
special series whose order was not more than double its 
imension, which we have just seen to be impossible. 

Theorem 48] The canonical curve has no singular point. 

If two canonical curves be birationally related, so are the 
orresponding plane curves, which must have the same genus, 
fence the canonical curves are of the same order in the same 
umber of dimensions, and hyperplane sections correspond on 
le two. 

Theorem 49] If two canonical curves be birationally related, 
i e relation is a projective one. 

Theorem 50] If a non-hyperelliptic curve be birationally trans- 
vrmed into itself, the corresponding canonical curve is projectively 
ansformed into itself. 
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Even a non-hyperelliptic curve may be birationally trans¬ 
formed into a space curve with no singular point. The totality 
of adjoints of order n —2 will cut a complete series whose order 
is n— 2+2j? and dimension n-2-*-p, and so by 34] is simple. 
Also, for this series N < 2r. Here we have corresponding a curve 
of order A in a space of r dimensions. If there were a mul¬ 
tiple point of order s, the hyperplanes through it would cut a 
g r x_ e which is special, but that violates Clifford’s theorem. 



CHAPTER II 
ABELIAN INTEGRALS 


§ 1. Integrals of the first sort* 

Suppose that we have a base curve of genus p whose equation is 

/(*.») = 0- (1) 


We assume, as usual, that this curve is irreducible, y is an 
algebraic function of x, re-valued in the Gauss plane, single¬ 
valued on the corresponding Riemann surface whose branch 
points correspond to points of the curve where there are 
branches of order higher than the first, and to points where the 
tangent is vertical. If P and Q be two polynomials whose ratio 
is not constant, the expression 

v _ p ( x > y) 


Q( x >y) 


( 2 ) 


is an re-valued function of x in the Gauss plane, or single-valued 
on the Riemann surface. We may call it a rational function of 
x on that surface. It has no singularities but poles and polar 
branch points. If we eliminate y between (1) and (2), we get 

F(x, Y) = 0. (3) 

Conversely, a single-valued function of x on the Riemann 
surface with no singularities but poles and polar branch points 
possesses the property that the elementary symmetric functions 
of its re values will be single-valued functions of x in the Gauss 
plane whose only singularities are poles, and so rational func¬ 
tions. If this function be called Y it will be connected with x 
by an equation of the type (3). 

Definition. When x and y are connected by an equation such 
as (1), an integral of the type 


X,V 

f P(a,y) 

J Q{x,v) 

x 0 ,Uo 


dx 


(4) 


shall be called an ‘Abelian integral’. The value will depend on 


* As the subject-matter of the present chapter is vast, and a little outside 
the natural course of our investigations, we give some of the proofs in rather 
sketchy form. The reader anxious to refresh his knowledge is referred to 
Appell et Goursat, to Picard, vol. ii, or to Severi-Ldffler. 
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the limits of integration, and on the path followed upon the 
Riemann surface. Looked upon as a function of x, it can have 
poles or logarithmic singularities. The poles may or may not 
have residues. Since the sum of the residues all over the Rie¬ 
mann surface must be 0, the number of poles with residues of 
the integrand must be at least two, if there be any at all. Every 
Abelian integral can be built up from others of the following types: 

1) Rational functions of x and y. 

2) Integrals which are everywhere finite, defined as ‘integrals 
of the first sort’. 

3) Integrals with nothing worse than poles, defined as of the 
‘second sort’. 

4) Integrals with pairs of logarithmic singularities, ‘integrals 
of the third sort’. 

With regard to integrals of the second sort, it is sufficient for 
our present purposes to consider those which have a single pole 
of the first order, for it is easy to show that every other integral 
of the second sort is made up of a rational function and p 
linearly independent integrals of the first sort, and p of the 
second with one simple pole each.* 

The kernel of the whole matter lies in the integrals of the 
first sort. How do we know that such things exist anyway ? 
An everywhere finite analytic function in the Gauss plane is 
a constant; why should not the same be true on a Riemann 
surface ? It is not true, however: there are everywhere finite 
integrals which are not constants. We shall proceed to build 
one up, putting on the necessary conditions as we go along, 
and then show them to be sufficient. 

As a preliminary simplification, let us assume that our curve 
has no singularities but nodes, that there are no vertical asymp¬ 
totes, and no vertical tangents are singular. We know by 
Clebsch’s Transformation Theorem 14] of Book II, Ch. I, that 
this pleasant situation can always be reached by means of a 
factorable Cremona transformation. The genus of the curve 
will remain unaltered by the transformation, and the canonical 
series carried into the canonical series. The number of branch 
points will be 


m = 2(n+p —1), 

• Cf. Appell et Goursat, p. 300. 
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and they are the points where the tangents are vertical. Let 
us see what happens at infinity. The curve meets the infinite 
line in n ordinary points with non-vertical tangents, corre¬ 
sponding to n developments of the form 


y = b il x+a i0 +^l+^l+.... 


x 


When we substitute in a rational fraction — and integrate 
right out to infinity, the result remains finite when, and only 
when ’ P(x,y) b_ 2] b_ s . 


= ^ 4 -: 

-,2 ' 


Q{x,y) x 2 ' z s 

and this demands that the degree of Q shall be at least 2 greater 
than that of P. 

The other points where the integral might become finite are 
the 0’s of the integrand, i.e. the intersections of the base curve 
(1) with Q = 0. 

If the integral is to remain finite, even when the integrand 
becomes infinite, the latter must do so to a fractional power, 
i.e. we must be at a branch point. At these points we must have 

2 _ 0 . 

8y 

Let y v y 2 , y„ be the n values of y corresponding to a single 
value of x. We write the function 


xy p (*'?A) 

4 Qfayt ) 

Since this is symmetric function of the y’s it is a rational function 
in x, which becomes infinite in the finite region at most to a frac¬ 
tional power, i.e. a polynomial in x, and its degree cannot exceed 
fc—2, since the degree of Q exceeds that of P by 2 at least. 


P{X', yi) . P(x, y<i ) . | P{X] y „) __ ^ 

Q{x,yi) r Q(x,y 2 ) Q(*,y n ) 


Vi 


P&Vi) ■ 
Q(x,y 1 ) 


2/2 


P(x,y 2 ) ■ 
Q(x,y 2 ) 


■■■+y n 


P(x,y n ) 
Q(x,y n ) 


= 0 


v k p {x,y 1 ) 
Vl Q{*>yr) 


f 2/2 


P{x,yz) 

Q{x,y t ) 


- +y k n 


P{x,y n ) 
Q(x,y n ) 


= P n -k( x )- 


( 5 ) 
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If we take n of the equations, the detenninant of the coeffi¬ 
cients is 


1 

i . . 

. . i 

y\ 

y* • • 

• • y n 

yr 

1 vr 1 • ■ 

■ ■ 2 /r 1 


±n (Vi-yj) 


and will not vanish identically, so that the equations may be 

solved for the fractions y . We solve them in the following 

Q\ x t Vi) 

ingenious way. Let us write 


fey) _ 

y-Vi 


A 1 >y n -'+A 1 yn-*+...+A n _ z y+A n _ 1 . 


We multiply our first equation (5) by A n _ v the second by d m _ 2 , 

P(x W-) 

the last by A 0 , and add. The coefficient of. will then be 

Q(*,y ») 

‘* . y — Vi, and so — . 

y-Vi <tyi 

That of T ’y- yj \ win be 
QfaVj) 

^ , y = and so = 0. 
y-Vi 


Hence we have 


dfix.Vi) P( x ’Vi) _ 
fyi Q(x> Vi) 


K -3(. x i>Vi) 


P(x,y) _ <f> n _ 3 (x,y) 

Q(*,y) Of 

8y 


Since — vanishes to the first order at the nodes, <f> n _ 3 (x, y) must 
dy 

do the same and so be a special adjoint. Suppose, conversely, 
that we take 


3. 

8y 


where $ n _ 3 is a special adjoint. The integrand is everywhere 

3781 m 
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finite except at points where tie tangent is vertical, and at tie 
nodes. In tie former case, since 

$tdx+%dy = 0, 

dx by a 

4>n-S dx <l>n-a d y 

sf Of 

by dx 

and the integral is finite. At a node the numerator and de¬ 
nominator vanish to the first order, and the integral is finite; 
we have indeed an integral of the first sort, and there is no 
other. Remembering the number of linearly independent special 
adjoints, we get 

Riemann’s Integral Theorem 1] Associated vnth an irreducible 
curve of genus p there are p linearly independent integrals of the 
first sent. The zeros of the integrands are groups of the canonical 
series, and every such group will give rise to exactly one integral 
of the first sort* 

In determining these integrals we made a very particular 
assumption as to singularities of the transformed curve. How 
far did we make use of this fact in our demonstration ? Only 
in showing that the curve <f> n _ 3 was an adjoint; its order was 
determined by other considerations. Let a birational trans¬ 
formation carry/(r, y) into f'(pc',y')\ the correspondence between 
integrals of the first sort on the two curves may be written in 

the form <f> n ^(x,y) = <Kr-a^W) ,, 

df bf 

By dy' 

Let O be a group of the canonical series of /, G' the corre¬ 
sponding group of the canonical series of /', H' the group of /' 
cut by i/t. Let (a: 0 , y 0 ) and (x' 0 , y' 0 ) be corresponding points of the 
groups G and G'. Since 

dr' 

^n-a^Oi Vo) ~ 

and we may safely assume that we are not at a branch point 

(Itxf 

bo that -5- ^ 0, then <pn-a( x 'o>y'o) = 0, or (x' 0 ,y’ 0 ) belongs to the 
ax 


* Riemann cit. ©specially pp. 130 ff. 
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group H', which is thus identical with <?'. The p linearly 
independent curves ip cut /' in the canonical series. The same 
is true of the p linearly independent special adjoints <p'. No 
system of curves but the special adjoints could cut the canonical 
series, for such curves would have to be adjoints to behave at 

the singular points like the adjoints —. Hence ip and <p' are 

dp 

identical. 

Theorem 2J The necessary and sufficient condition that an 
Abelian integral be of the first sort is that the integrand take the form 

V 

8y 

where <p n _ 3 (x, y) = 0 is the equation of a special adjoint. 

§ 2. Integrals of other sorts 

Let us next consider the special integral of the second sort 
with a single pole of the first order. If two integrals of the first 
sort share a single pole of the first order, a linear combination 
of them will be of the first sort. Hence we have merely to 
consider an individual integral of the second sort with a given 
pole. As before, the degree of the denominator must exceed 
that of the numerator by two, at least. Let the single pole be 
(x 0 ,y 0 )> ar *d write the integral 


dx, 


(7) 


where >p is an adjoint of order n— 2. By our previous reasoning 
this integral will be finite everywhere except at ( x 0 , y 0 ) if we can 
find an adjoint ip to go through the remaining n —2 intersections 
of / with the tangent 

(*-*o) Jr + (V-Vo) ~ — 0. 


. dXn 




We know that the adjunction conditions are independent, so 
that the number of degrees of freedom of <p is 

(»—2)(n+1) ^ r A±~ - 


= n+p— 2. 


2 


2 



1 


1 • 

1 
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This freedom is so great that tft need not consist in the tangent 
and a special adjoint; we may find an irreducible adjoint of 
order n —2 to fit. The integrand has the development in the 
vicinity of {x 0 ,y 0 ), 

«+*+“ l (x-x 0 )+a 2 (x-x 0 ) 2 +.... 

\ x x o) 

The term in (x— r 0 ) -1 is lacking, as we could not have a single 
pole with residue. Hence the integral has the desired form 


+c+/c(z-z 0 )+ ^ 0 ) 2 + 7r(*-z 0 ) 3 +- • 

If we take a group of points P v P 2 ,...,P p which are not on 
the same special adjoint, and if E v E 2 ,..., E p be the Abelian 
integrals of the second sort, each with a pole of the first order 
at the corresponding point P, while I v / 2 ,..., I p are p linearly 
independent integrals of the first sort, then it may be shown 
that every Abelian integral with no logarithmic singularity may 
be expressed in the form* 

( 8 ) 


There remain integrals of the third sort. These are found by 
the same considerations as those of the second sort, and take 
the form 


</<(*, y) 

1 

x y 1 

B 1 

*1 Vi 1 


x 2 y 2 i 


(9) 


where <p is an adjoint of order n— 2 through all the intersections 
of / with the straight line which appears in the denominator 
except {x v y l ) and (x 2 ,y 2 ). 


§ 3. Abel’s Theorem 

Suppose that we have a rational one-parameter system of points 
on our base curve, i.e. a set cut by the rational system of curves 

R(x,y,z) = 0, 

* Cf. Appell et Gourgat, pp. 338 ft. 
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where B is a polynomial not independent of z. 

integrals 

x t ,y t XfVi Xh.Vx 

j J £*+_+ f 


277 

Consider the 


a-o-l/o 


^0»Vo 


^o.Vo 


j°( ^i,yi ) _j_ P(x 2 ,y 2 ) dx 2 _j_ P (x N ,y N ) dx N _ d.F 

Qfavf/i) dz ' Q(x 2 ,y 2 ) dz Q(x N ,y N ) dz dz ’ 


I 


where («x>2/i) (* 2 >^ 2 )--- are a group cut by a particular curve i£ 
for a given z and the integral 

p^yJdx 

Q(x,y) 

is of the first or second sort. The left-hand side is an algebraic 
function which is single-valued, owing to its symmetry, hence 
the right-hand side is rational, and F the integral of a rational 
function, and so is rational except, perhaps, for logarithmic 
singularities. The latter cannot occur if 

P ^dx 


/ 


Q(x,y) 


be an integral of the first or second sort. 

If our group of points depend rationally not on one variable 
but on several, we get a set of functions which are rational in 
each variable alone, and, hence, rational in all together* or 
involve at worst logarithmic singularities. 

This gives us 

Abel’s Theorem 3] The sum of the values of an integral of the 
first or second sort from a fixed point to the points of intersection 
with a curve depending rationally upon any number of parameters 
is a rational function of those parameters .f 

A rational function which is everywhere finite is a constant. 

Theorem 4] The sum of the values of an integral of the first 
sort from a fixed point to the points of intersection with a curve 
depending rationally on any number of parameters is a constant. 

The value of this constant will depend, naturally, on the point 
of departure of the integral, and the path followed on the Rie- 
mann surface. We may state the theorem by saying that the 


* Cf. Osgood, vol. ii, p. 283. 

f Cf. Abel, p. 515, also Severi-Loffler, p. 267, and Appell et Goursat, ch. ix. 
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sum of the values of the integral will not be altered by a slight 
displacement of the rational group of points. 

K (*i» Vi),~, fav> Vn) and (x' u y\),..., (x' N , y' N ) be two groups of a 
linear series, or, as we have called them, two equivalent groups, 


and if 


r 

d i 

dy 


be an integral of the first sort, 


Ttix.y) 


t«= 1 


1 


dx — 0. 


Zi.l/i 


( 10 ) 


Suppose, conversely, that we have two groups of N points, 
and that this equation holds for every integral of the first sort. 
It can be shown by methods of the theory of functions which 
would carry us too far afield* that the groups (x u yf) and (x[, y [) are 
equivalent, or that these necessary conditions are also sufficient. 

The theorem is certainly very plausible when the conditions 
thus imposed upon the group {x[, y[) are independent. For the 
number of parameters on which the group depends will thus be 
N—p. On the other hand this will contain the complete g r N 
determined by the group {x t , y t ), and the number of parameters 
of this is given by the Riemann-Roch Theorem 28] of the first 
chapter in the present book. We have thus 


N —p ^ N-p-\-i. 

Hence i = 0 N-p = N-p. 

Since the total system of points and the linear system included 
therein depend on the same number of parameters, it is natural 
to conclude that they are identical. This is not an exact proof, 
and of course is inapplicable when the conditions are not inde¬ 
pendent. We therefore state without proof: 

Theorem 5] The necessary and sufficient condition that two 
groups of the same order should be equivalent is that the sum of 
the values of each integral of the first sort from a fixed point to the 
point of one group should differ only by multiples of the periods 
of the integrals from the corresponding sum for the second group. 


* Of. Seven-L6ffler, p. 271. 



CHAPTER m 

SINGULAR POINTS OF CORRESPONDENCES 

§ 1. The Chasles-Cayley-Brill Correspondence Formula 

In Chapter VIII of Book I we developed the Chasles-Cayley- 
Brill correspondence formula, and drew a number of conclusions 
from it. The formula was developed only for curves with 
ordinary singular points and cusps, and we assumed there were 
no coincidences at cusps. In Chapter IV of Book II we showed 
that the formula holds even when the curve has any sort of 
singularities, but we assumed that no coincidences came on 
branches of order higher than the first. If they do, the formula 
still holds, since it is birationally invariant, and we can carry 
over to a curve with none but linear branches, but we must see 
how to count the coincidences on super-linear branches. We 
first restate the formula itself. 

Chasles-Cayley-Brill Theorem 1] The number of coincidences, 
rightly counted, of a (v,v') correspondent of value y on a curve 
of genus pis v+v '+2py. (1) 

Suppose that we have a branch of order p 0 at the origin, and 
that P and P' are corresponding points thereon, 
x = tPo y — a 0 «Po-(-a 1 (/ , i+... x' = t'Po y’ — a 0 t' PaP\-\- ... 

OP = p 0 tPo -f pJPa... OP' — p 0 tP» +pJPa 

p VOP'- p V~OP = {t'-t)(A 0 +A 1 t +£/+...). 

The correspondence arises from a certain number of equations 
6 x {x,y,x',y') = d 2 (x,y,x’y') = ... = 9 k (x,y,x’y') = 0, 
and for the present purposes gives rise on the branch to a single 
equation <f>(t,t') = W,t’-t); 

the number of coincidences at the origin will be the multiplicity 
of t as a factor when we put t’—t= 0, or in the (£, t') plane 
the number of intersections of i (j with £'—£ = 0 at the origin. 
That is the infinitesimal order in £ of the product of the roots 
of this equation in £—£', or the sum of the infinitesimal orders of 
the expressions p vOP'— p «10P where t or p \ ! OP is the principal 
infinitesimal. 

Theorem 2] The number of coincidences P' = P at the origin 
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O of a branch of order p 0 is the sum of the infinitesimal orders of 
the distances tyOP'—^OP where the distance p \ ! OP is taken 
as an infinitesimal of the first order. 

We repeat word for word theorem 11] of the last chapter of 
Book II. 

Theorem 3] Owen a g r N and certain points A lt A 2 ,.», A t such that 
ccf-i adjoints cutting groups of the series meet the base curve 
times at A { , then the number of places other than the A's where 
a group has r -f 1 coincident points is 

(r+l)[tf+Kp-l)]-2v«. ( 2 ) 

ij 

A coincidence of more than r-f-1 points would account for 
several of these. 

As an example, let us look for the ‘sextactic’ points (it is 
hard to keep away from sex these days) of a curve of order n 
and class m, i.e. the number of points where a non-degenerate 
conic has six-point contact. We have here N = 2n and r— 5. 
Assuming that the curve has only ordinary singular points and 
cusps, though the general case could be handled with a bit of 
care, we see that any conic through a cusp has two intersections 
there, a tangent conic has three, etc., so that the deduction for 
k cusps will be 5k. We must also cut out each inflexional 
tangent counted twice, for that is a conic; the deduction for the 
inflexions will thus be t(O-j-O-f-O-f-O-f-l) = t. 

The number of sextactic conics is thus 


12rc-f30(p—1)-5 k-i 


= 12n-f 30(p—1)—5[2n—m-f 2(p—1)]—[2m—n-f 2(p—1)] 


= 3[fi-fm-}-6(p—1)]. 


(3) 


Theorem 4] If a curve of order n and class m have no singular 
points but ordinary ones and cusps, and no singular tangents 
but ordinary ones and inflexional ones, the number of sextactic 


conics is* 


3[ra-f-m+6(p—1)]. 


Suppose that we have given a and a g l M . How many groups 
of the latter contain r-f-1 points of a group of the former ? We 
shall call this number for the present purposes r). Let P 
be a general point of the curve, Q a generic name for one of the 


* First determined by Cayley*, p. 217. 
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M— 1 points going with it in the g x M . We pick r of these points 
Q and use them to determine a group of the g r N . The remaining 
points of the group shall be called P', so that to each point P 

will correspond f 1 j(A r —r) points P'. Conversely, when P' 

is given, there will correspond (M—r)<f>{N— l,r— 1) points P. 
Here are the indices of the correspondence: we must determine 
its coincidences, but this has to be done indirectly. When P is 

given there are r sets of r points Q lying with it in a 
group of g\ t , each individual Q lying in ( j 1. We may say, 

symbolically, that + isa group of a correspondence 

meaning, thereby, that all the points P' and each Q counted 
{^r l) ^ mes a 8 rou P a complete series which is the 

(M r ^)th multiple of our g r N . This extended correspondence is 

the correspondence of P to P' plus r times the corre¬ 
spondence of P to Q. The extended correspondence has the 
value 0. The number of coincidences is 

These are made up of the 2(M+p— 1) coincidences of the g l M 
_ 2 \ 

each counted | ^ J times, and the coincidences of the original 

correspondence coming in <j>{N,r) groups of r+1 each: 

(M—r)<f>(N— 1, r-lJ+IV^; - *)+(M - 

= (r+mN,r)+ 2 (^" 1 2 )(Jlf+p-l) 
<f>(N —1,0) = N—l 
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tor we have the product of two correspondences of value I: 

HP, 1 ) = N( M “*) - ( M -^(M +p- 1 ) 

Let us assume that 

HP r-l) = N (* Zi) ~ (*!?){¥+P - 1 )> 

so that 

+n( m - 1 )+(m-d(M- 1 2 ) 

= (r-im^+sQ^+p-l). 

The total coefficient of N is 

^-•■)(fri I )+( Jf r 1 )=<’-+ i >( Jf 7 1 ) 

If all the terms involving 1) be moved to the left, 

the total coefficient will be 

,,, jM—2\ n /M—2\ . , ,jM—2\ 

-(*-o( f _i H( r _i )=-o-n>(,_,) 


»(<•+!)(", 1 )- (r +l>('f- 1 2 ) (Af+y_1)= M-!)«»,<•). 

Theorem 5] The number of groups of r -\-1 points common to 
a group of a g r N and a group of a g l M is* 

N ( m 7 j ) - 1 )• (4) 


1 Cl. Seven-Loffler, pp 191, 192. 
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12. The Jacobian series 

Suppose that our base curve 

/(•*-D x p 2-3) ~ 0 

is cut by the pencil of curves 

= 0 . 

The gif so determined has a certain number of singular points 
arising from curves of the pencil that pass through singularities 
of the base curve to a higher degree than usual, and from con¬ 
tact. In either case we have 

g (/. & <P ) =0 

X 2 , £ 3 ) 

It will be possible, though not necessary, to assume that/has 
only ordinary singularities, a condition that can be brought 
about by a factorable Cremona transformation, as we saw in 
Nflther’s transformation theorem 11] of Book II, Ch. I. Since a 
transformation of this sort will carry a Jacobian into a Jacobian, 
there is no loss. The group of singular points of the arising 
from coincidences between points on the same branch shall be 
called the ‘Jacobian Group’. 

Theorem 6] The Jacobian group of a one-dimensional linear 
series is given by intersections of the base curve with the Jacobian 
curve of itself and two curves cutting the series. 

Now let us take two groups of a g} v cut by the curves 

<f> = r<A>+ ? 'A+ -+r r e r , 

Ip = J o 0 o -(-S 1 0 1 -{-...-|-S,.0 r , 

the Jacobian Group of the g x N cut by X<f>-\-p<p will be given by 

V j r > r i g (/>M,) _ 0 (5) 

' I &{%l> • c 2 ’ ^3) 

The complete series containing all groups cut by this last system 
of curves is called the ‘Jacobian series’ of the given linear series. 

Theorem 7] The Jacobian groups of all g l N ’s of a g r N are con¬ 
tained in a complete gliv+p-ir 

Let us return to the Jacobian group of a gjf. Let one of the 
centres of the pencil approach a limiting position on the base 
curve. The g l N will approach a §rV-i> and the latter has a Jacobian 
group of 2{N+p— 2) points, or two less than before. Hence, if 
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all groups of a g* v have a common point, this must be counted 
doubly in the Jacobian group. 

Suppose, next, that we have a g l N and a g\ t . Let O' be a group 
of the latter. If we add this to the g l N we get a series whose 
Jacobian group consists in that of g l N plus twice the group O’. 
Applying this to each group of g l N , we get 

Theorem 8] The Jacobian series of the sum of two given series 
is the sum of the Jacobian series of one, and the double of the 
other series. 

We get a very curious result by interchanging the roles of the 
two series in this theorem. The sum of a Jacobian group of one 
series, plus twice a group of the second, is equivalent, in the 
sense of Book I, Ch. VIII, to the sum of a Jacobian group of 
the second plus twice a group of the first. Hence, by the arith¬ 
metical operations there explained, we see that the difference 
between a Jacobian group of one and twice a group of that one 
is equivalent to the difference between a Jacobian group of the 
other and twice a group of the other. Or, using the theory of 
sums and differences of series explained in the first chapter 
of the present book, we see that the difference between the 
Jacobian series and the double of a given series is independent 
of the series chosen. Let us take, in particular, the g\ cut by 
all straight lines. The Jacobian group of a pencil of lines is the 
points of contact of tangents from the centre of the pencil and 
the extraordinary singular points, and so on the first polar of 
that centre. The Jacobian series is that cut by all adjoints of 
order n— 1 , and so is not special but a g'uf+pZ\\- The difference 
between this and the double of the given series is that cut by 
all adjoints of order n— 3, for one of these and a line counted 
twice is an adjoint of order n— 1. 

Theorem 9] The canonical series is the difference between the 
Jacobian series of a given series and the given series counted twice. 

This gives immediately another proof of the theorem that the 
canonical series will be birationally transformed into the canoni¬ 
cal series. 


§ 3. The De Jonquiferes formula 

We shall devote the present section to the repellent but in¬ 
teresting task of finding how many groups there are in a g T N 
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consisting in p different points having multiplicities k v k 2 ,..., k p , 

Where 2k { = N 2 fo-1) = r = N-p. 

This means that, by imposing ^—1 conditions, we get a multi¬ 
plicity hi at least. When the multiplicity is greater than this, 
we count the coincidences as in theorem 2] of the present 
chapter. We need not assume that all of the k { 'e have different 
values. Suppose the value h 1 is repeated aq times, the value k 2 
a 2 times, and so on. Let us represent the number we seek by 
the curious symbol \k x k 2 k ] 

oc x ! a 2 !... 

To show the suitableness of the notation, suppose that 
kj — k 2 = ... = k ai . The number of groups where these were 
distinguished would be aq! times the number where they were 
indistinguishable, i.e. 

[k n k 12 ...k lai ...kp] __ oq! [kjc^ -.kp] 
o£ 2 !a 3 !... oq! a 2 !... 

Suppose, next, that no two numbers of k,k 1 ,k 2 ,... > k p> k 1 -{-k > 
k 2 -\-k,..., k p +k are equal. Consider a g T £+ k on our base curve. If 
we take such of the adjoints cutting this series as meet the 
curve k times at a chosen point p, there will be residual thereto 
a g r N . The number of groups with multiplicities k v k v ... will be 
[k-Jc 2 ...k p \. Let us take one such group, and call the first point 
k x Q v the second k 2 Q 2 , and so on. They will correspond to P in 
a correspondence of value fc[fc 1 & 2 ...fc p ]. 

Conversely, if a point Q x be given, if we look upon it as k { 
near points there will correspond thereto k i [k 1 k 2 ...k i ...k p ] points 
P, etc. 

It might seem natural to think that this number should be 
multiplied by k since the adjoints have i-point contact at P. 
But in finding the value of the correspondence we counted P as 
a single, point, and then multiplied by k because the adjoints 
have Appoint contact. The factor k { is accounted for because 
the single P corresponds to k t adjacent Q 2 &. The coincidences 
of P and Q will come from points of multiplicity (&+&<), such 
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ft group counting as k t coincidences. We thus get from Chasles- 
Cayley-Brill, theorem 1] of the present chapter, 

2 k^k x k 2 . ■■kpj -f- hikk,. ..kp\ -f- klk.k, ..k p ] -j-...-f- 2pk\k-Jc 2 . ■ • k p ] 

— k 2 \k x (k-\- k 2 ).. .kf \+... + 

+k p [k 1 k i ...(k+k p )]. (6) 

Next we must see what modifications are needed if some of 
the different numbers be equal. 

a) k x — k 2 =... = k ai . 

We should replace \kJc 2 ...kf[ by and [kk 2 ...k D ] by 

H ot x ! p 

[kk 2 ...kp\ 

'k=it 

But what were formerly aq types of coincidence are now 
replaced by one type, so we must divide by aq. In the same 
way our expressions [(k+k 1 )k 2 ...k p ] should all be divided by 
oq!. Multiplying out this common divisor, we fall back on (6). 

b) fc — k v 


This is somewhat like the last case, but {kfc...};^} must be 


replaced by . 

mi 


The divisor 2 may be multiplied out as 


before, as 2 points P correspond to Q 2 . 

c) k x = (k 2 +k). Here we shall have to multiply and divide 
in certain cases by 2, but the net result is the same. Our 
formula (6) always holds. 

It is now time to build by mathematical induction; the 
essential thing is to take the various steps in the right order. 

[1,1, ...kf\ can be found from our formula (2) for all values 
of the last argument. Taking = k 2 = ... =k p _ 2 = 1 ,k = k p _ 1 —\ 
we find [1,1, .■■k p _ l k p \ for all values of the last two arguments. 
Continuing in this way, we finally get [k x k 2 ...kf\, and at every 
stage of the process one of the k’s is equal to 1. 

We shall now proceed to show 


[k l k i ...k p ] = k 1 k 2 ...k p [ P \+{p-l)\p 2 ( h-l)+ 

+(p-2)!p(p-l) 2 (k l -l){k j -\)+...+ 


+p(p- l)...(p-p+ I)(* x — l)(k 2 - 1)], (7) 
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no two indices under a summation sign being supposed equal. 
By (2) 


[l, l, ...k p ] = (p-lJIi/p-l+^+^-lXp-l)] 

=jc p [ P \+(p-np{ic P -i)i 

so that the formula (7) holds at the first stage of the process. 
Suppose it holds at some stage, let us show that it holds at the 
next stage by showing that we get a true equation by sub¬ 
stituting in (6). 

We rewrite (6) 


k 1 {[(k+k 1 )k 2 ...k p ]-[k 1 k 2 ...k p ]-\kk 2 ...k p ]}+ 

+ k 2 {[k 1 (lc+k 2 )...k p ] - [kfa.. ,k p ] — [k 2 k .. ,k p ]}+ 

-2pk[k 1 k 2 ...k p ] = 0, 

and if we write k l k 2 ...k p = IT, (7) may be written 


[kiki-.-k^ 

= Up(p-l)...(p-p- 


•1) 


n 

l p-p 


2 311 am 

ck, ^ ^-4 dkjdkj 
p—p+l p-p+ 2 


( 8 ) 



+ (-!)"-= 0 . 
P 


(9) 


We substitute in (8) and collect the terms. Since this is a formal 
identity, we may divide out Tlp(p—l)...(p—p+1). The total 

coefficient of —— will be 2(p—p)kTl. 

p—p 

■ The total coefficient of ——-- - will be 

p-p+l 
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/_j\<r-l 

In the same way the coefficient of ————-, besides the 

p-(p-a) 

partial derivatives, is 2k[p—p—a]. The result of substituting is 




But we have already noted that one k { is necessarily 1. 
Hence, on the left as on the right, we have 0; the substitution 
yielded correct results, and the formula steps up and is proved 
by induction. 

De Jonquieres Theorem 10] The total number of groups of a g r N 
consisting in a point of multiplicity k v one of multiplicity k 2 ,..., 
one of multiplicity k p , where ]> k t = N, 2 (k t — 1 ) = r, and where oq 
points have one multiplicity , cq another, etc., and II = kfc 2 ...k is* 


Up(p-l)...(p-p) 



cq!aq!... 


Iv-p 


dki 

i 1 

p-p+l 


+ 


2 0 a n 

dkjdkj 

p-p-\-2 


( 10 ) 


* De Jonquieres 1 , pp. 289 ft. The proof here given is an expansion of 
Zeuthen*, pp. 240 ff. 



CHAPTER IV 

MODULI AND LIMITING VALUES 


§ 1. The gap theorem of Weierstrass 

Suppose that we have p—k general points of our base curve 
where k^O. Their index of specialization is k, and the complete 
series of which they are a group will have the dimension 
p—k-\-k—p = 0. Hence they cannot be the group of poles of 
a rational function. On the other hand, if we take p-\-l points, 

r = p-\-l—p = l. 

Theorem 1] The smallest number of points in general position 
which can be the group of poles for a rational function of z and y 
is one more than the genus of the curve. 

Theorem 2] A necessary and sufficient condition that the dimen¬ 
sion of the complete series which contains a given group should be 
other than 0, is either that the number of points is less than or 
equal to the genus, and the conditions imposed on a special adjoint 
not independent, or the number is greater than the genus. 

Suppose that we have a set of N points P l ,P i ,...,P N on a base 
curve which is not hyperelliptie, and has the genus p. Let us 
assume that the points P x , P 2 ,..., P^ impose independent conditions 
on a special adjoint, but that every special adjoint through them 
also goes through P M+1 , P^ +2 ..., P^-v We suppose that P^ is the 
first point of the series having this property. The groups P,, ...,P^ 
and P 1 ,...,P ft+1 have the same index of specialization, but for the 
second group r=l. The point P F+1 could not be fixed for this, 
for if it were, P^.-.jP^ would be a group of a complete g^. 
Neither could a previous point, say P v be fixed, for the order 
of these first p points is immaterial; they merely impose inde¬ 
pendent conditions. P x , P 2 ,..., P M , P M+1 are a group of a complete 
series with no fixed point and are poles of a rational function. 
Since the points P (i+1 ,P (I+ 2 ,—, P Ml _i enter symmetrically, we see 
that they are a group of a complete series with no fixed point, 
for a point fixed in this series would be fixed in the series of 
order p +1 just described. The point P hl shall impose a new 
condition on all adjoints through P lt ..., P^-v The group 
P 1( P 2 . P fli belongs to a series of order p 1 and of dimension 

8781 tt 
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ft, i—ft—1, so that the index of specialization is p—p—l. Sup¬ 
pose that all these special adjointa go through 
Here we have a complete series of order p 2 —1; the index of 
specialization is p—p—1 as before, hence the dimension is 
— p— 2. Let us show there is no fixed point. If there were 
a fixed point with index > p v dropping that point we should 
have a series with index p—p, so that all special adjoints 
through P v ...,P jl would pass through the remaining points, which 
is not the case. But if the subscript were <p v we should be 
in the same trouble as before when we assumed P 1 fixed. 

Let P ^ be another point of our original set, and let us assume 
that all the special adjoints through P v P 2 ,..., P^ s go also through 
P^+nP,i,+ 2 .-,P M ,-i. we may go through exactly the same 
reasoning as before, getting a new series of variable points. 
Keeping on in this way we shall get points P,P,...,P which 
impose new conditions on a special adjoint, so that p-\-l — p —1 
if the adjoint be now fixed, and go through various other points, 
perhaps P w+1 ,..., of our group. If we take a last point P not 
among these it will also impose another impossible condition 
(like the last of p points in general position), every succeeding 
point will determine a series of positive dimension. This gives 
Weierstrass’s Gap Theorem 3] Given a succession of non¬ 
singular points which are on a non-hyperelliptic curve of genus p, 
but are not a group of the canonical series, the number of groups 
of the first 1c which cannot constitute the group of simple poles of 
a rational function is p. 

Ta king the points ‘next’ to one another, we get a more 
familiar form: 

Weierstrass’s Gap Theorem 4] Given a non-singular point of 
a non-hyperelliptic curve of genus p. The orders which it cannot 
possess as the single pole of a rational function are p in number* 
Given a point in general position on a curve, a special adjoint 
with (p— 1)-point contact will not, usually, have higher contact. 
There are exceptional curves, which we shall study later, where 
this can happen. The lowest multiplicity it can have as a single 
pole of a rational function is p-fl. If the contact conditions 
were not independent, so that a special adjoint with (p— l)-point 
contact has really higher contact, the order of the lowest pole 
* Weierstrass, p. 69. 
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is less; the point is called a Weierstrass point. We get at onoe, 
from Chapter III, theorem 3] of the present book: 

Theorem 5] The number of Weierstrass points on a non- 
hyper elliptic curve of genus p is p(p 2 —l). 

It is to be understood here that if these ad joints have higher 
contact still, the number of coincidences, or of identical Weier¬ 
strass points, is greater. 

§ 2. Moduli 

Two curves of the same order cannot, clearly, be projected into 
one another, i.e. carried into one another by a linear trans¬ 
formation, unless they have the same Pliicker characteristics. 
Even this is not a sufficient condition in the case of curves of 
order greater than 2. If we allow ourselves not merely linear 
transformations but birational ones, the hope of carrying two 
curves into one another is greatly strengthened. A non-hyper- 
elliptic curve of genus p may be carried into a curve of order 
2 p—2 in a space of p— 1 dimensions with no singular point, the 
canonical series being carried into that cut by hyperplanes. 

It appears, thus, that the N.S. condition that two non- 
hyperelliptic curves, necessarily of the same genus, should be 
capable of being birationally carried into one another is that 
the corresponding non-singular curves in higher space should 
be capable of being carried into one another by a linear trans¬ 
formation, i.e. that they should be projectively equivalent. The 
Weierstrass points on the plane curves will correspond to 
Weierstrass points on the space curves where tangent hyper- 
planes required to have a certain amount of contact will auto¬ 
matically have a higher contact. Let p be the lowest integer 
for which it is true that all hyperplanes at a certain point with 
fx-point contact have higher contact, say (p-f-l)-point contact. 
This point counted p+l times is a group of a complete g* +1> 
as we saw by the reasoning which led up to Weierstrass’s gap 
theorem. The pencil of secant hyperplanes cutting g^ +1 will have 
2(p.+1) of its members tangent to the space curve by Chasles- 
Cayley-Brill applied to the g£ +1 , but p of the coincidences 
are accounted for at the given point. There are /x+2p others, 
and the hyperplanes of their pencil making these contacts 
will have p+ 2p —3 cross ratios, invariant numbers for the 
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curve under a projective transformation when the other points 
of contact are distinct. 

It occurs to us at this point that perhaps the Weierstrass 
points coalesce in two or three places, so that there are really 
very few of them. We can get a limit here as follows.* Suppose 
that at a certain Weierstrass point oo p - 1- * special adjoints meet 
a branch of the curve j+v } times. Applying Clifford’s theorem 
30], Book III, Ch. I, to the residual series, we have 

2p—2— ( Vj +j) > 2 (p—l—j) Vj ^ j. 

The number of Weierstrass points accounted for by this 
particular one (for this branch) is thus 

v 1 +v 2 +...+v p _ a <l + 2+.-.+p-l< ? -fc^ ) . 


Theorem 6] No one Weierstrass point can account for more 

than - falling together on the same branch. 

2 


It might occur to us that trouble would come at a very 
complicated singularity, but these theorems are birationally 
invariant, and we may suppose the curve transformed into one 
with no singularities but nodes. Remembering 5]: 

Theorem 7] The number of distinct Weierstrass points on the 
curve of order 2p—2 in a space of p— 1 dimensions is at least 


2p+6. 

Since this number is greater than the order of the non-singular 
space curve, the Weierstrass points of the latter could not all 
lie in a space of lower dimensions. 

Suppose, now, we had a non-hyperelliptie or elliptic curve 
that is carried into itself by an infinite number of birational 
transformations. In hyperspace we should have a curve carried 
into itself by an infinite number of collineations. There would 
therefore be an infinite number of these collineations which left 
all the Weierstrass points in place. But the number of the 
points we have just seen ^ 2p-j-6, and not more than 2 p —2 
can lie in any hyperplane. The hyperplanes of closest contact 
at each of these points will also be invariant. If we take p—2 
of the Weierstrass points determining a space of p —3 dimen- 


* Cf. Segre 6 , p. 90. 
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sions, not more than 2p—2 Weierstrass points can lie in this 
space. Through it will pass a pencil of hyperplanes. There must 
be at least nine other Weierstrass points, and as at least eight 
Weierstrass points lie outside any hyperplane, at least three 
hyperplanes of the pencil go to other Weierstrass points. There 
are an infinite number of collineations carrying these three 
hyperplanes into themselves and so keeping invariant every 
hyperplane of the pencil and its set of intersections with the 
curve. Hence, as many points as we please are invariant, or all 
are. A hyperelliptic curve cannot be carried into itself by an 
infinite number of birational transformations, for its g\ can¬ 
not be. 

Theorem 8] A curve of genua greater than 1 cannot be carried 
into itself by an infinite number of birational transformations. 

Let us try to discover just how many independent invariants 
a curve of genus p has under the group of all birational trans¬ 
formations. On how many parameters does the general <f N 
depend ? By Riemann-Roch for a non-special g r N 

r — N—p. 

The number of parameters in the system of all groups of N 
points is N, the number in our series is r, hence the sets of all 
complete g^’a depend on p parameters. Now consider an incom¬ 
plete not special g r N . It is contained in a complete g%~ p - The 
number of g r N ’s in such a g^~ p is the number of sets of r+1 
linearly independent polynomials in a set of N —p + 1 such, or 
of spaces of r dimensions in a space of N—p dimensions, it is 
the number of sets of r-j-1 independent points in a space of 
N—p dimensions, less the number in a space of r dimensions, and 
so is (r-\-l)(N—p—r). Adding p for the complete series, we get 

Theorem 9] The number of parameters on which depend the 
totality of non-special series of order N and dimension r on a curve 
of genus pis (r+1)(N _ r) _ pr- 

When N > 2 (p—l), the number of parameters for a g% is 
Z(N—2)—2p > 2. Take the g% determined by 

Make the transformation 

pX t — a; 3 ). 
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■It will carry our curve into one of order N, and the given 9n 
into that cut by all straight lines. It is to be noted that our 
given curve can be carried through this g% into a plane curve 
of order N in oc 8 ways corresponding to the number of collinea- 
tions of the plane into itself. If two different g%’s could give 
us the same set of curves of order N, the i residual to a given 
point in the first g% would be carried by the first transformation 
into sets of N—l points collinear with a fixed point, and be 
carried by the inverse of the second transformation into a set 
of N-l points residual to a point P'. There would be a bi- 
rational relation between the points P and P', and the curve 
would be birationally transformed into itself. We have just seen 
that for a non-hyperelliptic curve of genus greater than 2 this 
can only be done in a finite number of ways. Hence, the plane 
curves of order N derivable from our given curve in this way 
depend on 3(N-2)-2p+8 = 3N-2(p-l) 
parameters. 

Suppose, now, we replace our original curve of genus p by 
another not birationally equivalent, we get another plane curve 
of order N not protectively equivalent to the first. We saw in 
Lefschetz’s theorem 4] of Book I, Ch. VII, that the total free¬ 
dom of a curve of order N and genus p is 

Taking from this the number of parameters in a set pro¬ 
tectively equivalent to a given curve, we get the number of 
parameters governing the sets, i.e. the number of birationally 
invariant numbers for a given curve: 

3W-f( ? -l)-[3V-2(jj-l)] = 3(^-1). 

Theorem 10] A non-hyperdliptic curve of genus greater than 
2 has 3(p—1) independent birationally invariant numbers, not 
constants independent of the curve. 

These numbers are defined as ‘moduli’ of the curve.* 

§ 3. Limiting values 

The numbers N, p, and r are connected by a certain number of 
inequalities. These are reached by considering the multiples of 
* Our proof of 10] is from Severi-Loffier, pp. 167 £f. 
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a given series.* Let us consider first the &th multiple of a g r N . 
,N -1 


Suppose, first, k < 


r -1 


We may find k different sets of r— 1 


points of a generic group which have the property that an 
adjoint of the set cutting the given series through them will 
not necessarily go through any other of the N points. Our 
group must, therefore, impose at least k(r— 1)+1 independent 
conditions on the adjoints which cut the fcth multiple of the 
given series. Suppose, on the other hand, 

k > N ~} . N-l = l(r-l)+\ A <r—1 k^l+l. 
r— 1 


We may take l adjoints through the l groups, each of which 
contains, usually, no other point of the N, so that these will 
impose l(r— 1) conditions on the Ith multiple of the series. The 
remaining A points will impose independent conditions on one 
of our adjoints, so that the whole set will impose l(r— 1)+A = N 
conditions on the (Z+ l)th multiple, and on every higher multiple 
Theorem 11] If a g r N have no fixed points and r > 1, the points 
of a generic group will impose at least k(r— l)-f 1 independent 


conditions on the kth multiple of the given series, when k ^ 


N -1 


but N independent conditions when k is greater. 

The difference between the &th multiple and the given series 
is, by definition, a complete series, and so is the (k— l)th 
multiple. If r k and r k _ 1 be the dimensions of the &th and 
(k— l)th multiples respectively, we have 

*V-i<»*-A;(r-l)+l 


r k ~rk-i>k(r-l)+l 


k < 


N— 1 
r—1 


r k -r k -i>^ k > 

r=(r-l)+l 
r,-r>2(r-l)+l 
r 2 >3(r-l)+2 

* k >y*±^(r-l)+k k 


N-l 
r— 1 


N-l 
r— 1 


(1) 


* Cf, Castelnuovo.* 
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N -1 

r —I 


1<A< 


N—l 

r-1 * 


Let ub show that in this case the Ath multiple is not special. 
We see that the number of conditions a general group imposes 
on the Ath multiple is 

>A(r-l)+l r+1. 

But if the Ath multiple were special, so would the original 
series be special, and the highest number it can impose on any 
special adjoint is N—r by Riemann-Roch. Hence the Ath 
multiple is not special or 


1 

II 


p^K(N-l)- K{K 2 +1) (r-l) 

(2) 


(3) 


Theorem 12] If a curve of genus p contain a g r N with no fixed 
points, r > 1, 


p^K^(N-r)-^}(r-l) 


—--i < a< j L-J 

r—1 r— 1 


It is clear that this inequality can be turned around in 
various ways.* 

Suppose that the smallest multiple of a g r N which is not special 

N -1 


is the Ath, 
From (2) 


A^ A< 


r-1 


r ^2 h(N-l)-2 p L 


A(A+1) 

Since the (h— l)th multiple is special, 
(A-l)A<2(p-l) 


We have a function of h which dominates r. The derivative 
to A is positive if 

A(A+1)(A-1)-[A(A-1)-A](2A+1)>0 
2p>(A-l)(A-l)+fci ) . * 


* Cf. Comesati. 
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This can be written 

— > (ft—l) 

But we know «, , , 


2 (p-l) 


>(k- 1 ). 


Hence the dominating function increases with h right up to 
its limit. If, therefore, we pick out such an integer p that 

+ l (4) 

2^-lj-p] 

p(p+l) 

Theorem 13] An upper limit for the dimension of a series of 
order N with no fixed points on a curve of genus p is 

2 [p(N-l)-p] 2(p-l) 2(p—1) 

^ P(P+1) N N + ■ 

Let us try to turn things about so as to get a lower limit for 
N when r and p are given. We have from (2) 

l)+f+l- 

But #<(ii:+l)(r-l)+l 


W+ 1) ^ P 


Let us write 


N>^±V(r-l)+? + l 


h<K. 


This decreases as h increases as long as 

»>_P_ 

2 r—1 ‘ 


If, then, t(t— 1) < —® <t(t+1), 

r — i 


( 7 ) 
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Theorem 14] A lower limit for the order of a series with no 
fixed points of dimension r on a curve of genus p is 

2 r r — 1 

Consider, in particular, r= 2, 

+ 1 t(t-1)<2p<t(t+1) 

Z T 

1+V8p+T — l + VSp+l 

2 ~ >T> 2 - * 


If the curve be non-singular so that 
2 p = (n—l)(n—2) 
r 2, 


AT >i (»-l)(»-2) 

^ 2 + 2(n-2) 


-{-1 — n. 


Theorem 15] If a curve have no singular point, the lowest 
possible order for a series of dimension 2 is the order of the 
curve. 

This is also evident because if it were possible to have a series 
of dimension 2 and lower order, we might transform the curve 
into another of lower order, but every curve of lower order will 
certainly have a lesser genus. 

Our determination of the number of g r N ’s on a curve of genus 
p was limited to non-special series. It is time to take up the 
case of special series also. Looking at the problem as one in 
the projective geometry of higher space, we have a space of 
p— 1 dimensions carrying a curve of order 2p— 2. Suppose that 
a (ti— r)-parameter system of hyperplanes cuts this curve in N 
variable points. By the Riemann-Roch theorem one of the 
groups will impose N—r conditions on a hyperplane, so they will 
all lie in a space of N—r —1 dimensions that meets our curve 
N times. We know by the reasoning on page 266 that every 
space of this number of dimensions that meets the curve N' <N 
times will not, necessarily, meet it N times.* To require a space 

* This assumption is tacitly made in most discussions of the problem as 
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of N—r— 1 dimensions, in one of p— 1 dimensions, to go through 
a given point amounts to requiring p—N+r hyperplanes to go 
through there, and imposes that number of restrictions. To 
require it to meet a given curve will impose one less restriction; 
to require it to meet the curve N times, under our present 
assumption , will impose N[(p—l)—(N—r)] conditions. The 
spaces of N—r—1 dimensions in a space of p—1 dimensions 
depend on (N— r)[(p— 1)— (N—r— 1)] parameters; hence, the 
number of parameters going with those which meet it N times is 
r(N-r)—rp-\-N. The series being complete, each group belongs 
to but one of these hyperplanes, but there are oo r groups in the 
series. Hence, the series depends on (r+l)(iV— r)—rp para¬ 
meters. 

There remain the non-complete series. Suppose that such a 
series has the index of specialization i. The number of g r N ’s 
through a group will be the number of linearly independent 
spaces of r dimensions in a space of N—p-\-i dimensions, i.e. 
(r-f-l)(iV — p-\-i—r). We have seen that the number of para¬ 
meters on which a complete g%~ p+i depends is 

(p-i)(N-p+i+l)- p(N— p+i). 

The g^’s are included in these, but no g r N is in more than one. 
Hence, the number of parameters determining the incomplete 
9 n is 

(N—p +1 ){p—i) — p(N—p ■+■ i) -f (r+1 ){N—p + i—r) 

— ( r-\-\)(N—r)—ip—i{N-p-\-i—r ). 


This number is not greater than the number for the complete 
series, hence 

Theorem 16] In a curve of genus p the special g r N 's wiU depend 
on (r+l)(N—r)—rpparameters. 

This theorem leads at once to the solution of the problem of 
finding the lowest order of curve to which a general curve of 
genus p can be birationally transformed. By Riemann-Roch, 


for r = 2 


N—2=p—i, 


e.g. Brill and Nother. The only oomplete discussion I have seen is Severi- 
Loffler, pp. 380-90. It is involved, and too long to reproduce here. 
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so that we shall have the minim um order when the series cut 
by straight lines is special. Let 

(r+\)(N—2)'^.rp r = 2 
3(N-2)^2p 
3N^2p+3 

p = 3p N — 2p+l 

p = 3p—l N = 2p+2 

p — 3 p -f- 1 N = 2 p -f- 3 

p = 3p-\-2 N = 2p+4. 

Theorem 18] If a curve have the restriction imposed in theorem. 
17], the lowest order of any curve to which it can he hirationally 
transformed is 

p = 3p n = 2p-f-l 

p — 3p-—\ n=2p-j-2 

p = 3 p -j-1 n — - 2 p -|- 3 

p = 3p+2 « = 2p+4. 
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CURVES OF SPECIAL TYPE 


§ 1. Curves containing series of given sort 
The inequalities given at the close of the last chapter show that 
if a base curve be given, it may, or may not, contain series of 
given description. It is our next task to find properties of curves 
which do contain assigned series. 

Suppose that a curve contain a and a neither with 
a fixed point, and with no common linear series of dimension 
greater than 0. Each series gives rise to a correspondence of 
value 1, hence the pairs of points in the same group in both 
series are the points of coincidence in a correspondence of value 
— 1. The number of these pairs is, thus, 

|[(JV-l)(if-l)+(if-l)(A-l)-2p] = (A-l)(ilf-l)-p. (1) 

If the two series have a common group of k points, this will 
k(k—l) 

count for ------—- pairs. Let the two series be cut by 


-^0 < £i + ^1$2 = 0 A’ 0 ^l 1 -bX 2 l|>2= 0, 


where the curves <£ 2 and ifi 2 pass through the group of k points. 
Eliminating x and y between these and the equation of the base 
curve, we get F(X 0 ,X V X 2 ) = 0, 


a curve birationally related to the original one. We should 
expect from theorem 11] of Book I, Ch. I, that the order of this 
curve would be but the resultant is reducible; each of 

the k common points gives X 0 as a factor of the new curve, and 
a moment’s calculation shows that it gives it only once. The 
order will, then, be N-\-M—k. When X 0 and X x are given there 
are N points {x,y), and so N values X 2 ; when X 0 and X 2 are 
given there are M points (x, y), and so M values X v 
Theorem 1 ] A curve which contains two one-dimensional series 
of orders N and M with no common linear series of dimension 1, 
but with a common group of k points, may be birationally trans¬ 
formed into a curve of order N-\-M—k with a point of order 
M—k, and one of order N—k. 
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We can always assume N = M = p, and fc = 2, so that we 
can always transform birationally into a curve of order 2p—2 
with two points of multiplicity p—2. However, there are better 
ways to proceed. Suppose that our curve is of genus above 2 
and is not hyperelliptic. We may find thereon a group of p-j-1 
points which is not special, and a second non-special group 
s har ing p with the first. 

Theorem 2] A curve of genus greater than 2 which is not hyper¬ 
elliptic may be transformed birationally into a curve of order p-\- 2. 

§ 2. Elliptic curves 

A curve of genus 1 is defined as elliptic. If we take two random 
points, the dimension of their complete series is 1, for a curve 
with a g\ contains a g\, and so is rational. We get from 1]: 

Theorem 3] An elliptic curve may always be birationally trans¬ 
formed into a non-singular cubic. 

Let us seek a canonical form for the equation of a cubic curve. 
By Pliicker’s equations of Book I, Ch. VII, it has nine inflexions. 
By Book I, Ch. II, theorem 19], corollary 5, a line connecting 
two inflexions passes through a third. Klein’s equation of 
Book I, Ch. VII, shows that just three of these must be real 
for a real curve. The line connecting two conjugate imaginary 
inflexions will be real, and meet the cubic again in a real in¬ 
flexion. There are three real inflexions by Klein’s equation. 
They lie on a real line. Through each real inflexion will pass 
four lines to pairs of other inflexions. These lines are real, or con¬ 
jugate imaginary in pairs. We know that one is real, that to the 
other two real inflexions, hence another is real also; so here are 
three real lines each with one real and two conjugate imaginary 
inflexions. 

The conic polar of a point On a cubic is easily shown to be 
the locus of points harmonically separated from the given point 
by pairs of points of the curve. The conic polar of an inflexion 
is the inflexional tangent, and the polar of the inflexion with 
regard to a pair of lines containing each three other inflexions. 
If, thus, l lt l 3 , and l s be three real lines each with one real and 
two imaginary inflexions, the conic polars of all points on l x pass 
through the intersection of l 2 and l 3 , and as this is not on the 
curve its line polar is does not go through there, the three 
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are not concurrent, and may be taken as sides of the coordinate 
triangle. The line polar of each vertex is now the opposite side 
of the triangle, and the equation of the curve is seen to be* 

3 +®2^2 S +«s*3*+ bxix' 2 x' 3 = 0. 


Putting x t — Va^, 

= 0. (2) 


Suppose that A and B are any two points of the cubic, the 
line AB meeting the curve again at C. Let CT touch the curve 
at T. A line through A shall meet the curve again in A 1 ,A 2 . 
The lines TA lt TA 2 shall meet it again in B v B 2 respectively. 
The group TT-\-A 1 A 2 is residual to A + C, as is also B. Hence 
B v B 2 , which are residual to T, T,A V A 2 , are residual to B, or 
B,B V B 2 are collinear. We thus have a one-to-one algebraic rela¬ 
tion between the lines through A and B, i.e. a projective 
relation, and the tangents from A correspond to the tangents 
from B. This gives 

Theorem 4] The cross ratio of four tangents to a non-singular 
cubic from a point of that curve is the same for ail points of the 
curve, f 

It is clear that it is possible to express this cross ratio in 
terms of the coefficient m that appeared in equation (2). The 
work is tedious, but it is found that if r be one of these cross 


ratios,^ 


(r 2 —r-fl) 3 _ 16(m+m 4 ) 3 

(r+lj 2 (r^2) 2 (2r—lp _ (l + 20m 3 -8m«) 3 ' 


(3) 


The lines through a point of the cubic cut a g\. This is the 
only sort of g\ that the curve has, for a point residual to one 
pair of a g\ is residual to all, or all pairs are collinear with the 
same point. Every birational transformation will carry a g\ into 
another. 

Theorem 5] An elliptic curve has but one independent modulus, 
a cross ratio determined by four double points of a g\. 

A g\ gives an involutory transformation of the curve into 
itself. The product of two of these is a one-to-one transforma¬ 
tion of the curve into itself, depending on a correspondence of 
value —1. We shall call these, temporarily, ‘product trans- 


* Cf. White. 


t Cf. Salmon*, p. 274. 


J Cf. White, p. 73. 
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formations’. They are not involotory, as we shall see more 
clearly in a subsequent chapter. 

Suppose that we have a birational transformation of the cubic 
that carries A to A'. It will carry the single g\ with A as a 
double point, into the single g\, with A' as a double point, so 
that lines through the point 1 collinear with AA will be carried 
protectively into lines through the point F collinear with A’A', 
and the four tangents at / go to the four tangents at V. Since 
the line IA corresponds to I'A' and the cross ratios are equal, 
the relation between the two tetrads is uniquely determined, 
unless the four tangents form a harmonic or equi-harmonic set. 
Excluding these cases, when we know that A goes to A', and 
so / to F, if another line through I meet the curve in B 1 B 2 
and the corresponding line through F meet it in B\B' 2 , our 
transformation will be completely determined when we know 
whether B t goes to B\ or to B' 2 . Now we can find an involutory 
transformation to accomplish one of these results, and a product 
one to accomplish the other, whence we get 

Theorem 6] If an elliptic curve be neither harmonic nor equi- 
harmonic, the only birational transformations which carry it into 
itself are involutory ones and product ones. 

The product of two product transformations is a birational 
transformation of value —1 and so a product transformation. 
They form a continuous group, and this group depends on one 
parameter giving the fate of a chosen point. 

Theorem 7] The product transformations of an elliptic curve 
which is neither harmonic nor equi-harmonic into itself form a 
continuous one-parameter group. 

In a later chapter we shall express the coordinates of the 
points of a cubic curve in terms of an auxiliary parameter by 
means of elliptic functions. We shall there get a very simple 
expression for these two kinds of transformations in terms of 
elliptic functions. It will appear at once that two product trans¬ 
formations are commutative, but two involutory ones are not. 

There are special cubic curves which permit of other birational 
transformations into themselves; we shall see an example in 
a later chapter.* 

* The literature of birational transformations of cubic curves is large. See 
‘Topics’ chs. vii and xv, and Segre'. 
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§ 3. Hyperelliptic curves 

The characteristic property of a hyperelliptic curve is that it 
has a genus greater than 1, yet contains a g\ which must be 
complete and special, for if there be a g\ there will be a yj, and 
this characterizes a rational curve. If we take p-\- 2 points in 
general position, no two being mates in the g\, by the Riemann- 
Roch theorem, they characterize a g* +2 by means of which the 
curve may be transformed birationally into a hyperelliptic curve 
of order p-\- 2. There must be some singular points in order to 
have a genus p. If such a point be of order r, the lines through 
it will cut a gp+ 2 - r > which must be special; hence the mate of 
every point in the g\ must be on the line to this point, or there 
is only one distinct singularity. Let this be the end of the y-axis, 
and let the g* +2 be cut by the pencil of curves 


0 1 (x,y)+x’d 2 (x,y) = 0. 

P(x') 

Then x = A- 1 for only two intersections with the base curve 

G(* ) 

depend on x', and these have the same x. For y we have 

<l>o( x ')y 2 +tyi( x ')y+<l> 2 ( x ') = Q - (4) 

The number of values of x’ for which two of the y’s fall together 
is 2p+2, hence the degree of this equation must be p-\-2. When 
x' is given there are but two y’s, hence there is a point of order 
p at the end of the y-axis, and there can be no other singularities, 
since the genus is p. 

Theorem 8] A hyperelliptic curve of genus p can be birationally 
transformed into a curve of order p-\- 2 with a single singular point 
of order p. 

We can transform our curve (4) to a simpler one in the 
following fashion: 

Vr: - y'-i i( x ') 
y U*') 
y ' 2 = 

y* = -&(*')[*»(*')]+[MOP 

1 1'^hpAx'). (5) 

Theorem 9] A hyperelliptic curve of genus p can be birationally 
transformed into a curve with an equation of the type 

y 2 = Ap+*(»')- 


3781 


(5) 
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This curve is of higher degree than (4) but simpler equation. 
It has a point of multiplicity 2 p at the end of the y- axis, and 
a number of other singularities clustering infinitely near, for 
there are no singularities at a finite distance, as, if there were, 
(4) would have such. 

Theorem 10] A hyperdliptic curve of genus p may be bi- 
rationally transformed into a curve of order 2p+2 with a point of 
multiplicity 2 p, and p double points clustering close to it. 

Let us seek the power-series development of our curve in the 
vicinity of the singular point by the methods of Book II, Ch. II. 
Using homogeneous coordinates, 

V 2 =f 2 P +i( x ’ 3 ) = a 0 x 2 P+ 2 +a 1 x 2 i'+ 1 z+... 
x = x' p z — z'x' p+1 y— 1 
z' 2p = a^a^'x'- f-... 

z' = (Va 0 )p+ ai x' + ... z' = { — \ ! a 0 )»+fl } x' + . . 

1 p+1 1 p+1 

z=(Va 0 )px p +... 2 — (— x'afjpx p +... 

l l 

x = tP, z=(Va 0 )p<» +1 +... x—tP, z=( — \/a 0 )pt p + 1 -\-.... (6) 

Theorem 11] If a hyperdliptic curve of genus p be birationally 
transformed to the form 

V 2 =/ 2 p+ 2 (z), 

there are at the singular point two branches of order p and class 1.* 
The degree of our equation (5) may be slightly reduced as 
follows. The polynomial / has only simple roots, as we saw a 
few lines back. If a be one of these, and we write 


V a. 1 
x = oi-f-- 

x 


y 


XP+ 1 


X = 


y 


( x '- a )»+ 1 


y ' 2 = K-n(*')- ( 7 ) 

Theorem 12] A hyperdliptic curve of genus p may be bi¬ 
rationally transformed into a curve of the form 

y 2 = '/w i(*)- ( 7 ) 

» 

This seems, on the whole, less useful than (5); the essential 
difference is that in the case of (5) the double points of the g\ 
are the intersections with the x-axis, but in the case of (7) there 
is one at infinity. 


* Cf. Severi-L<Sffier, p. 148. 
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When three of the vertical tangents to (5) are known, the 
others are given by the cross ratios they make with these three. 

Theorem 13] ^4 hyperelliptic curve of genus p has 2p— 1 moduli. 

We could not have a hyperelliptic curve of genus p whose 
order was less than p-\- 2, for the series cut by all lines in the 
plane would be special, but a general line through a point of 
the curve cannot connect it with its mate in the g\. Suppose 
that the order is n, and that there are only ordinary singular 
points. We seek the class of the envelope of lines connecting 
pairs of the g\. To find the number of tangents through an 
arbitrary point we must find the number of pairs of the g\ which 
are in a group of the g\ cut by radiating lines through an 
arbitrary point. The number we find at once by Chasles- 
Cayley-Brill. 

Theorem 14] If a hyperelliptic curve have only ordinary singu¬ 
lar points, the class of the envelope of lines connecting pairs of 
of the g\ is n—p— 1. 

Suppose that the system of adjoints which cuts the g\ is 

M x >y)+ t 4>i(.x,y) = o. 

If we eliminate y between this and the equation of the curve, 
we get a reducible equation in x, the first part, dependent on 
t, will be quadratic in x. 


P(t)x 2 -\-2Q(t)x-\- B(t) = 0. 

The symmetric functions of the roots are rational in t, as also 
the coefficients in the equation of the line connecting the two 

P° ints * u.. = Ui (t). 


We may generate our curve in the following fashion. Let a 
special adjoint <f> cut the curve in pairs of points A^A\, A 2 A' 2 .... 
Let AA be on u^uft). 


Then U(f> is an adjoint of order n —2 meeting / in n— 2 other 
points. They, with the points A 1 A' 1 ,A 2 A ' 2 ..., are residual to 
one group of our g\, hence there is a pencil of adjoints of order 
n—2 through these last points, and the group of n—2 cutting 
our g\. Such a pencil may be written 

MC = 0- 


* Cf. Bobek, pp. 390 ft. 
X 2 
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Let 0 a be a conic meeting / in vi^4j and again in 2 (n— 1) points 
through which we can pass a pencil of ad joints of order »—1: 

6 2 fi—fj-tfi = 0 . 

Whence we have / = mf/—6 2 x, 

enabling us to study the generation of / by sets of lines and 
conics. 

§ 4. Polygonal curves 

A curve containing a g\ is rational, if it contain a g\ it is rational, 
elliptic, or hyperelliptic. 

Definition. A curve is said to be ‘&-gonal’ if it contain a g\ 
all points variable but no series of dimension 1 and lower order. 
If the series be not special we must have & = p+1. The g\ is 
surely complete, for if there were a gr| there would be a gl_ t 
contrary to definition. It is also special, for if k — p-\-l by 
fixing p— 2 points of a special adjoint, we should get a g] t . 

Theorem 15] A defining aeries for a polygonal curve is special 
and complete. 

A group of the g\ imposes k— 1 conditions on a special 
adjoint, so that all special adjoints through k— 1 points of a 
group pass through the last one. We may, however, find k— 2 
points of a group which impose independent conditions, and 
these, with p—k+2 arbitrary points, will determine a gj. We 
get from 1] 

Theorem 16] A k-gonal curve may be birationally transformed 
into a curve of order p -\-2 with a point of multiplicity p-k-\- 2. 
The g\ will be cut by lines through this point. 

Suppose that a curve is &-gonal, and that it has an adjoint 
of order n—k—1. The Riemann-Roch theorem tells us that 
a group of our g\ imposes 1 conditions on a special adjoint. 
Let us take two points in one of these groups, and pass a line 
through them, and a line in arbitrary direction through each of 
k— 3 others of the k points. These k—2 lines, with the line 
through 2 and the particular adjoint, will make an adjoint of 
order n— 3 through all but one of the k points, hence through 
aE k, and they must lie on a line. 

Theorem 17] If a k-gonal curve of order n have an adjoint 
curve of order n—k—1, then the points of each group are collinear.* 

* Cf. Amodeo 1 . 
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If the &-gonal curve had a special adjoint of order n—k— 2, 
it certainly has plenty of order n—k— 1. The curve of order 
n—k—2 and k— 1 arbitrary lines, one through each point of 
a group, would have to go through the remaining variable point; 
an absurd conclusion. 

Theorem 18] A k-gonal curve cannot have an adjoint of order 
n—k—2. 

Suppose there is more than one adjoint of order n—k— 1, 
i.e. an infinite number of them. The curve of this system 
through a generic point and lc —2 lines in arbitrary directions 
through as many other points of the group of k would give, 
with the adjoint of order n—k— 1, a special adjoint through all 
but one of the k points, hence through the last, i.e. all must 
lie on the adjoint of order n—k—1. 

Theorem 19] If a k-gonal curve contain an infinite number of 
adjoints of order n—k— 1, the g\ will be cut by a pencil of such 
adjoints. 

There has been a good deal of study of the moduli of i-gonal 
curves, but to pursue it would lead us too far.* 

If a curve of order n have a multiple point of order n—k it 
certainly has a g\. Its genus will be greater if it have no other 
singular points than if it have one. Its polygonality could not 
be k' < k, for then although there can be no special adjoints of 
order n—k'—2, yet there are some of order n—k— 1, a contra¬ 
diction. Our curve is A-gonal. 

Conversely, suppose we have a k- gonal curve of this order 
and genus. It cannot have a singularity of order greater than 
n—k, and the conditions for an adjoint of order n—k— 1 are not 
incompatible. The points of a group of k are thus collinear 
by 17], 

Let the g\ be cut by the pencil 

$ = $1 " f ' ^2 ^ 2 - 

The group cut by <f) l shall be on a line l v that cut by the general 
<f> on a line l. Since contains all the variable intersections 
of / and <f>, we have, by Ncither’s Fundamental Theorem 3], 
Book II, Ch. IV, m = 

The parameter fj-.i, appears linearly on the left, hence it will 
* Cf. Castelnuovo 1 and Segre, Beniamino 1 . 
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appear linearly on the right, or we have a pencil of lines. The 
lines l have only k variable intersections with / since the curves 
<f> only have that number, hence they pass through a fixed point 
of order n—k. 

Theorem 20] The necessary and sufficient condition that a 
k-gonal curve of order n should have the maximum compatible 
genus is that it should have a multiple point of order n—k and 
no other singularities.* 


§ 5. ^-curves 

Suppose that we have a curve of genus p. The canonical series 
There will be a certain number of special adjoints 


is a 


£!*• 


which touch the base curve simply at^>— 1 points or, as a special 
case of this, more elaborately in fewer points; there are no 
simple intersections except at the singularities. We determine 
the number of these from the De Jonquieres formula at the end 
of Ch. Ill: 


P=P -1 

n = 2 p_i 

Substituting, we get 


k% — ... — kp — 2 

bU „„ „ 

* etc - 


2 p-yr2J>-i (p-i)2»- 2 (p—i)(p—2)2»-» 

(p-l)![ 1 2 + ~~~ 2.3 " 

= 2 P-I |p. 2P- 1 — *2^- 2 ...j 

= 2p~ 1 [2p —(2 — 1)*>] = 2p- j [2p— 1], (8) 

Theorem 21] The number of groups of the canonical series 
which consist in p— 1 pairs of adjacent points or the equivalent 
is, in general ,f 2^— 1 [2 2> — 1]. 

A special adjoint which bears this relation to the base curve 
is called a (h-curve. In some cases 21] does not hold, for there 
are an infinite number of curves. These cases deserve further 
study4 If the base curve have a one-parameter family of ®- 
curves, every curve of the type 

A<t> -)- AO] = 0 

will be a special adjoint through the intersections of and 


* Cf. Kupper, pp. 80 fi. t Cf. Weber’, p. 38. 

J Cf. Kraus, pp. 245 fi. 
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If the parameter on which the curves depend be t, the 
pencil of curves 

Ad.+,f=0 


will pass through the p—1 points of contact of with the base 
curve. We have also, by Nother’s fundamental theorem 3] of 
Book II, Ch. IV, 



^/+<£' 4 >; 


here <!>' must be a special adjoint tangent to / where the latter 
0(f) 

meets AO-f n—• In other words, must be a of our one- 
ct 


parameter system, and by a proper choice of A:/i we may get 
any curve of the system this way. This gives a very pretty result. 

Theorem 22] If a base curve have a one-parameter system of 
3>- curves , the points of contact of any two are a group of the 
canonical series. 

Take an arbitrary curve of the pencil 

M) 

A*+^ = 0 , 


and let l be an arbitrary line. Through the points of contact 
with /, and through n— 3 of the intersections with l, we may 
pass oo 2 adjoints of order n—2 cutting a y 2 +2 . Of these, oo 1 will 
consist in l and the adjoints of the pencil above. We may thus 
transform the curve into one of order p-\- 2 with a pencil of lines 
meeting it in only p—1 variable points, i.e. with a triple point. 
Consider any line through this point. There will be a pencil of 
adjoints of order p—1 through its p—1 variable intersections 
with the curve, and one curve of the pencil will consist in that 
line and a curve of order p—2. But the residual group is also 
a set of p—1 collinear points, hence the curve of order p—2 is 
that other line and a curve of order p—3 which is adjoint 
except, perhaps, for the triple point. 

Theorem 23] If a curve of genus p have an infinite number of 
b-curves it may be birationally transformed into a curve of order 

p+2 with a triple point and the equivalent of —— other 

double points. These lie on a curve of order p—3 which acts as 
in adjoint at each of these singularities. 



S12 cimVIM 0FSPBC5UL TW® . •’ " ***„, 

Conversely, it is evident that such a carve is of the deeiied 
sort, for the curve of order p—3 and a line through the triple 
point counted twice gives us just the group we want. 

Theorem 24] If a curve have an infinite number of 0-curves, 
its genus must be at least 3. 

The simplest curve of this sort is a quintic with a triple point. 
The canonical series is cut by a pair of lines through the triple 

point. 

Suppose we have an s-parameter system of 0-curves, s>l. 
The index of specialization of a group of contacts will be at 
least s-j-1; we may pass a two-parameter system of special 
adjoints through one of our sets of p— 1 points, and a—2 other 
arbitrary points, cutting the base curve in a p| +2 . 

Theorem 25] If a curve possess an s-parameter family of <J>- 
curves where s>l, it may be birationally transformed into a curve 
of order p— a-f1 and genus p. 


§ 6. Reducible curves 

In all our work in the present chapter we have assumed that 
our base curve is irreducible. The study of series on a reducible 
curve is worth some attention.* Suppose, first, our base curve 
consists in two curves f v f t of orders n lt n 2 and genera p x and p 2 
respectively. Let a common singular point have the multi¬ 
plicities of 8 lt , s 2l for the two, while the multiplicities of not 
common singular points shall be r u , r 2} . An adjoint of the com¬ 
bined reducible curve must have at least the multiplicities 
5 ii+*ai— 1, r u — 1, r 2} — 1. It may be written 

<£ = ^/i+&/ 2 , (9) 


where >fi 1 and >p 2 are adjoints of the corresponding curves f v f t . 

Theorem 26] Every adjoint of order n of a reducible curve f x f 2 

can be written ± _ , t . t 

t — nJi+Wa' 


where <p x is an adjoint of order n—n 2 of f lt and tf> 2 an adjoint of 
order n—n x of f 2 . 

Theorem 27] Every special adjoint for a reducible curve f x f 2 
can be written 

r — ra/i+Pi/ai 

where <f> x is a special adjoint to f v and <f> 2 is a special adjoint to f t . 


* For an extended study see N other’. 
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Let ua define p the genns of the reducible curve as we have 
defined genus for an irreducible one. We have, then, 


_ K—1)^-2) _ 'vr' gu(pii—1) _ V a u (a u —l) 

Fl 2 Z 2 Z 2 

_(»2— 1)(»2 — 2 ) V PiiiPsi— !) V — *) 

P2 2 Z 2 Z 2 


_ K+»z— 1 )K+w 2 — 2) V PliiPu— 1) 

P 2 Z 2 Z 2 


-2 




?>=^l+P2- 1 +«l Tl 2- 2^2 l = Pl+3 ) 2-l' (10) 

This number is clearly an invariant for birational transforma¬ 
tions; it will, by the last theorem, give us the number of linearly 
independent special adjoints. 

The fundamental residuation theorems are based upon 
Nother’s fundamental theorem, which holds equally for re¬ 
ducible and irreducible curves. For a non-special complete 
series cut by the adjoints i Ji v </i 2 , 

^ = ^+^2 r = r 1 +r 2 = N 1 ~p 1 +N 2 -p 2 p-l^Pr+p^-2 

N—r = p— 1. ( 11 ) 

Theorem 28] If a reducible curve consist in two irreducible 
parts, the difference between the order and dimension of a complete 
non-special series is one more than the genus. 

Theorem 29] If a reducible curve consist in two irreducible 
parts , the canonical series is a gf~J 2 . 

Consider a special series of order N 1 -\-N 2 . 

N 1 —r 1 = p 1 —i 1 N 2 —r 2 = p 2 —i 2 i—l = i 1 —l + i 2 —l 

p+l = p l +Pi N-r = p+l—(i+l) = p—i. ( 12 ) 

Riemann-Roch Theorem 30] The difference between the order 
and dimension of a complete special series is equal to the genus of 
the curve less the index of specialization. 

It is perfectly easy to generalize these results to the case of 
a curve which is reducible and composed of s irreducible factors, 
all different. 

Theorem 31] If a curve f be made up of s irreducible factors 
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of orders n v n 2 ... and genera p 1 ,p 2 ..., and if the genus of the 
combined curve be defined as for an irreducible one, then 

a) The order of the combined curve is the sum of the orders of 
the factors. 

b) The genus of the combined curve is the sum of the genera of 
the factors less s. 

c) The general form for an adjoint is 

( 13 ) 

where ip { is an adjoint to the curve f t . 

d) The difference between the order and dimension of a complete 
non-special series is p-\-s. 

e) The canonical series is a complete 

f) The difference between the order and dimension of a complete 
special series is equal to the genus less the index of specialization. 

Theorem 32] A necessary and sufficient condition that a curve 
should be irreducible is that the Riemann-Roch theorem should 
apply to non-special as well as to special series. 



CHAPTER VI 


NON-LINEAR SERIES OF GROUPS OF 
POINTS ON A CURVE 


§ 1. General theorems about series 

The systems of groups of points on a base curve which we have 
studied, so far, have all been linear systems. There are, ob¬ 
viously, other types of algebraic series, and it is our purpose in 
the present chapter to find some theorems about them. 

A group of points on a curve will not, necessarily, be the total 
intersection with another curve. A necessary condition for this 
situation is that the number of points on the curve, when 
multiplicities are rightly counted, be divisible by the order of 
the curve. The number of points in a generic group shall still 
be called its order, the number of parameters its ‘dimension’; 
a series of order N and dimension r shall be written as y r N ; we 
shall use the notation g r N only when the series is linear. The 
number of groups to which r generic points of the base curve 
belong is called the ‘index’, a number which is unity for a linear 
series. If every group which contains a generic point P x neces¬ 
sarily goes through /a—1 other points P 2 ,P z ,...,P tL variable with 
the first, then every group which contains P 2 must also contain 
P v as otherwise P v P 2 would impose two conditions, not one. 
Such a series shall be called, as before, an ‘involution’. When 
ft = 1 the given series is said to be ‘simple’. If the equation of 
the base curve be f, A 


we may imagine the groups of the series cut by the variable 

curvea M*>y) = M*,y)=- = o 

4>q = — - = °- 


The equations ijj Q = 0, tfi 1 = 0 are supposed to involve the 
otherwise arbitrary coefficients of the curves <f>. If our series be 
irreducible, we may suppose each of the polynomials indicated 
is irreducible. We may assume that no two curves <f> have the 
same fixed infinite points, and that the axes are so directed 
that, usually, no two points of the same group have the same 
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abscissae, 
we have 


Eliminating y between / and the various curves <j>, 

e Q (x) = e x (x) ==... = o. 


Let the highest common factor of these be 8(x) after fixed 
common roots have been divided out. Each root of 8(x) will 
give but one point of the group, in general. We may determine 
our system of groups by the equations 


J{x, y) = 0 6{x) = 0 r(x)+ys(x) = 0, 

or, more generally, 

f(x, y) = 0 F x {x, y) = 0 F 2 { x, y) = 0 

4 > o = 0i=... = o. 


The equations ifi, as before, involve the coefficients of F r and 
F 2 . By adding, if needful, factors with constant coefficients to 
the one or the other, we may make them both of degree v. 
Their coefficients will correspond to points of an algebraic 


variety of r dimensions, in a space of 


r(v-l-3) 

2 


dimensions. 


We 


get from Book I, Ch. I, theorem 15], the fact that these co¬ 
ordinates in F x and F 2 can be rationally expressed in terms of 
r-f-1 parameters, independent except for the fact that they are 
connected by one polynomial equation. Expressing them so, 
and substituting, we get the canonical form for the equations 
of our series 


f(x, y) = F x (x, y, X 0 ,...,X r ) = F 2 ix, y,X 0 ,..., X r ) 

— f'iXg,..., X f ) = 0. (1) 


§ 2. Series of index 1 

A linear series is of index 1. It seems natural to suppose that, 
conversely, a series which is algebraic, and of index 1, is neces¬ 
sarily linear. This is, as a matter of fact, usually the case, but 
there are exceptions. Here is an example. A linear series of 
dimension 1 is rational and its groups are in one-to-one corre¬ 
spondence with the points of a line, or of any rational curve. 
Suppose we have a space curve whose genus is not 0 (i.e. a plane 
curve in one-to-one algebraic correspondence therewith is not 
rational). A quartic curve, the complete intersection of two 
quadric surfaces nowhere tangent to one another, is an excellent 
example. This can be projected into a binodal plane quartic, 
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so that its genus is 1. Let the tangents to this space curve meet 
some other quadric in a curve whereon they determine a y\, 
and this will be of index 1 for, through a point of the new curve 
will usually pass but one tangent to the quartic. So on this 
space curve, or a plane curve to which it may be projected, we 
have a y\ of index 1, which is not a g\, as then its groups would 
be in one-to-one correspondence with the points of a line, not 
with those of a curve of genus 1. 

Suppose that we have a y x N of index 1 on a rational curve. 
We may transform birationally so that the curve of genus 1 is 
the x-axis: 

Fi(x, x,' y’) = F 2 (x, x', y') =f(x’, y’) = 0. 

Here /' must be the resultant of these two equations in x. 
Since there is but one group for each x, 

?(x)' 

Hence our series is cut by the pencil 

x'q(x)—p(x) — 0. 

Theorem 1] A series of dimension and index 1 on a rational 
curve is linear. 

Suppose, next, that we have a y\- of index 1 which is rational. 
We may write it 

f(x, y) = F x (x, y, T) = F 2 {x, y, T) = 0. 

/ must be a factor of the resultant of these two, and since there 
is but one T for each point on /, 

T = fir 1 r T( & x > y ) = °- 

Q{x,y) 

Theorem 2] A rational series of index and dimension 1 is linear. 
Theorem 3] If a one-parameter system of series of dimension 
and index 1 be given, each series is linear. 

We shall prove this theorem early in the next chapter. The 
proof involves the use of Abelian integrals and had better be 
postponed till then. Let us pause to notice one interesting 
result. Suppose that on an algebraic surface 

F{X, Y,Z) = 0 
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we have a one-parameter system of curves 

r_P(U,V,x,y) Y __Q(U,V,x,y) 7 _B(U,V,x,y) 

S{U,V,x,y) S{U,V,x,y) S{U,V,x,y) 

F(U,V)=f(x, y) = 0. 

Here x and y are fixed for each curve of the system. Suppose, 
further, each two curves of the system meet in one, and only 
one, variable point. Each point on the surface will give a finite 
number of curves, and so of points on /, so that f carries a y%. 
Residual to any point on / = 0 will be a Yn-v which by 3] is 
a gjf_ v and so is rational. Hence the curves on F are. 

Theorem 4] If an algebraic surface in three-dimensional space 
have a one-parameter family of algebraic curves, each two of which 
intersect in but one variable point, those curves are rational. 

Suppose now, we have a y% of index 1. When any point is 
fixed we have a y\-_j of index 1 and, as there is a continuous 
system, a Let P v P 2 be a generic pair cut by a curve <f>, 

while Q v Q 2 are a fixed pair cut by a curve i/>. Let rf> 1 be another 
curve through Q v and <f> 2 another curve through Q 2 . Then Q 1 P 2 
will be cut by and Q 2 P 1 by r<f>-\-m'cj> 2 . There are two 

different ways of expressing the curve which cuts P x Qp. 

Hence j^Lt+Mfa+Nfa, 

or yfj traces a linear system of curves. 

More generally, suppose we have a y r N of index 1. Let 
Pj, P 2 ,..., P r be a generic group cut by the variable curve <j>. 
Let Q v Q 2 be two fixed points common to all the fixed curves 
<j> 3 ,<j> 4 ,-,<f>r + v The system Q v P 2 ,...,P r will be an (r—^-para¬ 
meter system of index 1 and so a g r x-i< an d the same holds 
for PQ 2 , P 3 ,..., P r . 

Let Qv P 2 , P r be cut by I-A 3 l— — —i - A r+1 

\? t D Q ? P '’ P *’"’ P r be ° Ut bj P*^+P3^3+-+/* r+ i^ r+1 . 

It P 2 be fixed, the general curve through Q v P t would arise 
from an (r-2)-parameter sub-set of the first, and the general 
curve through P l from a linear combination of this and <j>. 
Identrfymg this with a curve of the other set, we get 

* = Pl 'I’i+Pt'p2+Ps<l>a+-+pr + itr + i- 
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Theorem 5] Every algebraic series of index 1 and dimension 
greater than 1 is linear .* 

§ 3. Groups common to a y l M and a g r N 

In the third chapter of the present book we determined the 
number of groups of r-f-1 points common to a group of a g\ f 
and a group of a g r N . We can extend the result to a y l M of index 
v as follows. Let the number sought be <f>(M , 1 ,v,N, r). Let P be 
a general point of our curve, Q one of the v(M — 1) residual 
points in y\ } . Choose out r of these in one group of M ; they 
will determine one group of the g r N , cutting also in points P', 

so that to P will correspond ^j(N-r) points P'. Con¬ 

versely, when P' is chosen, there are 1, v, (N— 1), (r— 1)] 
groups of r points Q, and (M—r)cf>[M, 1, v, (N— 1), (r— 1)] points 
P. Lastly, to each P corresponds v{M — 1) points Q, each lying in 

i _2v 

( r _l) g rou P s of g r N . The correspondence from P to P' with 

ijffl _2\ 

I r ) times the correspondence from P to Q will give a corre¬ 
spondence of value 0. The coincidences of this are the coinci¬ 
dences sought plus the double points, let ub say d in number, 

_2\ 

of y\ t , each counted I j I times. We thus get 

A M 7 1 )(^—r)+(ikf— 1, v, (N- 1). (r-1)]+ 

+ 2v(df-l)(f_J 1 2 ) 

= (r+ 1 ,v,N,r)+(^Zi)d- 

This equation is identical in form with that in the first section 
of the third chapter of the present book, except that we have 

replaced by r), 2(3f— by 

2v(M— ), and 1) by d. Hence we get from 

equation (4) of that section 


* Cf. Castelnuovo*. 
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Theorem 6] The number of groups of r-f-1 points common to 
a group of a y l M of index v which, has d coincidences, and a f N , is * 



By an extension of the same methods we could find the 
number of groups of M+p points common to a group of a y p M 
and one of a g r N . The labour is rather forbidding, and we shall 
not pursue the subject further.f 

§ 4. The defect of equivalence 

Our formula (2) leads to another characteristic of a one- 
parameter series which is of considerable interest. Let us see 
how many groups of a y l N are in a Sfjv+»-i which is obviously 
complete and not special. This number z will be 

z = v(N+p—l) — ld. (3) 

It is defined as the ‘defect of equivalence’ of the y\. Suppose 
that it turns out to be 0. The algebraic work is as follows. Let 
the yjy be given by 

f{x, y) = F^x, y, x’,y’) = F 2 (x, y, x', y') =f'(x', y') = 0, ( 4 ) 

while a ^•^_ 1 is given by 

f =h 1 <p 1 ~t-A 2 fa-\~... +^A’ *A/V — 0. (5) 

Assuming that the axes have general directions, so that two 
points of a group of the yj^ do not, usually, have Jthe same 
abscissae, we eliminate y from /, and F 1 also from / and F 2 , 
getting g i{Xf x ’ y ' } = x[y ' ) = 0 . 

When f — 0, these two equations have N common solutions 
given by y(x, x\ y') — 0. 

Eliminating y between / and the general curve ift, we have 
0(a;,Ai,Aj, ...,Ajy) = 0. 

If we write the condition that all the roots of x — 0 are roots 
of this and /' = 0, we have N equations in the N variables 



We assume that for the general curve fa there are no permissible 
solutions, but if for a particular fa there is one permissible 
solution, by theorem 6] of Book I, Ch. I, there are an infinite 
* Cf. Severi-Ldfflor, pp. 191 fi. t Cf. Torelli 1 . 
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number. To get a particular fa, take one group of our y N and 
p other points P V P S ,.... They are a group of a complete g% +p 
if the points P t do not lie on a special adjoint. Residual to the 
point P 1 is a complete ffjv+p-i that contains one group of our 
ylf, and since the defect of equivalence is 0, by what was said 
above, this must contain every group of our yj^. They are all 
residual to P v But by the same reasoning they are residual to 
P 2 ,P S ,.... This amounts to saying that the fact that all the 
groups of y\ are in a certain g% +p is not invalidated by requiring 
the groups to contain P 2 or the independent point P 2 or P 3 , etc. 
In other words, we may require the groups of the g% l p to con¬ 
tain all these points, so that the yV is contained in a residual 
g%~ v or in a complete g$~ p . 

Suppose, conversely, that our y x N is contained in a g%' p . Then 
if we have a group of a g%l P - l which contains one group of the 
y\j, the residual group is residual to every group of the g%~ p and 
so determines a g^+p-\ which contains an infinite, not a finite, 
number of groups of y},. This could not be true of the general 
(!n+p~v f° r these do not all share a common series, hence 

2 = 0 . 

Theorem 7] The necessary and sufficient condition that an 
irreducible series of dimension 1 should be contained in a linear 
series of the same order is that its defect of equivalence should ■ be 0. 

Theorem 8] Thenumber of double points of an irreducible series of 
dimension 1, order N, and index v is not greater than 2v{N-\-p— 1). 

Theorem 9] When the upper limit given in 8] is reached, and 
only then, the defect of equivalence is 0* 

A point P of our curve / belongs, by hypothesis, to v groups 
of the y%, and so is residual to v{N — I) points Q, each of which 
corresponds to that number of points P. If, now, all the groups 
through a variable point belong to a linear series, together they 
belong to the vth multiple thereof, the correspondence has the 
value v and, by Chasles-Cayley-Brill, 

d = v{N— l)+v{N-l)+2vp - 2 \ v (N+p— 1). 

Theorem 10] If the v groups of a y\ of index v containing 
a variable point vary in a fixed linear series of order vN, then the 
defect of the given y\- is 0. 

* Cf. Castelnuovo 1 , pp. 294 fi. 

Y 
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It is evident, conversely, that if the defect is 0, any set of 
v groups is in the linear series which is the vth multiple of that 
containing the given series. 

If the defect of equivalence be 0, the given series is included 
in a linear series, and its individual groups will correspond to 
the points of an algebraic curve in that linear space of higher 
dimensions whose points correspond to the groups of the linear 
series. But we learnt in the first chapter of Book I that an 
algebraic curve may always be given by expressing the co¬ 
ordinates of its points rationally in terms of two auxiliary para¬ 
meters which are connected by a polynomial equation. A series 
of defect 0 may always, thus, be written 

f(x, y) = F x {x, y, x[ y') =f\x', y') = 0. (6) 

Conversely, every series so written is contained in the series 
cut by Fy when the coefficient of each term in x and y is an 
independent variable. 

Theorem 11] The necessary and sufficient condition that it be 
possible to represent a series of dimension 1 by three equations, 

f(x, y) = Fffix, y, x’, y') =f'(x', y') = 0, (6) 

is that the defect of equivalence be 0. 

This can also be expressed in another form: 

Theorem 12] The necessary and sufficient condition that an 
algebraic transformation between two curves f and f be expressible 
by a single additional equation Fffix, y, x, y') — 0 is that the groups 
on one of the curves corresponding to the individual points of the 
other should form a series of defect 0. If one of the series have this 
defect the other will also* 

There is another birationally invariant number connected 
with an algebraic series of dimension 1 that is important. That 
is the genus of the curve /' when we write the series in standard 
form: 

f(x, y) = F^x, y, x\ y') = F t { x, y, x\ y') =/'(*,' y') = Q. (X) 

This is defined as the ‘genus’ of the series; it is the genus of 
any plane algebraic curve whose points are in one-to-one corre¬ 
spondence with its groups. Let us assume that our series is of 
index N' and simple if N' > 1, so that the N' groups containing 
an arbitrary point do not, necessarily, contain any other point. 

* Cf. Castelnuovo*. 



Chap. VI THE DEFECT OF EQUIVALENCE 323 

To each point P of / will correspond N' points of /', to each of 
f, N points of/. We have on/' a series of index N and order 
N'. Let d' be the number of branch points of the series on /, 
that is to say, the number of points where two fall together, 
they correspond to as many double points of the series on /'. 
We thus get, by Zeuthen’s formula of Book I, Ch. VIII (14) 

d'+2N'(p-l) = d+2N{p’-l), (7) 

Z = N’(N+p-l)-^N(N'+p'-l)-~ = z’. (8) 

Theorem 13] If the groups of a simple series of dimension 1 
on a plane curve be represented by individual points on a second 
curve, then the individual points on the first will represent groups 
of a series on the second. The relation between the two curves and 
their series is a reciprocal one, the index of one series is the order 
of the other, the genus of one curve is that of the series on the other, 
and the two series have the same defect of equivalence. 

If N' — 1 we must have d' = 0, for if but one group go through 
a point, two cannot coalesce. The left-hand side of (7) is 
negative if p — 0. The right-hand side can only be negative if 
p' — 0, so that the series is rational, its defect is 0, and z — 0. 
Clearly we have a g l N \ this gives another proof of 1], We get 
by equally simple considerations 

Theorem 14] A series of dimension and index 1 on a curve of 
genus 1 has the genus 1, and no double points, or genus 0 and 
2 N double points. 

When N' = 1 and d' = 0, we get from (7) and (8), when N is 
replaced by M, j 

z — (M-\-p —1) - = Mp'. 

Combining with (2), 

m, 1, l,N,r) = (9) 

1,1, N, 1) - (M -1 )(N -1 )-p+Mp' (10) 

1,1, V,(Uf-l)] = N-M+l-p+Mp' >0. (11) 

Suppose that our y] f is of index 1 and that we have g r N . Let 
us pick r—(M — 1) general points of the curve. Residual thereto 
we shall have a gjf+M-r-v ^ ^e points of a group of our y l M 

V 2 
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impose independent conditions on tins, we get from (11), chang¬ 
ing N to N+d—r—l, 

(N-\-M —1—r)—if-f1 — p-\-Mp' ^ 0 

N-r^p-Mp'. (12) 

This gives a generalization of the Riemann-Roch theorem.* 
Theorem 15] If a series of order if, dimension and index 1, 
and genus p’ be given on a curve of genus p, and if 
N—r < p—Mp', 

then a general group of the series will not impose independent 
conditions on a group of a g r N . 

Suppose that our base curve has an involutory transforma¬ 
tion into itself which is not of value 1. We have a yj of index 1 
which is not linear. The order of the curve being n, consider an 
adjoint of order n—v. The order and dimension of the series 
cut by all such adjoints will be given by 

N = n(n—v)— 1) = 2(p— l)+n(3— v) 

{n-v)(n—v-\- 3) V' r t( r i — 1) , . , v(v— 3) 

r > - %—-■ = P~ 1+»(3-v) + 

AT 1 V(V—3) 

N-r^p- 1 -- 1 —— 

If ^-~>p', N—r <p—2p'. 

& 


Theorem 16] If a curve have an involutory transformation into 
itself of genus p' > 0, then an adjoint whose order is v less than 
that of the given curve which passes through an arbitrary point will 


also pass through its mate in the involution if 


O'-3) 


>P'- 


A y l M of index 1 produces an (if—1 )-to-(if—1) transforma¬ 
tion of the curve into itself. If this have a value y in the 
Chasles-Cayley-Brill sense, 

d = 2{M— 1)+ 2p—2r = 2{M-l)-\-2py 



Theorem 17] If the transformation of a curve into itself by a 
yjx have a value in the sense of the Chasles-Cayley-Brill theorem 
* Caetelnuovo*, p. 298. 
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this value is 1 when the defect of equivalence is 0, otherwise it is 
less than 1 and the defect is divisible by the genus of the curve* 

We shall see in the next chapter that, in general, a curve 
probably has no transformations which have no value. 

A series of index and dimension 1 is certainly an involution. 
Let us assume that each of the N' groups through a generic 
point P goes through v— 1 other points, variable with P. If 
Q be one of these points, since one condition only is imposed 
by requiring a group to go through P and Q, all the groups 
which contain Q contain P also. The series being of order N 
and dimension 1, the N points of a group on / correspond to 
a single point on /'. The order of the £ series on f is N', and 
if we multiply this by the index of the series on /' we get the 
totality of the points on /' in groups which contain a given 
point, or the totality of groups on / which contain points of 

NN' N 

a given group. This is — 7 -, hence the index sought is —; each 

v v 

branch point of / drags with it v — 1 others, so that the number 

, , . d' 

of these is —. 

v 

Theorem 18] If a composite y\ t on a curve f be represented by 
the points of a curve f in the usual way, the index of the series 
being greater than 1, and if all groups through a generic point of 
f go through v' — 1 others variable therewith, then the index of the 
series of f is the order of that on f divided by v', and the defect on 
f is that on f divided by v'. 

A series of dimension 1 has a residual series which is of some 
interest. We start with a Vn and consider at the same time a 
certain g% +ir Each group of the y l N will be residual to a group 
of p points of the g$ +p , and these will generate a y* whose 
characteristic numbers we are to find. Let us assume, in the 
first place, that each group of our is not, in general, equi¬ 
valent to any other, and that the same is true of the y],. The 
groups of the two series are, then, in one-to-one correspondence, 
and the two have the same genus. If a point P be taken, the 
number of groups of the second series through it is the number 
of groups of the first series in the residual ?$+p-i> and this by 
the definition of defect is z. It remains only to find the defect 
* Cf. Amodeo 1 , p. 230. 
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of the second series. Let G v G 2 be two groups of y\, G\, G' 2 their 
residuals in the yj. Let G 1 -\-E 1 and G 2 -\-E 2 be two groups of 
a ?jv+p_i in our g^ +p . Let E' x , E 2 be residual to E v E 2 in the 
canonical series. Adopting the notation for equivalent groups 
developed in Book I, Ch. VIII, 

Gj+GisG.+o; 

G x +E 1 = G 2 +E 2 

E x + E\ = E 2 -\-E 2 

G x -\-E x -\-G' x -\-E' x = G 2 -\-E 2 -\-G'. 2 -\-E' 2 
= G 2 -{-E' 2 . 

There are, thus, z equivalent groups of the type G'-\-E', or 
the new series has the old defect. 

Theorem 20] If a general group of a y{- be equivalent to no 
other, and if the same be true of a general group of the yj residual 
to the given series in a certain g% +p , then the two series have the 
same genus and defect, and the defect of the first is the index of 
the second* 

We have assumed that no two groups of our y^ are equivalent, 
and no two of the residual are. When two groups of the residual 
are equivalent, they belong to a special gj. The number of these 
by Theorem 17] of Ch. IV of the present book is oo® -1 , while 
the number of gfy +p by theorem 9] of the same chapter is oo? J . 
Hence, no two groups of the residual yj in a general g%, +p are 
equivalent, and no one group is special. When in fact a group 
of the yj is special, all groups of the gj are residual to the 
residual group of the y^, so that the gj forms part of the yj. 

Theorem 21] No two groups of a yj, residual to a y l N in a general 
gft+p are equivalent, and no group is special when the yj is irre¬ 
ducible. When there is a special group, the gj to which it belongs 
is part of the yj, unless that have a higher dimension. 

Suppose that a group of our original series is equivalent to 
k— 1 others. To each group of yj will correspond k of 7n • The 

index of yj will be not z but -. We find the index as before 

fC 

merely noting that G[ goes with k groups G x , and G' 2 with k 
groups G 2 . 

* For this theorem and the three next theorems see Torelli 8 . 
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Theorem 22] If (he general group of a y} v be equivalent to k —1 



If we start with a y l p which has no special groups, the residual 
y x v plays the role of the original y^. 

Theorem 23] If no group of a y\ be special, the index and * 
defect are equal. 

Suppose that l groups of a y l p are special. The residual y) t is 
residual to a reducible series composed of y p and l g p s. The 
defect and index of the total series are equal by 20], the defect 
of a g l p is 0 and its index 1. 

Theorem 24] The defect of a y* is the sum of its index and the 
number of special groups in the series. 

The defect of equivalence has, so far, only been defined for 
series of dimension 1. There are corresponding numbers for 
series of higher dimension. We start with a y^- and take p—b 
points in general position. Residual to them in the given series 
will be a y*v +6 _ p . Bet z b be the number of groups of the latter 
in a general g%+$,- p - If p — 1 and 6 — 0, we get our previous z. 
We could not, of course, have b>p. If z b ~ 0, then a generic 
9n+p-p does not contain a group of our residual y% +b ~ p - If there 
be one g$+p-p that contains such a group, it must contain an 
infinite number of them, as we saw in the earlier case. As the 
total number of g^+p-p s i® °° p > 80 the number containing an 
infinite number of these groups is at most oo p_1 . Every group 
of N-\-b—p points belongs to co p - b groups of N-^p—p. Hence 
there are oo p groups of N-\-p—p points, each of which contains 
a group of N-\-b—p. But any group of N+p—p points belongs 
to a gf'v+p-p- Such series which contain groups of y^+6-p each 
contain an infinite number of them, since z b = 0. Now take a 
gN+p+ p k- P of such very high order that it contains every group 
of y% +b - p and every g^+p-p that contains an infinite number of 
these. If we take any group of y b N+b - p , there will be residual 
thereto in the large series a group of k+p—b points of k which, 
in turn, is residual to a g^+^-p containing an infinite number of 
groups of the y^ +6 _ p , all equivalent. Conversely, if a group of 
y^+b-p he equivalent to an infinite number of others, a linear 
series which contains one group will contain an infinite number. 
But it cannot be true that every contains an infinite 
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number of groups of y%+ b - p , f° r then there would be oo 3>+1 instead 
of oo b . 

Theorem 25] The N.S. condition, that each group of a y f> N +b-p 
residual to (p—b) points of a y 9 N should be equivalent to an infinite 
number of others, is that z b = 0. 

Suppose z b = 0. z b+1 is the number of groups of a y-y+^+i-p 
residual to (p—b— 1) and contained in a g^+i-p- If we fix a point 
P, we have a residual series with z b = 0. Hence, if we add P, 
which is perfectly general, we have a y^ 6+1 _ p with an infinite 
number of equivalent groups. 

Theorem 26] If z b = 0, then z 6+1 = 0. 

It is possible with the aid of these numbers to find an exten¬ 
sion of the De Jonquieres formula of Chapter III; the labour 
is excessive.! 

* Cf. Allen, p. 345 ff. 


t Ibid., p. 349. 



CHAPTER VII 

THE HIGHER THEORY OF CORRESPONDENCES 


§ 1. General theorems 

In the present chapter we shall return once more to the theory 
of algebraic correspondences between curves, or of groups of 
points on curves, extending and completing results already 
obtained, and exhibiting new methods of study based on the 
theory of Abelian integrals. We begin with one or two of the 
formulae already established, the Chasles-Cayley-Brill formula 
for the coincidences of a correspondence of indices N and N ' 
on a curve of genus p, when the correspondence has the integral 
or 0 value y: N +N'+2py. (1) 

If we have an N-to-N' correspondence between two curves 
of genera p and p respectively, with ft and ft' branch points in 
each case, Zeuthen’s formula at the end of Ch. IV of Book II 

gives ft+2N'(p—\) = ft’-\-2N(p'—l). (2) 

If we use not the branch points on one curve but the double 
points of the series on the other, we may put this in the form 
d'+2N’(p-l) = d+2N(p’-l). (3) 

Care must be taken when branch points on one curve corre¬ 
spond to branch points on the other; we assume such is not 
the case. 

The general formula for an algebraic correspondence between 
two curves is nothing but the general formula for a one-dimen¬ 
sional series on one curve, and may be written, as in the last 
chapter, 

f(x, y) = F x {x, y, x\ y') = F 2 (x, y, x\ y') =?{x\ y') = 0. (4) 

We get from theorem 9] of that chapter: 

Theorem 1] The necessary and sufficient condition that a N-to- 
N' correspondence between two curves of genera p and p' should 
have the maximum number of branch points is that the defect of 
the corresponding series should be 0. 

Theorem 2] If an algebraic correspondence have the maximum 
permissible number of branch points, so does the inverse corre¬ 
spondence. 
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We get at once from theorem 10] of the last chapter: 

Theorem 3] The necessary and sufficient condition that the 
groups corresponding to individual points in a correspondence on 
an irreducible curve be equivalent , is that the groups of individual 
points in the product of the correspondence and its inverse should 
be equivalent. 

Suppose that we have a 1-to-A 7 ' correspondence between two 
curves. As this must be rational in one sense, it must be possible 
to write it w / /\ 

,_n x >y) »._x( x >y) 


X - 


'l>i x ',y') 


y 


•P( x ',y’) 


A gl in the (x,y) plane will be carried into a g] N in the ( x\y') 
plane. Conversely, suppose we have 


M x > y')+^ i(*J y’) = (5) 

If we eliminate x’ and y‘ between this and the two equations 
preceding, we get a polynomial in x, y, and t equated to 0, and 
so groups of points of a rational series which is contained in the 
linear series obtained by replacing the polynomials in t which 
multiply the individual products in x, y by independent variables, 
a linear series of dimension 1 on the x\y' curve will go into 
a series of defect 0. Two equivalent groups in the x\y' plane 
may be joined by a g\., hence they will go to two groups of 
a rational series; two equivalent groups. When we have an 
JV-to -N' correspondence, we may factor it into the product to 
an A-to-l and a l-to-JV' as in Ch. VIII of Book I. 

Theorem 4] An algebraic correspondence will carry a pair of 
equivalent groups into a pair of equivalent groups. 

The reader will not make the mistake of supposing that such 
a correspondence will necessarily carry a linear series into a 
linear series. It surely will in some cases, but not in all. 


§ 2. Application of Abelian integrals 

The subject of algebraic correspondences does not, in its nature, 
seem to involve essentially any transcendental considerations, 
[t seems certain that with a modicum of skill we might derive 
all the properties of such correspondences by the methods of 
algebraic geometry. As a matter of fact no one has, so far, 
succeeded in doing this; certain fundamental problems have 
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only yielded to transcendental treatment. It is our present task 
to show how such treatment is applied.* 

We premise that we are dealing with a correspondence on an 
irreducible curve of genus p, and this, as we saw in the second 
chapter of the present book, has exactly p linearly independent 
integrals of the first sort. Let us call them u 1 (x),u 2 (x),...,u p (x). 
Each of these has 2 p moduli of periodicity (not to be confused 
with the 3(p—1) moduli of a curve as derived in Ch. IV of the 
present book) corresponding to as many circuits on the Riemann 
surface, as we shall see in more detail in the next chapter. We 
may tabulate them in the canonical form-.f 

u 1 ~(1,0,0,..., 0, n 12 ,..., ctjp) 

0, l,0,...,0,a 21 ,a 22 ,...,a 2 ) 

. ( 6 ) 

u v ~( 0 , 0 , 0 ,..., 1 , dpi, a p2 . a pp ). 


a ij — a ji- 

Suppose, next, that in our transformation a point (x) corre¬ 
sponds to N' points (y 1 ), (y 2 ),..., (y N ) the expression 

i-N' 

I 

»=i 

is everywhere finite. Its derivative is a single-valued analytic 
function with no singularities but poles, and so is rational. 
Hence it is itself an Abelian integral of the first sort, so that 
we may write 

1 *»(y*)sfn*y(*)+n fc , (7) 

i=l i=l 

Here the constants IT fc depend on the paths of integration on 
the Riemann surface. The p 2 constants II K are called the 
‘characteristics’ of the correspondence. 

Let (x) move around one of the first p circuits, say the 1th. 
The increment of u ! (x) will be 1, that of all the other u p s will 
be 0. The corresponding y ’s will move around the various cir¬ 
cuits each an integral number of times in positive or negative 
sense, hence 

= fya+ Z9iflki- 

i-l 


* The classical memoir on this subject is Hurwitz. 
| Cf. Appell et Goursat, pp. 152 and 320. 


( 8 ) 
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If (x) had traced the ( 2 ?+Z)th circuit, we should have had 

? n = H u -\- GiflM. (9) 

i=l t-1 

The quantities g, h, G, H are integers or 0. 

If in (8) we change l to j, multiply by a jh and add, we get, 
by comparing with (9), 

2 2 2 G a a ki . (10) 

3 t -3 t 

We have here a linear equation connecting the moduli of 
periodicity, the coefficients being integers. It seems extremely 
unlikely that the general curve, i.e. every curve, of genus p has 
such a relation among these moduli. We shall therefore define 
as a ‘curve of general moduli of periodicity’ one where no such 
relation not a numerical identity exists, leaving open the ques¬ 
tion as to whether any such curves exist for the general p* 
If, then, we have a curve of general moduli of periodicity, so 
that (10) is merely a numerical identity, 

S 'a — H )a — 

On the left the summation bears on the first subscript, on the 
right it bears on the second. Hence we must have 

h/cj = 0) ^ T^j Gu = 0 , i ^zl h kk = G a — y. 

This can be neatly written in terms of the Kroneckcr indices: 

Slij = — 0 hij = yl\ G u = — yl{■ (11) 

Our equation (7) then becomes 

2 u^j+yu^x) = IT* 

X 

2 «*(«/*)+y«*(z) = 2 u k (if')+yu k (x'). (12) 

i i 

At this point we recall theorem 5) of Ch. II of the present 
book, which tells us that the N.S. condition that two groups 
of points should be equivalent is that it should be possible to 
match them up one to one in such a manner that the sum of 
the differences of the values of every integral of the first sort 
at the different pairs of points should be congruent to 0 within 
the moduli of periodicity, and bear in mind the definition of the 
value of a correspondence given in Ch. VIII of Book I, and we 

* Cf. Hurwiti, p. 565. 
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see that this constant y is nothing more nor less than the ‘value’ 
of the correspondence. 

Theorem 5] On a curve of general moduli of periodicity, the 
only algebraic correspondences are those with integral or 0 values. 

The Chasles-Cayley-Brill correspondence formula gives the 
number of coincidences as 

N+N'+2py = N+N'- 2 (h ti +G it ). (13) 

% 

It can be shown with the aid of 9 functions that this expres¬ 
sion will always give the number of correspondences.* 

An upper limit to the number of coincidences may be reached 
in the following fashion. Consider a g* +1 where the group con¬ 
taining a general point does not contain one of the transformed 
points. Each group will be transformed into N' groups, and in the 
inverse correspondence each group to N groups. The groups of 
a g* +1 may be transformed birationally into the points of a line, 
on which we have here an N-to-N' correspondence. The N+N' 
coincidence groups will include all the coincidence points there are. 

Theorem 6] The number of coincidences of an N-to-N' corre¬ 
spondence on a curve of genus p will never exceed (N-\-N')(p-{- 1) 
in number. 

Let us next pause a moment to prove theorem 3] of the last 
chapter, as we promised to do. Suppose that we have a one- 
parameter system of y’ v ’s of index 1. In each group the various 
points appear symmetrically. Let us apply our recent analysis 
to the transformation, including the identity induced by any 
one of the yl/s, so that ( x) appears as one of the corresponding 
points (y). We turn to equations (8), noting that II w will change 
continuously, while the a ki ’s are constants, and the other 
quantities involved are integers. This is a contradiction unless 
the Iljy’s are constants. Returning to (7), we have, by symmetry, 

2 HfcM*) = 2 n*y(y). 

% i 

But the point (y) is any mate of (x) in any one of the corre¬ 
spondences, and so is any point of the curve. Hence we have 

2 n^a;) = const. 

I 

Substituting in (7), 2 uk (y') — 

* Cf. Hurwitz, p. 576. 
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'lie summation on the left covers all the points of a group, 
the constant on the right depends on the particular y\ but not 
on (x), and so is constant for any particular yj. Hence, by 
theorem 5] of Ch. II, the group (y) is a group of a linear series, 
and that is what we wished to prove.* 

Consider, in place of our original correspondence, which we 
assume to be non-involutory, its inverse. The two could not 
have identical values for g, h, G, H, as we shall presently see 
from the formula for the product of two correspondences. On 
the other hand, they impose the same conditions on the moduli 
of periodicity, for if a curve admit a certain correspondence, it 
automatically admits the inverse. We rewrite (10) 

2 hkj a ji J r 2 — H \2 @i,flu- ( 1 ®) 

it) i 

If the coefficients for the inverse correspondence be g',h', G',H', 
and if we interchange k and l, we have from the inverse 

2 Ki a ki+ 2 9ii a u a jk — H' tk + 2 H'jjflij. 

i i) 

If these equations are to be identical we must have 
h'u — Gu Gjk — hkj H' lk = —H kl g'^ — g^. (14) 

Let us write the formulae for the product of two corre¬ 
spondences. In addition to (7) we shall have 

2 u k (z rs ) = 2 n V(y r )-f n*. 

8 r 

In (7) change k to j, multiply by 11^, and add 

2 u k (z rs ) = 2 

T8 13 

That is to say, for the product 

n h . = 2 IW,. 

From (8) and (9) and the corresponding equations for the 
second transformation, 

hu — 2 ( hjih' k }-\-g }l H' kj ) 

i 

9h — 2 (hj(9kj J r9jfikj) 

1 (15) 

H'ia — 2 (Hjih'kj+GjiH'kj) 

®ki = 2 

1 

* Cf. Castelnuovo’, p. 732. 
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How many points have the same mates in two different corre¬ 
spondences ? This is the number of coincidences in the product 
of one and the inverse of the other. Applying (13), (14), and 
(15), we get* 

NM+N^Ni- 2 (16) 

When the first has the value y and the second the value y', 
this becomes N 1 N’ 2 +N 2 N' 1 -2pyy'. (17) 

Definition. /a correspondences shall be said to be ‘linearly 
dependent’ if a set of constant multipliers A 1 ,A 2 ,...,A^, not all zero, 
may be found, such that 

2 w = b. 

This will involve 2 «<+ 1K ^ U = 0. 

8 8,1 

The first set of quantities are integers, the second complex, 

hence 1KK = o 2A a ^==o. 

8 8,i 

The A’s are thus rational quantities; we may take them as 
integers since we are dealing with homogeneous quantities. 

As the determinant of the a k[ ’s is not 0, we have 

2V^2A s ^=o. (18) 

8 8 

The 2p" t quantities gh are integers; every set of such will be 
linearly dependent on 2p 2 such sets, so that this is the maximum 
number of linearly independent correspondences on a curve of 
genus p-t If our P correspondences be linearly dependent, we 
have 

r,8 r,8 

Conversely, when this equation holds, since in (7) the p integrals 
u l (x) are linearly independent, we have 

2 K n U = o, 

8 

or the correspondences are linearly dependent. We thus get 
from Ch. II, 5]: 

Theorem 7] The necessary and sufficient condition that p corre¬ 
spondences be linearly dependent is that there be p sets of multiples 

* This differs slightly from the value given by Hurwitz, p. 564. He defines 
as his second transformation what we have called the inverse thereof, 
t Cf. Severih 
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of groups of points corresponding to a variable point which vary 
in a Unear series. 

Here a negative integral multiple of a group has the meaning 
developed in Book I, Ch. VIII. 

If our curve have general moduli of periodicity, if we take 
two correspondences of values y 1 and y 2 , we have 

V\P A-VQiA-Qzf -= yi-P , 4-[Qi+$2+ > ”+^ 1 ] 
y 2 P +fi? 1 +^ 2 + i "+^j] =ya^ >, +[-®i+-R2+ , " + -R|. a ] 
y*CCi+02+—+C»J — yit-®i+-®a+— 

= Y2[Qi-hQ'2-\--‘+Q' Vl ]—ViiR’iA- R'i-\- R’ v f\. 
Theorem 8] Any two correspondences with integral or 0 values 
are linearly dependent, and any correspondence with an integral 
or 0 value is linearly dependent on the identity. 

Theorem 9] If a curve have general moduli of periodicity, any 
two correspondences are linearly dependent. 

In addition to our equations (28) we shall get from (9) 

2a^=va 8 (?^o. 

B 8 

These equations, with (14), give 

Theorem 10] If a set of correspondences be linearly dependent, 
so are their inverses, and the same set of linear multipliers appear 
in the two cases. 

The number of coincidences in the sth correspondence is 
U‘ = N'+N’°- IWi+GM. 

X 

Multiplying through by A s and summing, 

8 8 

Theorem 11] If p correspondences of indices N V N[, N 2 ,N 2 ,... 
and coincidences U x , U 2 ,... in number p be linearly dependent with 
the multipliers A ls A a ,... then 

IKU s = I\[N t +Nn. 

8 8 

§ 3. Representation in hyperspace* 

In dealing with the periods of the various Abelian integrals of 
the first sort, we have to treat a large number of variables, 
connected by various linear equations. This suggests that the 
* The material o! the present section and the next is taken from the articles 
by Rosatti 1 . 
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point of view and language of the projective geometry of hyper- 
space may throw an interesting sidelight on the whole question. 
Let us look into this matter. 

Suppose that we have a projective space of 2p— 1 dimensions 
where a point has projective homogeneous coordinates 

*^1> • * • i -*^2p 

and a hyperplane the equation 

( uX ) = 0 , 


the quantities (u) being its projective coordinates. 

p linearly independent fundamental hyperplanes 

ordinates are t ^iaa a , 

u, 1 ^(1,0,0,..., 0, a u ,..., a lp ) 

/2 , 


U 


'(0,1, 0,..., 0, a 21) ..., a ip ) 


There are 
whose co- 


( 6 ) 


u p ■—'(0,0,0,..., l,a pV ...,a pp ). 

These will constitute a bundle of hyperplanes having in com¬ 
mon a space of p— 1 dimensions S p _ v 

Suppose that we take a rational point in our S ip _ v We may 
multiply through by such a number that the homogeneous co¬ 
ordinates are 2 p integers, and they will correspond to a definite 
path on the Riemann surface for our curve, the coordinate X { 
telling us how many times the £th circuit has been traced in 
a positive or negative sense. We have a one-to-one correspon¬ 
dence between the closed paths and the rational points, in so 
far as a path is characterized by any constant multiple of the 
number of turns it takes about the various circuits. 

Theorem 12] The dosed circuits on the Riemann surface corre¬ 
sponding to an irreducible algebraic curve of genus p may be 
represented by the rational points of a projective space of 2p—l 
dimensions , and the Abelian integrals of the first sort by the hyper¬ 
planes through a fixed space of p— 1 dimensions S p _ v The 
necessary and sufficient condition that the period of an Abelian 
integral about a certain path should be 0 is that the hyperplane 
corresponding to the integral should contain the rational point 
corresponding to the path. 

Let us next return to equation (7). If a point (x) describe 
the closed path (X), the corresponding points (y) will trace 
various paths and, perhaps, permute with one another, but the 

378! 1 
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sum oI their wanderings will be a series of closed paths which 
we shall call (F), the transform of (X). Let the integral 

2 vy(x) 

i 

correspond to the integral 

2 = 2 F fc rij y{x)\ 

k,i k,i 

then ^'=2n M v k . (19) 

k 

We have a collineation of the bundle of hyperplanes through 
/S p _ 1 , and each such collineation will correspond to a trans¬ 
formation of our integrals of just this type. Let ( x ) trace the 
various circuits Xj, X 2p times, while 2 (y r ) traces them 
yi,r*...,r 2 , times. The &th integral will be changed by 

2 a klYp+l- 

This may be written, by (8) and (9), 

2 2 ftk&ijXp+j 

i %,j 

— 2 Ki^i+ 2 QiflkiXy 2 HkjXp+y 2 GiPkiXp+j 

% i.l k,j iJ 

Yk — 2 h ki Xi~\- 2 H kj X p+j (20) 

i ] 

Yp+l = 2 9li^{+ 2 GljXp+j- 

i i 

We have, thus, a collineation of our S ip _ 1 which carries S p _j 
into itself, as an integral of the first sort goes into one of the 
first sort. Suppose, conversely, that we have a rational collinea¬ 
tion of S 2p ~i given by equations like (20) that carries S p ^ into 
itself, so that a hyperplane ( V') of the bundle through there 
goes into another such hyperplane (F). The coordinates of these 
hyperplanes will be 

v k =V k £$,+/= 2 v i = n u;^2a it v;. 

i i 

The transformation contragredient to (20) is 

Uy2KU l+ ^g mi U p+m 

l m 

u p+n = 2 H (n U,+ 2 G ln U 

I I 

and this becomes immediately, by equations (8) and (9), 

Vi = 2 n w F* 

k 


( 19 ) 
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the desired relation among the hyperplanes of the bundle. It 
is to be noted that if the transformation have the value 0 all 
the n w ’s disappear, and the reasoning ceases to hold. 

Definition. Two correspondences which have the same values 
for g, h, 0, and H are said to be ‘equivalent’. Two correspon¬ 
dences with the same value are equivalent. If they are of the 
same indices, we see from (8) and (7) that 

2 u' k (y i ) = 2 w*(z f ), 

i i 

and we see by theorem 5] of Ch. II, present book, that the 
groups (y) and ( z) are equivalent. Suppose, conversely, that 
these groups are equivalent. We get from (7) that the two 
correspondences have the same FF^’s, since the u k ’s are linearly 
independent. Hence, if we subtract one set of equations (8) 
from the corresponding other set, and the same for the sets 
(9), since |aj ^ 0 

^0 ^ij 9ij 9ij ^i] Hij 

Theorem 13] If two correspondences have the same indices, and 
are equivalent, the groups in the two corresponding to a general 
point are equivalent, and if two correspondences have the same 
indices, and if the groups corresponding to a general point on the 
two be equivalent, the correspondences are equivalent. 

It is to be noted that if a correspondence have the value 0, 
all the g 's and A’s are 0, and equations such as (19) become 
illusory. We get from what immediately preceded the definition 
of equivalent correspondences 

Rosatti’s Theorem 14] There is a one-to-one correspondence 
between the sets of equivalent correspondences, not of value 0, on 
an irreducible curve of genus p, and the rational collineations of 
a projective space of 2p—\ dimensions which leave invariant a 
space of p —1 dimensions. The number of linearly independent 
correspondences will be that of linearly independent coUinea * 
tions* 

Theorem 16] All correspondences with a value which is not 0 
are represented by the identical coUineation. 

Theorem 16] If the product of two correspondences have a value 
not 0, they will be represented by mutually inverse collineations. 

* Rosatti 1 , p. 0. 

7 9 
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§ 4. Generalized values 

The original definition of a value given in Ch. VIII of Book I 
was such an integer that the group of points 2 Qi+yP was 

i 

a group of a linear series, with an easy extension to the case 
where y was negative. This amounts to 

2 u k {y r )+Y uk {x) = n fc . 

r 

And so, from (7), £ n^(*)+yu*(z) = 0. 

i 

Since the integrals u k are linearly independent, 


Ilu+y 

Ill2 

• n lp 

! 

Hii+y 

n 21 

• n pl 

n 21 

■n 2 2+y 

• p 

= 

n !2 

n 22 +y 



ripj 

• Bpp-f-y 



fl 2 p 

• n PJ) +y 


The roots of this equation are the negatives of the roots of 
the characteristic equation of the collineation in the bundle 
given by (19). * 

Definition. The negatives of the roots of the characteristic 
equation of the collineation among the hyperplanes of the 
bundle through S shall be called the ‘generalized values’ of 
the correspondence.* 

Theorem 17] The number of generalized values of a correspon¬ 
dence cannot exceed the genus of the curve. If the correspondence 
have a value, this will be one of the generalized values. 

It may seem surprising that we should get the generalized 
values from the collineation in the bundle, rather than from 
the space collineation (20). The characteristic equations of the 
two are simply connected. Let us find 


a—p 

h n • 

hip 

H a 

. H lp 


1 

0 

0 . 

0 a n . 

°ip 

hpl 

h pi 

• hpp p 

H p i 

JJ 

• 11 VP 

X 

0 

0 

0 . 

1 dpi . 

a PP 

9n 

9 12 ■ 

9 ip 

O n ~P 

■ G lp 

1 

0 

0 . 

0 d n . 

®1 V 

9pi 

9pi ■ 

9pp 

O p i 

• Opp—p 


0 

0 

0 . 

1 a pl . 

d pp 


* This concept is due to Rosatti*. 
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where a {) and a i} are conjugate complex numbers. Multiplying 
columns into rows: 

n u p n 12 . n lp 2 ni T a n a np • 2 n lr a rj) a lp p 

r r 

Upl ^ PP P 2 ^pr^rl ^1 pP * 2 ^ ^ pflrp ®ppP 

r r 

n u p n 12 . n lp 2 a n p . 2 ®ipp 

r r 

^ pi ^ p'l • P 2 ^pr^rl d 1 )>P • 2 n pr^rp ®pj>P 

r T 

n n p H 12 . n, p 0 0.0 

1 I 21 n 22 p . n 2p . ... 

= n pl TT p2 . ripp p 0 .x 

00 0 Hjj p n 12 . n lp 

0 0.0 n pl . . n pp - P 


1 

1. 

0 . 

0 

a n 

a ip 

X o 

0 . 

1 

a pi 

a pp 

1 

0 . 

0 

a n 

dip 

0 

0 . 

1 

dpi 

d p p 


Hence the first large determinant, which is characteristic for 
the collineations in S 2p _ 1 , is equal to 


f^ii - P n i2 • 

n \p 

Ttn-p . 


ripi 

^ pp p 

ripi 

^ pp p 


This gives a curious result, namely, 

Theorem 18] The negatives of the generalized values of a corre¬ 
spondence and the conjugate complex numbers are the roots of the 
characteristic equation of the corresponding coUineation in higher 
space. 
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If we take the characteristic determinant, and add to each 
of the first p rows a suitable combination of the last rows, we get 


n u—P 

n 12 

• ^lj> 2 O u p 

r 

• 2 a lp p 

r 


iipj 

■ I Ipp P 2 ^pr a rl~~ a plP 

r 

• 2 ^pr^rp G'PpP 
r 

9n 

912 

• fflp P 

o lp 

9 P i 

Qp2 

• 9pp P @pi 

• Qpp p 


In the same way we may add to each of the last p columns 
a suitable combination of the first three, getting 


n ll— p 

n ia . 

Hip 

0 . . 

0 

HjOl 

H p2 

^ PP P 

0 . . 

0 

9i i 

9l2 

fflp 

nji-p o . 

Hi p 

9pi 

ffp2 

ffpP 

Hpi . . 

^pp p 



n u —p n 12 


X 

Hji p n; 2 



tipi Hjj2 

* ^ pp P 


n^i if p2 

• n’pp-p 


Comparing this with (14) and theorem 18], we get 
Theorem 19] The generalized values of a correspondence and 
its inverse are conjugate complex numbers. 

The sum of the roots of the characteristic equation for the 
collineation in is 2 ^«+ 2 @j}> anc * this we know is the 

negative of the sum of the generalized values and the conjugate 
complex numbers. We thus get from (13) 

Theorem 20] The number of coincidences of a correspondence 
is the sum of the indices and the generalized values of the corre¬ 
spondence and its inverse. 

§ 5. (p,p) Correspondences 

There are a certain number of particular types of correspondence 
which can be studied fruitfully by special methods invented to 
suit each case. As a first example,* let us take a correspondence 
■with the indices p and p and limit ourselves to correspondences 
with value. 


* Cf. Scoria. 
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If the value y of the correspondence be positive, there exists 
a g T p+y which we may assume complete. If this be not special, 
we have r = y, and the group corresponding to a given point is 
residual to the group consisting in that point counted y times. 
The number of coincidences is 2p-\-2py, and this by theorem 10] 
of Book II, Ch. IV, is (y-j-l) 2 p, so that we must have y—l. 
When the series is special, we have 


p+y—p = p—i y+i = p , 

counting the coincidences by two methods, then, we have 

p+p+2py= 2p(y+i) = (y+i+*)b+y+(H-*)(z>— l)]i 

and since 


y+i sgy-H+i, 

2 P >[p+y+(y+*)(p—!)] 
p > (y+i)p-i, 

i — 0 y = 1. 


since p— 1 ^ 0, 


Theorem 21] The only (p, p) correspondences of positive value 
are those given by a non-special <j£ +1 . 

If there exist a (p, p) correspondence of negative value, that 
value must be —1, as otherwise the number of coincidences 
would be negative. The group corresponding to a variable point 
( x ) could not be special. For if it belonged to a special complete 
series, then by the reduction theorem 8] of the first chapter of 
the present book we should get another complete series by 
adding a fixed point (y) to each group. But by the definition 
of a correspondence of value — 1, the group consisting of (y) and 
the mates of ( x) is equivalent to that consisting of (x) and the 
mates of (y). If p points do not belong to a special group, 
certainly p-j- 1, which include them, do not. Let (y) be a fixed 
point, (y 1 ), (y 2 ),..., (y p ) be other fixed points not belonging to 
a special group. If (x) be a variable point, there will be a g* +1 
with the group (x), (y x ),(y 2 ),..., (y p ). Let (x) correspond to the p 
points (x 1 ), (x 2 ),..., (x p ), which with (y) form a group of this. We 
thus get a (p,p) correspondence of value —1, and there are no 
others of a different kind. 

Theorem 22] The only (p, p) correspondences of negative value 
are those of value —1. p+1 points in general position will deter¬ 
mine such a correspondence. They have no coincidences. 
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Could we have a (p,p) correspondence of value 0 ? The curve 
must contain a special and complete g£, and all its groups are 
residual to p —2 fixed points. If p = 1 the curve must be 
rational, for its points are in one-to-one correspondence with 
the groups of a or a pencil of curves. But there p — 0, and 
there is no series left. Hence we must have p > 1. We may 
construct a correspondence of this sort in the following fashion. 
Take a curve of order p with a given point of order p —3 and 
p—5 given double points. The number of conditions imposed 
does not exceed 

(PnWP^) + 3(p- 5 )=?^±^_12, 

2 2 

so that we have not asked too much, and we may be sure by 
putting the singular point at the origin and applying the reason¬ 
ing that led to Lefschetz’s theorem 4] of Book I, Ch. VII, that 
just this curve exists. Its genus is also equal to p. Our corre¬ 
spondence shall consist in making each point correspond to the 
p points conjugate to it with regard to a fixed conic. 

§ 6. Birational correspondences 

A (1, 1) correspondence will give a birational transformation of 
the curve into itself, and conversely. If the value be negative, 
the genus must be 1 or 0. When the genus is 0 we have what 
amounts to a birational transformation of a straight line into 
itself, and this is of course a projective transformation. When 
the genus is 1 the negative value can only be —1. 

If the value be 0, the curve has a g\, and so is rational. Sup¬ 
pose the value is positive, say y. Our curve has a complete g$ +v 
Now by hypothesis we may have y of these points coalesce in 
a general point, and the other point is then determined, we 
must have y = p. But then, if we pick y— 1 arbitrary points, 
we shall have residual thereto a gl. 

Theorem 23] The only curves of general modulus of periodicity 
which can be birationally transformed into themselves are curves 
of genus 0 or 1 or hyperelliptic curves. 

Let us now give an example of a birational correspondence 
which has no value. We have so far never shown that any 
valueless correspondences exist.* 

* Cf. Burkhardt 1 . 
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We take the cubic curve 


y*+x z — 1 = 0 

and make the transformation 



Here corresponding points are collinear with a fixed point not 
on the curve. The curve has no singular point, so the genus is 1. 
The coincidences are the two finite and one infinite inflexions 
on the x-axis, each counting but once, as we see by Zeuthen’s 
rule of Ch. VIII, Book I, so that if there were an integral value 


y we should have 


3=l + l + 2y, 


which is absurd. 

Here is another example. Suppose that we have an irrational 
y\ of index 1: 


/(*, y) = F i( x > y> < y') = *a(*. y> x > y') =/'(*! y') = °- 


When we take (x, y) on /, since the index is 1 we have but 
one corresponding point (x',y') t but each {x, y') corresponds to 
v points ( x,y ). We have a v-to-1 correspondence between two 
curves of genera p and p' respectively, but on the former curve 
a [v— 1 )-to-(v— 1) correspondence. Suppose this had the value y. 


y^ > i+^a+".+^ > v = P\ J ry F z J r-- J rPl 

(y-l)Pi = (y-l)P 8 = (y-l)P3 = ... 

yPi-h"‘-hP, = yQi-h—-hQ, 

(y-l)Q lSS (y-l)Q a = (y-l)Q, = ... 

(y— l)(v-j-y— l)P, s (y— l)(v+y— l)Q r 

If y = 1, our is a g\, contra hypothesem. 

If v+y—1 = 1^0, 

we have exactly the same contradiction encountered at the 
bottom of page 124, unless v = y = 1 and the curve is rational. If 

v+y—1 = 0, 
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the number of coincidences is 

2(v—1)(1— p), 

which is negative unless p == 1 or p — 0. 

Theorem 24] An irrational aeries of index 1 on a curve of genus 
greater than 1 gives rise to a correspondence 'without value* 

If we have a one-to-one or birational correspondence between 
two curves, or of a curve with itself, there may be some points 
where the correspondence degenerates. How can this be ? As¬ 
suming that neither curve is hyperelliptic, let them be replaced 
by curves of order 2p t —2 in a space of p x — 1 dimensions, and 
of order 2p 2 —2 in a space of p 2 — 1 dimensions, which curves 
have no singular points. The birational relation between the 
original curves must correspond to a projective relation between 
the new curves, and a projective relation has no exceptions. 
Hence, any exception in the original birational relation must 
come from a point on the original curve which did not corre¬ 
spond to a single point on the space, i.e. a singular point. When 
the curves are hyperelliptic, there is a one-to-one relation be¬ 
tween their gV& and this relation must be without exception, 
since the gifs correspond to points on a line, which are bi- 
rationally transformed only by a projective transformation. 
Hence, the exceptions here can come only from singular points 
or double points of the g'I’s. 

Theorem 25] If two curves be birationally related, no points 
can be exceptional except singular points or double points of the 
g\’s if they be hyperelliptic. 

§ 7. Halphen’s transformation 

In the treatment of birational transformations which we have 
given so far we have discussed the effects but said little about 
the means by which they are produced. It will be well to take 
one particular type of transformation and carry it through in 
detail. This is named after Halphen.f 

We start with a curve 

* f(x v x t , x 3 ) = 0, 

and let each point (x) thereof correspond to the point ( y ) which 
is cm the tangent at (x) and is conjugate to (x) with regard to 

* Cf. Severi-Loffier, pp. 186 ff. and 402. t Halphen 2 , p. 420 ft. 
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a given conic. If we take such trilinear coordinates that the 
conic has the equation 


(xx) = 0, 


PVx 




Sf 


*k 

*f 


( 21 ) 


\8x } dx k 

If the curve be given parametrically so that 

dx i 


*» = *t (0 


x< = 


dt 


( 22 ) 


ay t = {xx')x i —{xx)x[. 

Each generic point (x) of our curve will correspond to a single 
(y). When (y) is given, its polar with regard to the fixed conic 
will cut the given curve in a number of points. Let us show 
that usually there is but one of them whose tangent goes 
through (y). Let (x) be a general point of our curve or, let us 
say, merely a non-singular point, P any other point on its 
tangent. There are oo 3 conics where P is the pole of the line 
from (x) to the point of contact of another tangent from P, 
hence at most oo 4 conics where this is true for some point P on 
the tangent, and so plenty of conics where it is not true. Hence 
(x) may be made to go into a point that corresponds to (x) 
alone, or the transformation will be, in general, one to one. 

Returning to our equation (21) we may interpret j as the 
pole of the tangent to /with regard to the fixed conic. Moreover, 

“•HI 1 )- 0 

<*(»/> - ([<* g] *)+(I ^=° (1*)=°- 


Hence 




The relation between (x) and j is a reciprocal one; each is 

the pole of the tangent to the curve traced by the other. 

Theorem 26] A curve and its polar reciprocal with regard to 
the fixed conic have the same Halphen transform. 
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Let as next take a branch of the first order: 


(23) 

%t = ... (24) 

(xx) = (zz)-\-2{az)t-\-[(aa)-{-2(by)y ,' i -\-... (25) 

(pox') = (az)+[(oa)+2(6z)]*+3[(a&)+(cz)]< 2 +... (26) 


Vi = [(az)z,—(zz)aj+{[(aa)+2 (6z)]z £ —(azK— 2(zz)6J<+... (27) 
Since the original branch is simple, 

(«z)z t —(zz)% =hI 0. 

The new branch will not be simple if 

[(az)z i -(zz)a i ] = p{[(aa) + 2(6z)]z i —(az)a t -2(zz)6J. 
Multiply through by z i and add: 

0 = p[(aa)(zz)—(az) 2 ]. 

We have already seen p # 0. If the second factor vanish, the 
line from (a) to (z) touches the conic. But if we multiply through 
by a i and add, we get 

0= (az) i —{aa)(zz) — 2p[(az)(bz)—(zz)(ab)]. 

This means that the lines from (z) to (a) and to (b) are con¬ 
jugate with regard to the conic. The first of these is tangent, 
hence either (z) is the point of contact, or (z), (a), and (b) are 
collinear on a tangent, which would be an inflexional tangent 
to the original curve. If, then, we take care that the conic does 
not touch the original curve, or touch an inflexional or singular 
tangent, the original branch of the first order will become a 
branch of the first order. 

Let us assume that our original curve has no singular points 
but ordinary ones, that the fundamental conic does not touch 
it nor pass through a singular point nor touch a singular tangent, 
then the new curve will have nothing but branches of the 
first order, and all the original singular points will have been 
exploded into non-singular points. Let us show that we can 
arrange things so that the transformed curve has no singularity 
worse than a node. 

If the transformed curve is to have a singular point of order 
3 or more, three or more collinear points of the original curve 
must have their tangents concurrent at the pole of the line on 
which they lie. If there be only a one-parameter family of lines 
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which cut the curve in three points with concurrent tangentB, 
we may choose the conic so that such a line and point of con¬ 
currence shall never be polar and pole with regard to it, for 
there are oo 5 conics in the plane, and only oo 3 with a given polar 
and pole. But perhaps every line in the plane meets the curve 
in three points with concurrent tangents. Let us show that this 
is impossible in the case of an irreducible curve. Suppose it 
were the case, and that the curve touched the line at infinity at 
the end of the y- axis, so that each vertical line met the curve 
in two points with parallel tangents. Analytically this gives 
the equation, /( ^) =/W) = 0 

dy = 

dx dx 


y = y+k. 


The curve can be carried into itself by a parallel translation, 
and so by an infinite number of them, and this is only possible 
if it consists in one or more parallel lines, a trivial case. 

We must next show that the transformed curve does not, 
necessarily, have a tacnode, i.e. a point where two branches of 
the first order touch. If we return to equation (27), we see that 
we can give to t such a value that although (x) and (z) corre¬ 
spond to the same point ( y) they will not give proportional 
values {y'). That means that of the oo 3 conics that carry the 
branches at (x) and (z) into two branches at (y), the intersection 
of their tangents, there are at most oo 2 which make those 
branches tangent, and give a tacnode. Hence there are, at most, 
oo 4 transformations that produce a tacnode, or we can avoid 
this and carry our curve, which has nothing but branches of 
the first order, into one with no singularities but nodes. 

We pause at this moment to note that the transformed curve 
has no cusps. Its order is found, by Chasles-Cayley-Brill, to be 
the sum of the order and class of the original curve, and the 
two are of the same genus. For the original curve 

k = 0 m = 2n-j-2(p—1). (28) 

For the transformed curve, 

p’ = p k' = 0 n' = 37 i+ 2 (p— 1) m' = 3m. (29) 

Now let us see what will be the effect of a Halphen trans¬ 
formation on a branch of any order, it being assumed that the 
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origin thereof is not on the conic and the tangent does not touch 
the conic, whose equation is still (xx) = 0. 

Zj = x 2 = a 1 tn+... x s —l 

Xx | ~ pq A*r .> = pj(ij tP* Po—|-,,. = 0 

(xx) — 2 a i a 3 t pi+Pl 

X(xx') = p Q V«-)r\ 2 (Pt+^)o#j^‘ +Pj_Po 

Ifj 

M'l = -Po+i 2 (Pt+^-2p 0 ) a »« J <pi+PJ +- 
M2 = -Pl«l ^ Pl_ ^ P%^2 * P2-P0 - (Pl-Po)< Pl+Po + - 
^2/3 = + i 2 (p t +ft)< p ' +p '- p °. 

If p 0 ^Pi—po the order is unaltered, but the characteristic 
exponents have been reduced. If p 0 > pj— p 0 the order has been 
reduced, and the characteristic exponents not increased. Hence, 
neither order nor characteristic exponents is ever increased, and 
one at least is reduced. Keeping on with successive transforma¬ 
tions, we see that the order of the branch can be brought down 
to 1, and that of no other branch has been increased. Thus we 
may carry over, step by step, to a curve which has only branches 
of the first order. Two such branches with contact of order c 
will be carried into two with contact of lower order. Remem¬ 
bering what we learned about such a curve two pages back, we 
reach 

Theorem 27] Any curve may be carried by a succession of 
Halphen transformations into one whose only singularities are nodes. 

Let us next turn from the Halphen transformation to its 
inverse. We see at once from theorem 26] that the inverse 
curve is not unique, and we are led to the idea that there are 
an infinite number of curves that are carried over into a given 
curve. Let the transformed curve be 


Vi = 

Let (r) and (a) be the points of contact of tangents from (y) 


to the conic. 


(rr) = (rs) = (ry) = (sy) = 0. 


An arbitrary point conjugate to (y) is 
x i = r i(l) J r r f > (l) s i(l) 
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Since (y), {$), and (x') are collinear, 

Ky|+^[!«'yl + \«r'y\\+<f>'\ss'y\A-fa\rsy\ = 0. (30) 

Theorem 28] The problem of finding the curves of which a given 
curve is the Halphen transform, leads to a Ricatti equation. 

(r) and (s) are two solutions; the familiar properties of the 
cross ratios of four solutions of a Ricatti equation suggest that 
the different solutions of the inverse of Halphen’s problem have 
interesting relations to one another. 

(rr) = (ss) = (rr') = (as') = 0 (ry) = (sy) = 0 
(rr) (rr') (ry) 

\rr'y\ 2 = (r'r) (rV) ( r'y) =0 

(v r ) ( yr') (yy) 


Hence (30) becomes 


\ 88 'y\ = o. 

A<f>-\-Bfa = 0. 


If fa and </> 2 be two solutions, 


^ 1^2 fa^i — 0 - 


This shows that the ratio of fa to fa or the cross ratio of these 
two points with (r) and (a) is constant. We get the situation 
clearly in mind by considerations of non-Euclidean geometry. 
Let us take the fixed conic as the Absolute for a Cayleyan 
system of non-Euclidean measurement, the distance of two 
points being a constant multiple of the logarithm of the cross 
ratio which they make with the intersection of their line with 
the conic. Thus two solutions of the Ricatti equations give two 
curves cutting constant distances on their common system of 
normals, i.e. geodesically parallel. 

Theorem 29] If the fundamental conic of a Halphen trans¬ 
formation be taken as the Absolute for a non-Euclidean system of 
measurement, then a given curve and its geodesic parallels have the 
same Halphen transforms. 

An algebraic curve will always have an algebraic Halphen 
transform. Is every algebraic curve the Halphen transform of 
another ? Certainly not; there is no reason to expect that the 
Ricatti equation given above will lead to an algebraic curve, 
and it usually will not. We are face to face with a question 
very closely analogous to that faced in Book I, Ch. X: when 
will an algebraic curve have an algebraic involute ? The various 
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solutions of the Ricatti equation give us sets of moving points 
P, whose tangents are concurrent in Q the pole of the line on 
which all the/’s lie. This line, being conjugate to the tangents, 
is the common normal to all the P curves; its envelope, which is 
the polar reciprocal of the Halphen transform, is their common 
evolute. Since a curve and its polar reciprocal in a conic are 
algebraic together, the question becomes simply this: when is 
a given algebraic curve the evolute of some algebraic curve 
in a Cayley system of measurement ? The method of treatment 
thus becomes exactly that of Book I, Ch. X, and the result 
stated in Humbert’s Theorem 57] is correct if we replace ‘arc’ 
by ‘cosine of constant multiple of arc’. 


§8. Rational determination of the characteristics of a 
curve 

As a last application of the Halphen transformation, let us 
approach a problem which may have occurred already to the 
thoughtful reader. Logically it should have been discussed 
much sooner, but we lacked the tools to do so in the easiest way. 

What do we mean by saying that an algebraic curve is 
‘given’ ? What is given ? The algebraist will say the equation 
is given, and nothing else. But we have frequently assumed 
that we knew not only the equation but the situation of the 
singular points, and that would enable us by Puiseux’s method 
to determine the power-series developments, as well as the effect 
on genus and class. But when we have nothing available but 
the equation, the determination of the situation of the singular 
points may lead us to irreducible equations of high order, so 
that we do not really know where these points are, or what they 
amount to. Let us see if we can go at the matter otherwise. 

Let us first seek the class of the curve. This is obtained from 
the tangential equation, which in turn comes from eliminating 
x and y from 


Sf 


f(*,y) 


q u _ dx 

81 


v _ By 
w 8f 

81 


The resulting equation may be reducible. There may be 
extraneous factors which are the tangential equations of the 



Chap. VII RATIONAL DETERMINATION OF CHARACTERISTICS 358 
singular points counted to a suitable degree. As each singular 
point of a curve is also a singular point of the Hessian, to as 
high or higher order, the same extraneous factors will appear 
in the tangential equation of the Hessian, and may be removed 
by a H.C.F. process. 

We next note that a Halphen transformation will always 
improve the structure of a curve, provided that we avoid certain 
dangerous positions of the fundamental conic. If the curve have 
the homogeneous equation 

f( x V = 0 

and the conic have the equation 

<J i a: !+ c * a: a+ c s z 3 — °> 
we may improve it by the transformation 


PVx = 


C J X , C k X k 

f f_ Sf 


I 8xj dx k I 

By repeating the process a sufficient number of times, varying 
the c’s, we can come to a curve with no singular points but 
nodes. How do we know when we have got there ? By seeing 
if the intersections of two arbitrary first polars are distinct. 
This also can be accomplished by rational means. We may find 
the class of the transformed curve as above. Knowing the order 
and class, and that the cuspidal index is 0, we can determine 
the genus, which is the genus of the original curve. Of this 
curve we know the order, class, and genus, hence all the other 
Plucker characteristics. 

Theorem 30] If the equation of a curve be given, its Plucker 
characteristics may be determined by rational processes * 

It goes without saying that we use the word ‘may’ in the 
poetical sense, that only a finite number of operations are, 
demonstrably, necessary. No man or superman could put the 
thing through successfully in a complicated case. Another 
method would be to find the order of the evolute of a general 
curve protectively equivalent to the given one, for this order, 
by (18) of the last chapter of Book I, is 3 n-\-i. This gives us 
t, and with n, m, and i we have all we need. 


* Cf. Nether 1 . His method is much longer them this. 
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CHAPTER Vm 

PARAMETRIC REPRESENTATION OF THE 
GENERAL CURVE. A SKETCH 

§ 1. Riemann surface for the general curve 

We have had occasion at various times to note that a curve of 
genus 0 is rational, that is to say, we may express x and y as 
rational functions of an auxiliary parameter, which, in turn, 
depends rationally on them. We shall see in the last section of 
the present chapter that the coordinates of points on a curve 
of genus 1 may be rationally expressed in terms of Wexerstrass 
elliptic functions. In each of these cases the parametric repre¬ 
sentation, once obtained, offers the easiest way to study a num¬ 
ber of the properties of the curve. It is the main task of the 
present chapter to show that the coordinates of the points on 
any curve can be expressed in terms of an auxiliary parameter, 
to ‘uniformize’ the curve as the somewhat cacophonous techni¬ 
cal expression goes. We shall apply the method of uniformiza- 
tion to prove one or two fundamental theorems, leaving open 
the question whether there be many facts about the general 
curve that can be better found in this way than any other. 
A complete study of all the questions in the theory of algebraic 
functions which are involved in uniformization would lead us 
very far afield indeed; we have therefore entitled the chapter 
a ‘sketch’, and shall live up to that designation, giving the 
reader, anxious to go into the matter further, references to 
original sources. 

Let us begin with a curve of genus p > 1, 

f(x,y) = 0. (1) 

As we shall deal exclusively with birationally invariant pro¬ 
perties, we may assume that the curve has been suitably 
simplified, that is to say: 

a) It has no singular points but nodes. 

b) It meets the line at infinity in distinct non-singular points. 

c) It has no vertical asymptotes. 

d) No inflexional tangent, nor tangent at a node, is vertical. 

If, then, we construct the Riemann surface for y as a funotion 
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of x, whatever ‘construct’ may mean in this connexion, the /ply 
branch points are simple ones where two values of y coalesce, 
and they correspond to points of contact of vertical tangents 
in number _ 2(n+p-l). (2) 


Let the superposed sheets of the surface be s 1 ,« 2 ,...,8 n , the 
corresponding values of y for a particular x, y v y 2 ,...,y n . It may 
be shown by a discussion that is much too long to reproduce here, 
that a Riemann surface may be constructed with the following 
characteristics.* 

The branch points being P v P 2 ,..., P m , there is a line of passage 
PjP;, for the sheets s v s 2 , along P 3 P 4 for the sheets a 2 , s 3 , and so 
on, along P 2 „_ 5 P 2 „_ 4 for the sheets s n _ 2 , s n _ v The values y n _ t 
and y n will permute about each of the points P 2n - 3 ,P in -^--<P m - 
We connect them in pairs by lines of passage for these two 
sheets. The number of these is 


l[m—2(w—4)] = p 1. 

This Riemann surface is not simply connected. We make 
it so by drawing two types of cuts. Each line of passage 
At»-i+i)-iA(n-i+i) shall be surrounded by a very close cut C t 
lying wholly on 8„_ x . The number of these will be p. We get 
p more as follows. We start with a point on the line of passage 
P 2n _ 3 P 2n _ 2 and make a circuit D i partly in s n _ v partly in s t , 
which crosses this line and P#,, - i+o -i P«n -i+ o and surrounds 
Pan -3 Pxn-i+ti-i- The number of these is p. The opposite sides 
of these cuts are treated as different arcs of the boundary, just 
as though the surface were slit along them and opened up. We 
get finally a simply connected region bounded by 4 p different 
arcs. They form p sets of four corresponding to the same sub¬ 
script, the first and third corresponding to a cut D, the second 
and fourth to a cut C. 

Let us look at the periods of the various types of integrals as 
we follow a cut C or a cut D closely. For an integral of the 
first sort there will be 2 p of these. The value of an integral 
taken almost completely around a cut C will be the difference 
of its values at two near points separated by D, and the same 

* Cf. Picard, p. 367 S. This type is called the Ltixoth-Clebsch, and was first 
described by these analysts in the Math. Annalen, vol. iv, 1870. See also 
Enriques-Chisini, vol. i, pp. 381 ff. 


A a 2 
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is tegs when the roles of the letters are interchanged. The 
difference between the two values of an integral between the 
same two points, when taken by two distinct paths, will be of 
the form v ^ 

2 m i 

X 

The general integral of the first sort may be written 



r 1 M 1 +r 2 « 2 +...+r J) M p , 

where u v u 2 ,..., u p are linearly independent integrals of the first 
sort. Let us see if we can choose the multipliers r to satisfy 
the equations 

2r iCij = 0 (j ^k) 2><c ffc =l, 

i x 

where c i} is the period for u k around the cut If the deter¬ 
minant of the coefficients were 0 we could find an integral of 
the first sort with a period 0 for every one of the first p circuits, 
and this is not possible.* 

Hence we may solve these equations for each value of k. We 
thus get p linearly independent integrals, known as normal 
integrals, whose periods follow the scheme already outlined in 
Ch. VIII: 




D, . . 

• D p 

Cl 

C 2 . 

. . c~ 

V 


1 

0 . . 

. 0 

a ll 

a n . 

• • «ip 


0 

I . . 

. 0 

a n 

®22 • 

■ • a 2p 

U p 

0 

0 . . 

. 1 

a pi 

a p2 • 

• • a pp 


where a i} = a j{ by Cauchy’s integral. 

Let us next consider an integral of the second sort. We 
learned in formula (7) of Ch. II of the present book that we 
get such an integral by writing 


V= <X 1 U 1 + (X 2 U 2 +...-{-<X p U p + 






dx, 


where (% y a ) is a point of the curve, and ip is an adjoint of order 
• Cf. Picard, pp. 407 £f. 
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n —2 that does not include the tangent line appearing in the 
denominator as a factor. 

We may determine the multipliers a 1( so that the period of 
this for each circuit D i is 0. We assume that the residue of the 
integral at the single pole (x 0 ,y 0 ) is 1. Let l k be the period for 
the circuit C k , which does not include (x 0 ,y 0 ). We determine 
this indirectly as follows. Consider the integral 


f 

I vdu k = 


du k 

! ~dx 


dx = 


df 

dy 


where <j> k is a special adjoint giving u k . Cauchy’s integral 
formula tells us that if a circuit include no pole of f(t), and if 
8(t) have a single pole with residue 1 at a point z inside this 
circuit, , ~ 

/{Z) = 2^J mf{t) dt ’ 


Applying this to v, since v is everywhere finite save at (x 0 ,y 0 ) 
where the residue is 1, the value of this integral is 


2 nd^’-yA. 

df_ 

fyo 

But we may reckon it otherwise. On opposite sides of D k the 
values of v differ by l k , the period for u k is 1. On opposite sides 
of C k the values of v are the same. Hence for the two arcs D k 
and the two arcs G k we get l k . 

On opposite sides of D x the values of v differ by l k , but the 
period of u k is 0. On opposite sides of C, the values of v differ 
by 0. Hence, integrating all around, 


i k = iwteai. 

fyo 

The periods of v are 

D k D, . . D p C k C 2 . . Cp 

o . . 0 Snii^SHsl 2 tt 

% d f 

dy 0 dy 0 dy 0 


0 
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12. Uniformization 

Our next task is to form a new type of Riemann surface, which 
usually has an infinite number of sheets.* We begin with the 
n-leaved surface of the Luroth-Clebsch type just described, 
which we shall call the surface 8 1 . Take a second such surface 
and attach it to the first along one of the cuts C in such a way 
that the included lines of passage coincide. Let this become 
a line of passage for the new surface The new surface 

will hang together and be bounded. What we have done 
amounts essentially to this. We actually effect the cuts C and 
D on our two surfaces, getting two simply connected figures 
each bounded by 4 p arcs C, D. We attach the two boundaries 
C k of one to the two boundaries C k of the other, and then 
obliterate these as boundaries We have a new simply con¬ 
nected figure with a great number of boundaries, but not these 
particular two. We call this figure S 2 . We take another Rie¬ 
mann surface analogous to S x or attach it to S 2 along a C t 
or Dj cut, and obliterate that as before, getting a new surface 
S 3 and so on, till we get a surface S n . Let us construct a Green’s 
function g n for this surface looked upon as a simply connected 
region of the plane of x = £+117 bounded by a curvilinear poly¬ 
gon of a very great number of sides. This function is analytic 
except at a single pole 0 , in the vicinity of which it takes the 


form log- -j- 8(£, y), vanishes on the boundary, and is a solution 
r 

of Laplace’s equation 


d^g d*g 

dr? 


= 0 . 


The proof that this function exists would lead us too far 

afield.t 

At this point there are two possibilities open to us: 

A) lim g n {£,r)) — g(£, y). 

TO-►«> 

Let h n be the conjugate function to g n ; we write 
t n (x) — e~ a *- ih *. 

This is an analytic function of x — £-\-iy which will take a 


* Ct. Osgood, vol. i, pp. 750 £f. 


t Ibid., pp. 661 ff. 
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particular value t n where |i n | < 1 but once on S n , hence we may 
show that if 

limit g n — g; limit h n — h, limit t n = l = e~ a ~ ih . 

If, thus, 8 be the infinitely many-leaved Riemann surface 
which is the limit of S n , there will be but one point thereon 
which will give an assigned value to t, where* \t\ < 1. 

Hence x is a single-valued function of t, and so is y, since that 
is single-valued in a; on the Riemann surface, and we have 

x = x(t) y = y(t) t — (4) 

Suppose that we pass from one sheet of our infinitely many- 
leaved Riemann surface to another. This will correspond to 
a functional relation ^ =/■(<) 

This transformation is single-valued and analytic, and carries 
the interior of the unit circle conformally into itself, hence it is 
linear, f The passage across a cut will correspond to one of these 
substitutions, and we have an infinite discontinuous group 
generated by 2 p original linear transformations, all of which 
leave the unit circle invariant. If we mean by a fundamental 
domain within this circle a connex two-dimensional region 
which contains just one point equivalent under the group to 
every point within the given circle while the points of the 
boundary are equivalent in pairs, then we may bound such a 
domain by 4 p arcs of circles orthogonal to the unit circle. The 
interior and one-half the boundary of such a region will corre¬ 
spond uniformly to the points on the given curve. 

B) lim g n = co. 

n—>oo 

We arrive here at a similar result. J The group for t will be 
the doubly periodic group of elliptic function theory. We shall 
shortly see how we fall on this same group in the case of a curve 
of genus 1. If two curves correspond uniformly to the points 
of the same parallelogram they are in one-to-one correspondence 
with no exception. In such a correspondence the worst possible 
trouble would be a pole, hence the relation is birational, or both 
curves have genus 1. 

Fundamental theorem 1] The coordinates of the points of any 
algebraic curve of genus greater than 1 can be expressed as analytic 

• Ibid., p. 753. t Ibid., p. 721. } Ibid., pp. 721 fi. 
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functions of cm auxiliary parameter t analytic in them . Each 
point of the curve will correspond to an infinite number of values 
of this parameter connected together in such a way that all are 
obtained from one by the linear transformations of an infinite dis¬ 
continuous group. The total group is generated by independent 
transformations equal in number to double the genus of the curve, 
each transformation leaving invariant a certain circle. 

Functions of this sort are defined as ‘automorphic’, and the 
group is called an ‘automorphic group’.* 

Instead of starting with the Riemarm surface and working 
over to the group, it is possible to reverse the process as follows.t 

We start with a fundamental circle, and form a fundamental 
domain by means of arcs of 4 p circles orthogonal thereto, and 
corresponding in pairs under 2 p circular transformations that 
leave the fundamental circle invariant. Let 

t > _ 

y,*+S» 

be a typical transformation of the set. A function F is said to 
be ‘Theta-fuchsian’ of degree v if 

F(t') = F(t)(y t t+ 8,)* 

Three such functions, xft), x 2 (t), x 3 (t), will necessarily be con¬ 
nected by a relation 

f(x v x 2 , x 3 ) = 0. 

The functions ^ ^ 

x 3 (t) x 3 {i) 

will be automorphic, and the genus of / will be p. Poincare 
undertakes to show by a very arduous and delicate process of 
counting constants that any curve of genus p can be reached 
in this way. 

§ 3. Applications of uniformization 

Suppose that we have a curve of genus p uniformized, so that 
we may write 

x = x(<) y — y(t) t = e- , H x) , (4) 

* The credit for discovering this wonderful theorem is to be divided between 
Klein and Poincar6. Their original studies have required a great deal of 
elaboration before being finally perfected, the most indefatigable worker in 
the field being Koebe cit. The most recent account is to be found in Ford. 

t This is the original method of PoinoarS, especially pp. 10S ff. 
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where x(t), y(t) are automorphic functions, as explained above. 
An integral of the first sort will take the form 



<j) u\ __ y(^)] dx 

8 tr ,4\ /4\~i dt ' 

8y 

The only poles of 

M*>y) 

8f ’ 

8y 


( 5 ) 


when / has been simplified as indicated at the beginning of the 
present chapter, are the finite points with vertical tangents. 
Here 

x-x 0 = a 2 (y-y 0 ) 2 +a 3 {y-y 0 ) 3 +... 


(y-y Q )[d 0 +di(y-y 0 )+-] 


d Q °- 




dr. _ dx dy 
dt dy dt 


{y-yo)[9o+9&-t 0 ) J r-l 


® k {t) = h 0 +h 1 (t-t 0 )+h 2 {t-t 0 Y +..., 


so that <t> fc is finite even at the branch points. 

Suppose that we have a group of N points corresponding to 
the parameter values t v t 2 ,..., t, N . We may find an integral of the 
second sort ifi^t) such that it has simple poles at the points t t 
and nowhere else, and the scheme of periods is 

.Dj D 2 . . . D p C 1 C 2 C p 

0 0 ... 0 2jri<I> 1 (« < ) 2vi«l) 2 (<<) . . . 2Tri<& p (t i ). 


The function 


Pl^l+P2 i / , 2+— + Pn 0JV 


will be an integral of the second sort with a simple pole at each 
of our N points, otherwise finite, the periods about the circuits 
D being all 0. If those about the circuits C are also 0, the 
function is single-valued and so rational on our original Riemann 
surface. Conversely, every rational function on our Riemann 
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surface with simple poles at some of the points oorre- 

rv"> y) 

sponding to t v t 2 ,..., t p when looked upon as a funotion of t is of 
just this type. 

The dimension of the complete series of which < lt t 2 ,..., t N is a 
group will be the number of linearly independent numerators 
which go with the proper denominator or the number of linearly 
independent integrals of the second sort 

Pi + 02 + +Pa> *Pn- 

Since the periods foT the circuits C are to be 0, 
/>i<hi(<i)-bp2 < ^i(y+"-+PA’ < hi(^A) — 0 


Pl^3>( < l) + P2 < ^j>( < 2) + "- + PA’ < ^p( < v) — 0- 

We therefore construct the matrix 


%(ti) <t>p(h) ■ 


( 6 ) 


Let the rank of this be N—r. Then all solutions of the equa¬ 
tions are linearly dependent on r of them, or the dimension is r. 

Let us see next how many linearly independent special ad- 
joints there are through the group. As the relation of x to t is 
one-to-one, we need not fear 



The non-singular intersections of 

<frk( x >y)=f( x >y) = 0 

will correspond exactly to the roots of Q> k {t). We seek the 
number of linearly independent functions 


Or^! + CT 2 <I> 2 +. • • + O p <b p 

which vanish for the values t lf < 2 ,..., t N . This search leads to the 

mh) w • 


matrix 


( 7 ) 

which is essentially the same as (6). The rank of this is, by 
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definition of i, p—i, and that of the other N—r. This proves 
the Riemann-Roch theorem.* 

Our system of uniformization leads at once to the Weierstrasa 
points. If t 0 be such a point, there is an equation 


Pl®l(0+/ ) 2 < ^2(0+ — +Pp®p(t) — 

which has a root t = t 0 of multiplicity p or greater. The deri¬ 
vatives of this function up to the (p— l)th must vanish, or 


O 1 (< 0 ) . . . *bp(t 0 ) 

. . . ^(^o) 


= 0 . 


vr'Kt o) • 


( 8 ) 


This is a Wronskian determinant, and could not vanish 
identically unless the functions were linearly dependent, which 
they are not. 


§ 4. Curves of genus 1 

The methods just developed do not apply to curves of genus 
1 or 0. These deserve further study beyond that already given. 
We confine ourselves in the present section to curves of genus 1, 
elliptic curves, as we have called them. We saw in Ch. V of 
Book III that every such curve could be birationally trans¬ 
formed into a non-singular cubic. If we place this curve so that 
there is an inflexion at the end of the y-axis, the line at infinity 
being the inflexional tangent, the equation becomes 

**+ Ax 2 + Exy-\-Cy 2 +Dz+ Ey+F = 0. 

The conic polar of this inflexion is the infinite line and 

Bx+2Cy+E = 0, 

which we take as the x-axis, so that B — E — 0, the Cartesian 
coordinate system being perhaps oblique. The line polar of the 
end of the x-axis will go through the infinite inflexion, and we 
take this as the y-axis. Lastly, we may multiply x and y by 
suitable constants to get the new canonical form 

y s =4x 3 -SF s x-y 3 . (9) 

* This proof was communicated to the author by Prof. Osgood verbally in 
Nov. 1927. See also Picard, p. 432. 
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This curve has a single Abelian integral of the first sort: 

«=/y. <"» 

oo 

so that we have, conversely, a parametric representation in 
terms of the Weierstrass doubly periodic elliptic functions* 

x — p(u) y = p\ u ) p(u+2m 1 aj 1 +2m i cD t ) = p(u). (11) 

Consider the intersections of the cubic with a curve of order 
», which is necessarily adjoint, since the cubic is non-singular. 
Let the corresponding parameter values be u 1 ,u 2> ...,u 3n . Then 
by Abel’s theorem 4] of Ch. II, present book, 

“i+« 2 +-+« 3 » = K (mod 2w i> 2<a,). 

Consider, in particular, a straight line 

u x -{-u 2 -\-u a = K (mod 2WJ, 2 co 3 ). 

Corresponding to the line at infinity we have u = 0, so that 
K — 0. Hence three points are collinear when, and only when, 
u x -f 0 (mod 2^, 2to 3 ). (12) 

A curve of order n may degenerate into n lines, hence we 
have here also K ~ 0. 

m i+ m 2 +-+« 3 « = 0 (mod 2co v 2w 3 ). (13) 

If we have a system of curves of a given order whose only 
limitation is that they pass through fixed points of the cubic, we 
know, by theorem 6] of Ch. I, Book III, that they will cut a com¬ 
plete series. For the variable points of such a series we shall have 

u-^~\~u^~\~ ... ~\~u^ == C (mod 2ci>|, 2o 3 ). 

Conversely, any such set will be residual to any set where 
u N+i' i r' u N+z J r ••• J r‘ u, Zn = —C (mod 20 ^, 2ca 3 ), 
so that they form a linear series which is complete since the 
number of points exceeds the number of parameters by 1, the 
genus of the base curve. 

Theorem 2] The coordinates of the points of a curve of genus 1 
may be expressed as rational functions of the Weierstrass elliptic 
functions p(u) and its derivative p'{u). The N.S. condition that 
a series of groups of N points should form a complete linear series 

* This is, of course, classic. Cf. E. C. Burkhaxdt*, p. 46, or White, p. 123. 
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is that the mm of the corresponding coordinate values u should be 
constant, within the moduli of periodicity. 

If 2 u i+ 2 K — 0 (mod 2 oj 1; 2o) z ) 

2«*+2< = o( ,, „ ) 

2 ® H - 2 *** s0 ( » » ) 

Then 2 ®i+ 2K = 0 ( „ „ ). 

This is, of course, nothing more nor less than the residue 
theorem. 

The only birational transformations of the curve into itself 
which have the value 1 are of the type 

u-\-u' = K (mod 2a) v 2w 3 ). (14) 

The points with parameter values u, —it', and —K being col- 
linear. A birational correspondence with negative value can 
only have the value —1, as otherwise the number of coinci¬ 
dences would be negative. The product of a correspondence of 
positive value, with one of value —1, would be one of value 
—y, hence y=l, or the only birational correspondences of 
positive value are those of value 1 given by (14). As the product 
of a correspondence of value 1 and one of value —1 is one of 
value 1, so every correspondence of value —1 is the product 
of two of value 1, and can be written 

u‘—u = 0 (mod 2ai x , 2cu 3 ). (15) 

Clearly there can be no birational transformation of value 0, 
for then our curve would have a g\ and be rational. 

If the tangent at u { meet the curve again at u, we have 

2^-fw == 0 (mod 2ca 1; 2a> 3 ). 

The four points whose tangents pass through u correspond 
to the coordinate values 

u u . u . u , , 

u l — — 2 U 2— — 2^' a ’ 1 M 3= — 9+ w 3 

u \ s/ u i % _( 16 ) 

u x —Us u t —u 2 \coJ ■ 

This number is independent of u and is a function of the only 
birational invariant or modulus which the curve possesses. 
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Suppose that, more generally, -we have a birational trans¬ 
formation of the curve into itself: 


*'=/(«)• 

Since this function is single-valued and analytic, with a single¬ 
valued inverse, it must be linear, or we shall have 


U 


ya+S’ 

We have thus three types of transformation: 

u' = - u’ = oat u’ — u- f/?. 


u 


The first of these cannot be algebraic, for it will not carry a 
complete series into a complete series. The third is familiar. 
The only interest is in transformations of the type 

v! — txu. 

As these must carry periods into periods, we must have 

auij = a 11 a) 1 +a 13 a ) 3 aw 2 = a 81 u> 1 -fa 33 uj 3 , ( 17 ) 

where a y are integers. Dividing through by a, and noting that 
working inversely, the coefficients which express o>j and w 2 in 

terms of — and — must be integers, we have 
a a 


°11®33 ®13°31 — i 1 • 

On the other hand, the compatibility conditions of equations 
(17) give us 

„ ° 13 = « 2 -Kl + ®33)«± 1 = 0. 

®31 a 3S “ 

If a be real, so is a— a n , but the theory of elliptic functions 

tells us that — is complex.* Hence 
w 3 

®13 — ®31 = ® ®11®33 — i 1 ® — i !• 

We are thus led back to something familiar. If a be complex, 
(®xx+® 3 s) 2 T4<0. 

Either (a 11 -|-o 33 ) = 0 a = ± t, 

or (®ii - l -0 33 ) = db 1 « — i or a = ica®; <c; 8 =l. 


* Burkhardt*, p. 34, 
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Conversely, it can be shown that, under these circumstances, 
we have an algebraic transformation of our curve.* It is to be 
noted that „ , • 

oi 3 r 

where p, q, r are integers, illustrating the principle already 
mentioned that correspondences without value do not exist on 
curves of general moduli of periodicity. 


Cf. Abel', especially pp. 426 fi. Our discussion follows Segre". 
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RATIONAL CURVES 


§ 1. Binary apolar forms 

We learned in theorem 3] of Ch. VII, Book I, that the co¬ 
ordinates of the points on a curve of genus 0 can be rationally 
expressed in terms of an auxiliary parameter, and in Luroth’s 
Theorem 22] of Ch. VIII that if x and y be rational functions, 
not both constants, of an auxiliary parameter, the curve so 
defined, if irreducible, is of genus 0. The general parametric 
representation of a curve of order n and genus 0 is, thus, 

pX i =f 1 (t) pX 2 — f%(l) pX s ( 1 ) 


For many purposes it is better to use two homogeneous para¬ 
meters instead of the single parameter t. Reverting to the 
Clebsch-Aronhold symbolic notation explained in Ch. V, Book I, 
we write __ c \ t 

px 2 = b n ( px 3 = c n { . (2) 




There are two invariant operators frequently employed in 
connexion with these forms, which we explained when we first 
took up invariants in that chapter. There is first the polar 
process or polar operator 


1 

n 



( 3 ) 


and the Cayley operator 


1 

njn 2 


_e_ d_ 

ae. 

8 8 


Vv lz) 


8r h 8 Vz 


ti=Vi 

$z=Vz 


( 4 ) 


where n 1 is the order in £ v £ 2 > and n 2 the order in rj v r\ v The 
rth polar of (ij) with regard to a| is a^a^~ r . If we apply the 
Cayley operator k times to a^b 7 ^, we get 

\ab\ k a*'- k b**- k . 

This we have defined as the Ath transvectant of a| on b^. It 
is also (•—l)*x the kth transvectant of on o|. 
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Definition. Two binary forms of the same order are said to 
be ‘apolar’ if the last transvectant of the one on the other is 0. 
If the given forms be and a'^ n , the condition for apolarity is 

|aa'| n = 0. (5) 

If we prefer a non-symbolic notation, and write 


then (5) takes the form 


a <fln~ wo l®n-l+ ••• + (— 1 ) r (^) a r®n-r+• •• = 0- (6) 

Since the o'’s are perfectly arbitrary, this simply tells us that 
the a’s are connected by a linear homogeneous equation. 

Theorem 1] If the coefficients of a binary form be subjected to 
a linear homogeneous condition, the form is apolar to a given form, 
and conversely. 

Theorem 2] k binary forms of the nth order which are linearly 
independent are apolar to n+1—k linearly independent forms of 
that order. 

If the roots of our second form be (77 J 77 \), (yf r/| ),..., 7$ ), so that 


= a{,|£rj 1 |.|£r} 2 |...|£7j n |, 

the condition for apolarity is 

«„ 1 < V- < V ==0 - ( 7 ) 

Theorem 3] The N.S. condition that two binary forms of the 
same order should be apolar is that if we polarize the first with 
regard to a root of the second, and that polar with regard to a second 
root, and so on, the root of the last form so obtained should be the 
last root of the second form.* 

Suppose that the second form has a root tj of multiplicity r 
8° that a'*=\{;r)\ \ r a’f~ r . 

The apolarity condition is 


a^\aa 


= 0. 


Theorem 4] If the second of two apolar binary forms of order 
n have a root of multiplicity r, then that factor of the form which 


* Cf. Pitarelli. 
B b 


8781 
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is independent of that root is apdar to the rth polar of that root 
with regard to the first form. 

The most interesting case is where r = n. 

Theorem 5] If a binary form have only one distinct root it is 
apdar to every form of the same order which shares that root. 

Theorem 6] A binary form of order n is apdar to as many 
perfect nth powers as it has distinct roots. 

Theorem 7] If a binary form of order n be apdar to any form 
with n distinct roots, then it is a linear combination of the n poly¬ 
nomials of that order, each of which has as its only root one of 
those n. 

§ 2. Determination of the equation of a rational curve 

Suppose that we have the three equations (1). How do we find 
the corresponding trilinear equation of the curve ? We must 
first eliminate p twice, giving 

fs(t) x 1 fl(t) X 3 — 0 fa(t) x 2 fi(t) x 3 — 

and then eliminate t. This operation may become very cumber¬ 
some in practice. Here is another which is shorter but less 
obvious.* We start with a cubic: 

x i = a^+bjP+Cjt+d^ 

We write this in three different forms: 

( 0 ^—bJP+Cjt+dt . 1+ x f (— 1) = 0 
(a f 0< 2 +(M+ c i)H- rf i-1) = 0 
(a i t)t‘ i -\-(bit)t-\-(c^-^-di ). 1 -\-X {(— I) = 0. 

Giving i the values 1, 2, 3, we get three proportions: 

Pit: 1: (-1) 

s= |cdx| : — {\adx\t-\- \bdx\) : {|acx|£-f- |6cx|} : — {|acd|<+ |6cd|} 
r={\bdx\t-\-\cdx\): -\adx\t:{\abx\t-\-\acx\}: — [\abd\P-\- \acd\t} 
— {\bcx\t-\- \bdx\): —{|acx|£-f |adx|) : \abx\t: —{jaf>c|f 2 -f \abd\t}. 
Hence ]a<i!x|f 2 -|- \bdx\t -j-[cdx| = 0 

\acx\P+[\bcx\-\- \adx\\t-\- \bdx\ — 0 
|o6x|£ 2 -f |ocxj£ + \adx \ = 0 

|odx| \bdx\ \cdx\ 

1 acx\ \bcx\-\-\adx\ \bdx\ =0. 

|o6x| |acx| \adx\ 

* Ct. Rowe. 
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The generalization to a curve of order n is easily effected, but 
clumsy to put into words. 


§ 3. Groups of intersections 

Let us revert to our parametric form (2) and ask under what 
circumstances will the points corresponding to the parameter 
values (t\t\), (t{t'i),..., {t\t%) lie on a line. There are n—2 linearly 
independent binary forms or order n apolar to a?,6|,Ci. Call 

these A^, Bg . If (<?<|), ■•■he roots of a form that is apolar 

to all of these, that form must be a linear combination of 
A, B ,.... The N.S. condition is, then,* 


n f B(i=... = o. (8) 

Theorem 8] The N.S. condition that n sets of parameter valves 
(t\t\), (<i<!),... for the curve (2) should correspond to points of a line 
is that they should satisfy the n—2 equations (8) where A^, B^,... 
are n—2 linearly independent binary forms apolar to a|,6|,c|. 
Let us generalize so as to find out when nv points lie on a 


curve of order v. 


<f v (Xi, x 2 , xfj — 0. 


This polynomial is a linear combination of terms of the form 


x\x\x\ p+q+r = v. 


If, thus, A™, BY,... be a complete set of forms of order nv apolar 


to (aY P (b n { )"(qy, 


II A t t = IT Bft =... = 0. 

i i 


( 9 ) 


The reasoning is reversible. This gives 

Theorem 9] The N.S. condition that nv sets of parameter valves 
should give the complete intersection with a curve of order v is that 
all the equations (9) should be satisfied, where A n f, BY-- are the 
complete set of forms of order nv apolar to all forms (a£) J ’(&£) 9 (c£) r , 
P+q+r = v. 

There is a more beautiful way of exhibiting these conditions 
when the parameter values giving the singular points are known. 
Suppose, first, there are no singular points but nodes corre¬ 
sponding to the pairs of parameter values 

We may multiply through by such constants that 


— a"i, a*, — Oji— 

* See the important, though obscurely written, Meyer*, 
n h 2 
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Under these circumstances the form If*}*!"— I^l" is apolar 
to <if = bf = Cg, and so, by theorem 8], 


i=n 

n i<yi 

/=i 


j-n 

= n \H* 

i=l 


*•=(io) 


We have here a set of necessary conditions for collinear points. 
To show that they are sufficient we must show that among the 

———— forms I* 1 —j|£ i | n there are n—2 which are 

linearly independent. 

Suppose the number is n—k. There will be apolar thereto 
fc+1 forms 0 « = ft- = c « = ... = *«. 

If we write 

px 1 = a 7 j; px J . = b 1 £ px 3 = ...px k+1 —lg, 

we have in a space of k dimensions 


*^2 • 1 




a space curve of order n with at least —- 1 double points 

corresponding to the parameter values (tj(V iOi)- But if k > 2 
we can project down to a rational plane curve of order less than 

n, with at least ———— double points, which is absurd. 

We can extend the process as before. A necessary condition 
that vn points should be on a curve of order v is 


j=nv j—nv 

n w | = n i«y i 

j =1 7 = 1 


1=1,2,..., 


(*-!)(»-2) 


( 11 ) 


To prove the condition sufficient, we proceed as in the case 
before. If we have not here a complete set of forms 


[*i(f)] p M)J«)J r 

apolar to |" 1 '— |££ £ |" v , but if there be certain others A ^ By,..., 

then the two curves 


x p + i+T = (a" ( nbpHc" i y 

- X p ^r = (a n ( nb n ( nc n ( Y X a = Ay Xp = By 

lying in spaces of a different number of dimensions have the 
same double points (rf), (£'), which leads to a contradiction. 
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Theorem 10] If the curve (2) have no singular points but nodes 
corresponding to pairs of parameter values (if), (If), the N.S. con¬ 
dition that points (V) should be a complete intersection is that (11) 
shall be satisfied. 

Suppose that two of our intersections tend to coalesce at 
a node 


— t\ — £i + e i 


where S 1 , S a , e a , e a are infinitesimals, 


t\ — C2 + e 2> 


[<yi = isyi \ p ?\ = |^|+18^11 

I<VI = ICVI+I«J 1 I 1^1 = K 1 ! 


lim 


IWVI 

mm 



Our conditions for non-singular intersections with an adjoint 
will be 

J = nv-(«-l)(n-2) 3=ni'-(n-l)(n-2) 

n m =k n m (i2) 

j=*i j i 

Conversely, when these equations are given, we can find such 
infinitesimals that they are the limiting forms for (11). They 
therefore give the N.S. conditions for a set of points to he the 
non-singular intersections with an adjoint. An easy proof of 
the residue theorem will come at once. 

Suppose that our curve has a singular point of order k given 
by parameter values (glgl), (i/fijl),..., (rflgfl, so that 


Let Pif-Pif-••• J rPk — 0. 

We have k— 1 linearly independent sets of p’s, and the form 


Pi iy r +Pi iy r+... +Pk iyr 


is apolar to a fejf, c|. We thus get k— 1 conditions 

Pi n \t 1 rj i \+p t n \t i -q 2 )+...+p k n i<y | = o. (13) 

j= i i j 

These are necessary for the points to be collinear. There will 
be similar conditions for the other singular points. We show 
that these conditions are sufficient exactly as before. 
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874 > Rational ccrves 

§ 4. Equations and conditions for singularities* 

Let us rewrite the homogeneous parametric equations for our 
given curve ( 2 ) 

If (it) be the tangent at the point (r/), 


(•£)-(•£)- 


( 14 ) 


it x = |bc|6" _1 c^ _1 « 2 = Icalc^a"" 1 it 3 = ( 15 ) 

The polynomial in (£), (ita:) is divisible by |£t)J 2 , hence we get 
the remaining intersections with the tangent, the tangential 
points as they are sometimes called, by writing 

^[\ bc \ b V c V a l+ = 0 . 

This may also be written 


1 

M* 


b* 

«X Cj^Cj 

“? _la 2 6 r 16 2 <r lc * 


T n- 1 , 


0 . 


By Taylor’s theorem, 

*7 - l | l '+4 

Substituting in the determinant above, we get, after a little 
manipulation, 

F(£,V)= i6cj.jc«|. |o*[«"- 2 6”- 2 c”- 2 ^5- 2 H- 77) = °. ( 16 ) 

To find the points where a tangential coincides with a point 
of contact, we put = pr} { : 

|6c|.|ca|.|a6|a^ _2 6^~ 2 c^ _2 = 0 . ( 17 ) 

The degree is 3(n— 2). The roots are the inflexions each counted 
ft times and the cusps each counted v times: 

fu-\-VK = 3(n— 2 ). 

By Pliicker’s equations, when p = 0, 

i +2 k = 3 (n— 2 ). 

Theorem 11] If the rational curve (2) have no singular points 
but ordinary ones and cusps, and no singular tangents but ordinary 
and inflexional ones, the roots of ( 17 ) give the inflexions counted 
once and the cusps each counted twice. 

* The present section is based on Meyer*. 
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When the curve has higher singularities, we see by continuity 
that this equation gives the total inflexional index of each 
tangent counted once, and the total cuspidal index of each point 
counted twice. 

If, for present purposes, we indicate the resultant of two 
binary forms <f> v <f> 2 by and remember that the dis¬ 

criminant of a binary form is the resultant of its two partial 
derivatives, we see that the points of contact of bitangents are 
obtained from (16) by writing 



Now the partial derivatives of F are of degree (n— 3) in (£), 
and degree 2(n—2 ) in (q). Hence (18) is of degree 4(»—2)(ra—3). 

We have from Plucker’s equations 

2r-\-K(m —3)-f-2«(n.—3) — 4(n—2)(n—3). 

We shall find among the roots of (18) the points of contact 
of bitangents, and of tangents from the cusps. Also, if (q) be 
a cusp, the coordinates of the tangent are illusory, and we get 
other solutions. 

Theorem 12] If a rational curve be limited as in the last 
theorem, the equation (18) is reducible. One factor gives the points 
of contact of bitangents, a second those of tangents from cusps, 
and a third the tangential points of the cusps, each counted twice. 

If we look upon (16) as an equation in (q) and write its dis¬ 
criminant, we get 



The degree in (£) is 

2(2n-5)(n-2) = 28+2»c+(re—3)(t+2/c). 

Two (tj)’s corresponding to the same (£) will coincide if that 
point be a node, for then we have coincident tangents to one 
branch from a point on another, if the point be a cusp, or if it 
be a tangential point of a cusp or an inflexion. 

Theorem 13] If a rational curve be limited as in the last two 
theorems, the equation (19) will be reducible. The roots give the 
nodes (or equivalent ordinary singularities), the cusps, and the 
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tangential points of the cusps each counted twice, and the tangential 
points of the inflexions. 

The general rational curve has no cusps. Hence, for the 
general curve (18) will merely give the points of contact of 
bitangents, and (19) the nodes and the tangential points of 
inflexions. What conditions must be imposed on our equations 
( 2 ) that at least one cusp should be present ? 

The conditions for a cusp at ( 19 ) are 

a? _1 °2 b v~ lb 2 <T lc a 

| be | = | ca | = j ab \ a^b”' 1 = 0 . ( 20 ) 

If we equate the first two only to 0 , then either 

= c"-!c 2 = 0 

or else the third vanishes. The resultant of the first two is then 
reducible. The first factor gives the required cuspidal condition, 
the second is a power of the discriminant of c". The resultant 
of the first two is of degree [4(re—1)] in the actual, as distin¬ 
guished from the symbolic, coefficients of the form c“. The 
discriminant of this form is of degree 2 (n— 1 ) in these coeffi¬ 
cients, hence, as the cuspidal condition must appear somewhere, 
the discriminant can come in to the first power only. 

Theorem 14] The resultant of the first two polynomials (20) is 
reducible. One factor is the discriminant of the form c”, the other 
factor equated to 0 gives the N.S. condition for the existence of 
a cusp. It is of degree 2(n—1) in the coefficients of each of the 
given binary forms. 

II we return to (16) and set 


Ioc|,|ca|.|o6jo”-^-*c»- z =0, (21) 

we get an equation to determine the points whose tangents have 
three-point contact. These are inflexions, cusps, and points of 
undulation, that is, points, when such exist, which are non- 
smgvilar, whose tangents have at least four-point contact. 
These are all intersections with the Hessian, but whereas at an 
inflexion the Hessian cuts across simply, at a point of undula- 
tms r which counts for two adjacent inflexions, it is tangent, and 
a singularity. The discriminant of the left-hand 
mM of (21) must be factorable. One factor gives the 


X 



•V Vr '»v: 
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the other the undulational condition. Ite degree in the actual 
coefficients of each form is 6n—14. 

We may look for the points of undulation elsewhere. The 
roots of (18), in the general case where there are no cusps, go 
together in pairs, giving the pairs of points of contact of bi¬ 
tangents. Let us write it 

d^n-tXn-3) ^ e 2 / 2 g 2 to 2(n—2 )(»—3) factors. 

The condition that two roots of a pair should fall together is 

lflW'l a - = 0. 

This is of the second degree in the coefficients of (18), and 
so of degree 4(n—3) m the coefficients of each of the original 

forms 0tt—14 = 4(n—3)+2(n— 1). 

Theorem 15] The discriminant of the left-hand side of (21) is 
factorable. The vanishing of one factor gives the cuspidal condi¬ 
tion , that of the other the undulational one. 



BOOK IV 

SYSTEMS OF CURVES 


CHAPTER I 


POSTULATION OF LINEAR SYSTEMS BY POINTS 


§ 1. Fundamental properties of linear systems 

When we first began the study of linear systems of point-groups 
on a base curve, we said that such groups were defined by linear 
systems of curves. These secant curves served only to determine 
the groups, now it is time to study them for their own sakes. 
The knowledge which we have acquired from the study of point- 
groups will be vitally important in this study. 

Definition. The system of all curves of a given order linearly 
dependent on r-fl linearly independent curves of that order 
shall be called an ‘r-parameter linear system’. Since the general 

curve has independent coefficients, the total system 


of these curves is in one-to-one correspondence with the points 
of a projective space of N — n -- n ~^ dimensions. An r-para- 


meter linear system will correspond to the points of a space of 
r dimensions therein. Through it will pass N—r—1 linearly 
independent hyperplanes. 

Theorem 1] If the coefficients of a curve of order n be subjected 


.(*±3) 

2 


independent linear conditions, but are otherwise 


entirely free, there will result an r-parameter linear system and, 
conversely, every r-parameter linear system can be reached in 
this way. 

The general r-parameter irreducible algebraic system of curves 
may be expressed in the following fashion outlined in Book I, 
Ch. I, theorem 15]: 


2 = 0 P+9+* = » 

a pqi ^l’ •••> *^r+l) 

4>(z 0 , x lt ..., x T+1 ) — 0 . 


( 1 ) 
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Here all of the functional symbols stand for homogeneous 
polynomials, and all variables are homogeneous. The degree of 
the variety <f> is called the ‘index’ of the system. It will be the 
number of intersections with the general linear S N ~ r . The 
totality of curves through r given points will also correspond 
to points of a line S y ^. though not the general for the 
requirement of passing through an assigned point is a special 
type of linear requirement on the coefficients of the curve. The 
general S N _,. and an S N _ r which requires a curve to pass through 
some r points could only intersect the variety of r dimensions 
in a different number of points if the requirement to pass 
through some r points imposed a peculiar restriction on a curve. 
But every curve passes through as many points as we please, 
so the requirement to pass through some r cannot be peculiar, 
or the index of the system is the number of curves through 
r general points. 

The index of a linear system is 1. Conversely, a one-para¬ 
meter algebraic system of index 1 would be represented by an 
algebraic curve of the first order, i.e. a straight line. We may 
give it by equations of the form 

so that we have a pencil of curves. 

Suppose that we have proved that every (r— l)-parameter 
system of index 1 is linear. The general curve through a point 
will be 

Let ifi 0 be a curve of the system which does not contain (x v y x ). 
Since the general curve of the system meets tfi 0 somewhere, and 
all of the curves of the system through any point of ifi 0 are 
linearly dependent on <Jj 0 and an (r— l)-parameter linear system 
through (x v y x ), the general form for the linear system will be 

Theorem 2] An algebraic system of curves of the same order, 
whose index is 1, is a linear system. 

We get at once from Book I, Ch. VII, 10], 

Bertini’s Theorem 3] The general curve of a linear system has 
no singular point which is not a fixed point for all curves of the 
system. 
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Suppose that the general curve of a linear system is reducible, 
and that it has two irreducible parts, one of degree n v the other 
of degree n 2 . If both were variable and the degrees different, 
there would be a variable singular point, which is intolerable. 
If the orders of the two were different, one at least would have 
to be a fixed curve. If n x — n % , and both parts were variable, 
since two could not intersect in a general point and produce a 
singularity; there would be but one curve of order n x through 
a general point, or the system consists in groups of curves 
of a pencil. 

Theorem 4] If the general curve of a linear system he reducible, 
then either all curves of the system have a fixed factor, or else the 
system consists in groups of curves of a pencil. 


§ 2. Systems defined by simple points 

The easiest way to define a linear system is to require the curves 
to pass through a certain number of specified non-singular 
points. These points shall be called ‘base points’ for the system. 
The base is said to be ‘complete’ if every curve through the 
assigned points does not, necessarily, pass through any other 
points. Eight points will not form a complete base for a system 
of cubics, for all cubics through eight points pass through a 
ninth. 

If we have n points, we can pass a line through each in any 
desired direction. 

Theorem 5] n or fewer points will farm a complete base for 
a curve of order n. 

The curves of order n through n or less than n points pass 
through no other points, of necessity, hence we get from 4] 

Theorem 6] If the order of the curves be at least as large as the 
number of base points, the curves are not, necessarily, reducible. 

A base shall be said to be ‘normal’ for curves of a given order 
if the conditions which its points impose be independent. If the 
number of conditions be less by a than the number of points, 
the base is said to have the ‘superabundance’ s. Thus, nine 
points are usually a normal base for a cubic, but the inter¬ 
sections of two cubics have superabundance 1. If a base be not 
complete, the base obtained by adding the new points which 


wliio'f Ka nnmrr»rw» +/\ all 


nf a oarlain Ai*rlar +Kft 


mirrrQD 
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original points is superabundant. To determine the super¬ 
abundance of a group of points (x v ff 1 ),(x 2 ,y 2 ) i ...,(x v ,y v ) we 
examine the rank of the matrix 


*1 1 Vi ■ 

■ y\ *i -1 • 

• 2/i 1 

x n ~ x y v . 

y n v • 

- Vv 1 


If the rank be v—s, we can pick v—s of these points which will 
impose independent conditions on a curve of order n, but a 
larger number will not impose independent conditions. 

Theorem 7] The superabundance of a group of points for curves 
of a certain order is equal to the difference between the number of 
points in the group and those in the largest normal sub-group. 

We get immediately from Book I, Ch. II, theorem 25], 

Theorem 8] If two curves intersect only in ordinary points, 
their intersections form a normal base for every curve whose order 
is as great as the sum of their orders. If the order of the new curve 
be the sum of their orders less l, the superabundance is \ {l— l)(l—2). 

If the order of the two curves be n x and n 2 where n x ^ n 2 , 
the superabundance of their intersections for a curve of order 
n x = n x -\-n 2 — n 2 is U n 2 —!)(^— 2 )- 

Theorem 9] The superabundance of the group common to two 
curves for a curve of the greater order is the genus of the general 
curve of the lesser order * 

Suppose that we have a group of v points which lie on a single 
curve of order n. The number of conditions which they impose 
is v — s. If they he on more than one such curve, and if they 
have the superabundance s, the dimension of the system of 
curves of order n through them is 

M«±3) 

2 

This exceeds by 1 the dimension of the series which the curves 
of the system cut on one of their number. The dimension of 
this complete series is thus 

2 


* Cf. Gambler 1 , p. 206. 
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The order of the series is 

N = n*-v. 


The general curve has no singularity by Bertini’s Theorem 3], 
hence its genus is 

r-«!=*!+ 1 , 


N—r = p — 8. (2) 

We thus get, by the Riemann-Roch Theorem 25] of Book III, 
Ch. I, 

Theorem 10] If a group of simple points be complete or incom¬ 
plete for curves of a given order, and lie on more than one such 
curve, its superabundance is equal to the index of specialization 
of the residual group common to two such curves. 

It is curious that the problem of fin din g superabundant 
groups for curves of a given order should thus be thrown back 
upon that of finding them for curves of order three less. 

The index of specialization of a group of points on a curve 
of genus p is surely 0 if the number of points exceed 2p—2. 
Hence we have 

s — 0 if n 2 —v > n{n—3)-, i.e. if n > 

u 


Theorem 11] A group of points is normal for a curve whose 
order exceeds one-third of the number of points in the group. 

We may generalize our theorem 10] to a small extent by 
considering the series which our curves cut on a curve of higher 
order. This obviates the difficulty of finding the series desired 
when there is but one curve of order n through the points of 
the base. Let us find the series cut on a curve of order »+a. 


v » . n(n+S) («+a)(n+a—3) . , 

N = n 2 r — —L—!— -—v+s p = — J. -'-f-1 


i i at i («—1)(«—2) 

1 =p+ r -NT=s+' -(3) 

Theorem 12] The superabundance of a group of points for 

curves of a certain order is less by ———~^ than the index of 

z 

specialization of the residual group cut by Obese curves on a general 
curve of order a greater through the given group. 
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We may generalize 11] in another way. If s > 0 , the residual 
group is special, and so by Clifford’s Theorem 30] of Book III, 
Ch. I, 

n 2 —v >n(n+3)— 2v— 2+2a v—3«>2(s—1). (4) 

Theorem 13] If v points lie on an infinite number of curves of 

order n, their superabundance cannot exceed 1. 

It is quite easy to construct groups of points having various 
amounts of superabundance if we proceed step by step. Let us 
take a quartic. The smallest superabundant group contains 
twelve points; it will be residual to four collinear points and so 
consist in the intersections with a cubic. Fifteen points, if they 
lie on two quartics, have superabundance 2 , and sixteen super¬ 
abundance 3.* 


§ 3. Postulation by means of singular points 

The postulation of linear systems by simple points generalizes 
very easily to postulation by means of singular points. The 
terms base, complete, normal, going over immediately. We shall 
say that a base is ‘complete for singular points’, if the curves 
of given order through it do not necessarily have other singular 
points of higher multiplicity than desired, or, what comes to 
the same thing, these curves have really the genus imposed 
upon them by the conditions assumed. Let the base points be 
, their respective multiplicities r,, r z ,.... It has the super¬ 
abundance s if the system of curves through it have the 
dimension n(w+3) ^r i{ri+l) 


2 


-s. 


We shall confine our attention to those cases where there is 
more than one curve of the system with the given base. 

Theorem 14] If a base be complete for singular points , then all 
the curves of the system, but at most a subsystem depending on 
a lesser number of parameters , have the same ad joints of every 
order. The genus of the general curve is the dimension of the 
system of special adjoints. 

Consider next the series which the curves of the system cut 
on one of their number. This Bhall be defined as the ‘charac- 


* Ibid., p. 165, where quite an elaborate table is given. 
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teristic series’ of the system. Its order is defined as the ‘grade’ 
of the system, no fixed intersections being counted. 

N = n‘-Z <i r = !fiy±>_ 2 —+»-l 

Let us now show that this series is complete. Let / be a curve 
of the system which we take as base curve, another generic 
curve, which cuts / not only in the base but in the group Q v 
Let an adjoint <f> l cut / in two groups G lt G 2 . Let G 2 be a group 
of the complete series defined by G lt i.e. a general group residual 
to G 2 , the two being cut by the adjoint <f> 2 . Consider the curve 
f l <f> 2 . It will have at P i the multiplicity 2r t — 1, and will contain the 
groups G v G 2 , G’ 2 . Hence, by Nother’s fundamental theorem 3], 
Book II, Ch. IV, 

fi < f > 2 = 

Here f 2 is a curve of the same order as f v and it has at P t the 
multiplicity r f — 1 at least. We proceed to show that, in fact, 
it has the multiplicity r ; . Let us suppose that this point is the 
origin and that no other point of the base is infinitely near, 
a state of affairs that can always be brought about by a suc¬ 
cession of quadratic transformations, and they will not alter the 
statement of the theorem we wish to prove about the complete¬ 
ness of the series of groups. Let us write our various polynomials 
in terms of ascending powers of x and y, using a superscript to 
indicate the degree of the polynomials: 

/i =/?+/r o+1 +- 

e a =e r «-*+9 r °- i +... 
f~r°+r •+»+... 

Since <f> 2 has no term of order 2r 0 — 1, there can be no such 
term on the right of the above identity, or 
Qro-tfro+tlrt-lfro-l = 0 . 
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Since there are no base points infinitely near the origin, we 
may assume that / is not tangent to j> 1 at the origin, so that 
f r ° and have no common factor. But the factors of f*> can¬ 
not all fit into /5®- 1 . Hence fl»~ x = 0, or f 2 has the multiplicity 
r 0 at the origin, or r i at P { . It is a curve of our system, so that 
a curve of our system will cut each group of the complete series 
determined by O v A linear series which includes a complete 
series of the same order is itself complete. We have 

Theorem 15] The characteristic series cut by the curves of a 
linear system determined by base points on the general curve of 
the system is complete. 

We get from the equations above for the series 


N—r = p—s, 


( 6 ) 


and so, from Riemann-Roch, 

Theorem 16] If the dimension of a linear system of irreducible 
curves determined by a base complete for singular points be as great 
as 1 , the superabundance of the base is the index of specialization 
of the characteristic series * 

We may generalize exactly as we did before, getting 
Theorem 17] If a base of a linear system be complete for 
singular points, for curves of a certain order, the superabundance 

is the excess above ————— of the index of specialization of 

2 


the series cut on curves of order oc greater with the same base. 

Theorem 18] If a base be complete for singular points for curves 
of a certain order, and if those curves be necessarily rational and 
exist in infinite numbers, then the base is normal. 

In the case of a pencil of curves we have 


N — 0 r= 0 p = s. 

Theorem 19] The superabundance of a pencil of curves is equal 
to the genus of the general curve of the pencil. This is the greatest 
superabundance for any base for curves of that genus. 

We get by Clifford’s Theorem 30] of Ch. I, Book III: 

If s > 0, 2(p-l)^2V>2r, 


2(s-l)>2r j -3r>0. 


* This really beautiful theorem is due to Castelnuovo*. 


( 7 ) 
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§ 4. Fundamental curves and special adjoints 

Definition. A curve is said to be ‘fundamental’ for a linear 
system if the curves of the system do not meet it in variable 
points. If, thus, we require a curve of the system to go through 
a point of the fundamental curve not common to all curves of 
the system, it must include the fundamental curve or be in¬ 
cluded therein. Considering not the whole fundamental curve 
but its irreducible factors, we may assume that the order does 
not exceed that of the curves of the system. If the system of 
curves be a pencil, each individual curve is fundamental. The 
line at infinity is fundamental for any one-parameter linear 
family of circles. We see that in general but one condition is 
imposed on a curve of the system to make it include the funda¬ 
mental curve. Hence, if the tangents at a base point be variable, 
it will take more than one additional condition to give a parti¬ 
cular curve a higher multiplicity than the general curve, or the 
fundamental curve will not have a higher multiplicity. We may 
always reach this condition for base points by a factorable 
Cremona transformation, so let us suppose for the moment that 
this is the case. Let the order of the general curve be n, the 
multiplicity at the base point P t , r„ the order of a fundamental 
curve shall be v and the multiplicity of P % , 

2 r i 8 i = nv. (8) 

The order of the residual curve which goes with the funda¬ 
mental curve to make a curve of the system is n—v, the 
multiplicity at is Let us find the genus of the residual 

curve. This will be its ostensible genus, for the condition of 
having an additional singular point is not linear, while that of 
including the fundamental curve is linear. Also, this curve is 
irreducible by 4], a fixed part being added to the fundamental 
curve. The genus of the general residual curve is, thus, 


(n— v)(n—v— 3) 


2 




= P- 


v(v+3) 


2 


a <( 5 <+1) 


Now — V ^ 0 as the fundamental curve can- 

2 2 
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not be variable. If the lower sign hold, i.e. if the base be normal 
for the fundamental curve, the genus of the general residual 
is p, so that it has p linearly independent special adjoints, and 
these, with the fundamental curve, give p linearly independent 
special adjoints for the original system of curves. We shall show 
in a later chapter that a factorable Cremona transforination 
will carry a special adjoint into a special adjoint, or the variable 
parts of special adjoints called the ‘pure adjoint system’ into 
variable parts. Hence we may announce 

Theorem 20] If an infinite linear system be given by a base 
complete for singular points, the genus of an irreducible curve 
residual to a fundamental curve is equal to the genus of the general 
curve of the system, less the superabundance of the base for the 
fundamental curve. When the base is normal for this fundamental 
curve, it forms a part of every special adjoint to the original 
system, while the residual curves have the genus of the original 
system. 

It is to be noted that a linear system may have different sets 
of fundamental curves and residual curves. Thus, for the 
conics through three points, each line connecting two is a funda¬ 
mental curve, and the lines through the third point are the 
residual curves. These lines, like the original conics, have the 
genus 0. 

The essential part of theorem 19] is that the special adjoints 
are reducible. Suppose, conversely, that the general special 
adjoint of a curve is reducible. By Bertini’s theorem 3], either 
all have a common part, or they are p— 1 groups of curves of 
a pencil. In the latter case the pencil will cut a g\ on the 
original curve, which must be hyperelliptic. 

Theorem 21] If the special adjoints of a curve be reducible 
without a common factor, the curve is hyperelliptic. 

Suppose there is a common factor. Since the canonical series 
on one of the curves of our system has no fixed points, this 
fixed part must be fundamental. 

Theorem 22] If the 'special adjoints of a linear system deter¬ 
mined by a base complete for singular points have a fixed part, 
this will be fundamental for the given system, and the base points 
are all singular. 

The difference between the actual freedoms of the original 

o c 2 
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linear system and the system residual to a fundamental curve 
is 1 . The difference between the apparent freedoms is 

n(n+ 3) y r^+I) Un—v)(n— v+3) y fa— 8 ^ r i~ a <+ 1 

2 Z 2 [ 2 Z 2 

= _ pv-lK»-2) _^^-lj] + 1 , (9) 

Since the apparent freedom equals the actual freedom less 
the superabundance, we have 

Theorem 23] If a linear system have an irreducible funda¬ 
mental curve, its apparent genus is the difference between the 
superabundance of the original and residual systems. 

Theorem 24] If a linear system of curves have an irreducible 
fundamental curve, its genus cannot exceed the superabundance of 
the system. 

It is to be noted that we say genus, not apparent genus, here. 
The theorem appears for the apparent genus from 22 ], the actual 
genus is less than the apparent when there are unsuspected 
singularities, otherwise equal to it. 

Suppose that our base is not necessarily complete, but is 
determined by k of its points which lie on a cubic. This cubic 
with any special adjoint will constitute a curve of the system, 
or all the base points lie in the cubic. If the system were super¬ 
abundant, the intersections of a general curve with a curve 
made up of the cubic and a special adjoint would be a special 
group of the former, by 10 ], but this is impossible unless the 
cubic is fundamental. There could not be an infinite number 
of BUch cubics. 

Theorem 25] A superabundant system must have at least nine 
base points. 

Let us calculate the apparent genus of a special adjoint. 
This is 

y _(»-j|»-_8)_ z r ,- 3 „— E1 — 9] . 

( 10 ) 

where 2 1 means number of base points. 

If the base points do not lie on a cubic 2 1 > 9. Comparing 

with(5) ’ r—s < 2p—l—p'. ( 11 ) 
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On the other hand, by (7) 

9' ^ V 1 =PjzP + 1 > o. 

Z, 2 T 2 

Theorem 26] If the base points do not lie on a cubic, and if 
r—8~^p-\-l, the base system is normal for an irreducible special 
adjoint. 


§ 5. Situation of the singular points 

The groups of points so far considered, whether normal or 
superabundant, were generally supposed to lie on more than 
one curve of given order. The situation becomes a good deal 
more complicated when there is but one curve, as we are not 
able to use 15]. As an example we shall take up one of the 
most important unsolved problems in the whole theory of plane 
curves, the situation of the permissible singular points. 

A curve of order n can have any number of nodes up to 


(n—1 )(»— 2) 
1 


, but we can assign arbitrary positions to at most 


w(n-f 3) 
~6 


When the curve has more double points than this. 


where do they lie ? 

If the order of the curve be less than six the question has no 
point. We can place the nodes where we please, provided we 
do not have three on a line, or six on a conic. When it comes 
to a curve of the sixth order, quite a new situation arises.* 
The maximum permissible number of double points is ten; we 
have apparently enough parameters to allow us to place nine 
double points where we please, thereby exactly determining the 
sextic curve. But through nine points we may always pass a 
cubic, and this counted twice would give us a sextic fulfilling 
the desired conditions; consequently the double points of a non¬ 
degenerate sextic must form a superabundant base. They could 
not be the base points of a pencil of cubics, for a cubic of the 
pencil through a non-singular point of one of the sextics would 
intersect it nineteen times. Consider the single cubic through 
these nine double points. If we express the curve parametrically 
with the aid of elliptic functions, as explained at the end of 


* Cf. Halphen 8 . 
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Ch. VIII, Book III, the nine values corresponding to the nodes 
of the sextic will be connected by the relation 

2 (tt 1 +tt ss +-»+«*) = 0 (mod 2u> v 2 go 3 ). 

We could not have 


«i+« 2 +—+“# = 0 (mod 2a> 1 ,2t«> 3 ), 
for then our nine points would lie on another cubic. Hence 
« 1 +'U 2 +...-}-u 9 = 

where either k ^ 0 or l ^ 0. We construct such a set of points 
in the following fashion. We start with P 1; P 2 ,..., P 8 , arbitrary 
points, no 3 on a line, no 6 on a conic. Let Q s be the remaining 
base of the pencil of cubics through P v ..., P 8 . Let the tangent 
at Q g to one of these curves meet that curve again at T. Then 
we may take for P 9 the point of contact of any one of the other 
three tangents to this cubic from T, besides the tangent at T 
and TQ 9 . The proof is immediate. 

Suppose, conversely, we have nine points on a cubic with this 
relation. The number of linearly independent sextics tangent 
to the cubic at these points is 28—17 (not 28—18) = 11. If the 
curves of a pencil have usually the same tangent at a base, but 
one condition need be imposed to require a double point there. 
Hence there is a pencil of sextics with double points at these 
nine points, and that is just what is desired. 

Suppose the points P v ...,P 8 , are given, no three on a line, no 
six on a conic, what will be the locus of P 9 ? Let and <f> 2 be 
two cubics through P v ..., P 8 , and / a non-degenerate sextic with 
these as double points. The general sextic with these eight 
double points is W+rt 1 f t + v fi+pf = 0. 

If (x) be another singular point of such a sextic, 


2A ^ 1 ^ +/i h^ + ^ 1 ^] + +p &- °- 

These equations will be satisfied by oo 1 sets of solutions A, /x, 
v, p if 2 be the rank of the matrix 




dx 1 


8x 1 


fj 

8*3 
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The N.S. condition for this is 

1M =0 . 

%%, X§) 

This curve of order 9 is the locus required. It has a triple 
point at each of the positions P 1( P 8 and passes simply through 
each of the double points of cubics of the pencil A f>i+p<f >2 = 0. 
These characteristics determine it completely. P g can be any 
general point on this curve. 

Suppose, now, that our sextic is rational, and so has ten 
double points. How must they lie ? We have a pencil of sextics 
with double points P v ..., P 8 . How many of them have a tenth 
double point ? If and / 2 be two cubics of the pencil, the first 
polars of three general points (y), (z), and (r), with regard to 
a curve A^+p /2 = 0, must be concurrent. 


A ( , 'l) + '‘( r S) =o 

A\ l JAW I IJA\ I JAW \(JA\ I JAW 


(y~) 

(,M 


(z d M 


'M 


(M 

f M 

y 8x) 





{ to) 


\ dx] 

k dx ) 

m 1 

<M 

dx) 


l 8 */ 




(*'£’) 



Here are three curves of the tenth order. A point common 
to the first two is also a point of the third, unless 



The first two have 100 intersections. A rather dreary calcula¬ 
tion shows that they meet 8 times at each of the points P v ..., P 9 . 
Hence they have 28 other intersections. The curves 



have 25 intersections, of which 9 are at P J; ..., P 9 . Deducting 
the 16 others from the 28, we have left 12. 

Theorem 27] Given a pencil of sextic curves with nine common 
double points, twelve curves of the pencil have a tenth double point. 
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We find the sets of 10 points quite simply after this. Let P 9 
be a simple general point of the curve of order 9 with triple 
points at P v ...,P 8 . Then must P 8 be a point of the curve of 
order 9 with double points P^ ...,P 7 ,P 9 . The twelve singular 
points Ao must be common to these two curves. They have 
81 intersections all told, of which 9 are at each of the points 
P 1( ...,P 7 and 3 at each of the points PA and that leaves 
just 12. 

Theorem 28] A necessary and sufficient condition that 10 points 
should be singular points of a sextic is that each set of 9 should be so. 

We pass to curves of order 7. Here we have to use a totally 
different technique. We may choose 11 singular points for such 
a curve at random. If a curve of order 7 have 12 double points 
its genus is 3, the canonical series is a g%. Let P be a point of 
the curve. Residual thereto in the canonical series will be a g\ 
of which, by Book III, Ch. Ill, theorem 5], 2 groups contain 
3 collinear points Q. Each of these lines meets the base curve 
in 4 other points, so that to P will correspond 8 points P\ 
Conversely, when P' is given, the lines through it cut the curve 
in a g\ which by the same theorem has 8 groups of 3 points Q 
lying in a group of the g(, leaving but one residual point. To 
each P' will thus correspond 8 points P. We have between P 
and P' an 8-to-8 correspondence. If the curve be of general 
moduli of periodicity, so that the correspondence has a value y, 
the number of coincidences is v+v'+3 Py = 10+ Gy, and this 
cannot be 0, so that there is a special adjoint <f> 1 which cuts the 
base curve in 4 collinear points 

f= X *<f,*+{ux)p, (12) 

the curve ip a will have to be tangent to <£ 4 at each singular 
point, so that the condition is thrown back on that of finding 
a sextic and quartic which touch 12 times. Now take the 
question from the other end. Start with a conic and construct 
a quartic to touch it four times. Through these points of con¬ 
tact passes a second quartic. The second quartic counted twice 
contains all the intersections of the conic and the first quartic. 
Hence the remaining intersections, by Book I, Ch. II, theorem 
19}, lie on a sextic which touches the first quartic in the twelve 
other intersections with the second one. The quartic and sextic 
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being and t ffi, we return to equation (12). We have ten 
arbitrary coefficients in y 3 and three in (ux), and we can use 
these to make / have a singular point wherever the quartic and 
sextic touch, twelve times in all. 

Theorem 29] The twelve points of contact of a quartic and sextic 
may be taken as singular points for a curve of the seventh order, 
and if a curve of that order have twelve double points, and have 
general moduli of periodicity, then the double points are points of 
contact of a quartic and sextic.* 

The step upwards to the case where the curve has thirteen 
or more singular points does not seem to go through smoothly; 
still less easy is the step up to curves of higher order. We shall 
give in a later chapter a little more information on this question, 
taking the matter from a different point of view. In general, 
however, we must confess right now that the important and 
intriguing problem of finding general conditions for the situa¬ 
tion of the singular points of curves of high order, or of general 
order, when the number of these points is large, is very far 
indeed from solution. A solution of this problem would be a 
great step in advance. 

* This theorem is apparently due to Gambier 2 , p. 206. This writer assumes 
without proof that the four collinear points are always there. 



CHAPTER H 

THE TRANSFORMATION OF LINEAR SYSTEMS 


§ 1. Invariants of linear systems 

If we have a linear system given by base points, and apply 
thereto a standard quadratic transformation, some of its charac¬ 
teristics will be altered, others unaltered. The order of the 
general curve will probably be changed, so will the number, 
multiplicity, and situation of the base points. On the other 
hand, the superabundance will not change, nor the order and 
dimension of the characteristic series, nor the genus of the 
general curve. 

Theorem 1] If a linear system determined by a complete base 
be subjected to a factorable Cremona transformation, its dimension 
mil be unaltered, as will be the order of the characteristic series, 
the superabundance of the base, and the genus of the general curve. 

Let three base points of our linear system be O v 0 2 , 0 3 of 
orders r v r 2 , r 3 respectively; suppose that they are distinct and 
not collinear, and n > r*+fy. Let us effect a standard quadratic 
transformation with O v 0 2 , 0 3 as fundamental. The order of the 
new linear system will be 

n' = 2n—(r 1 +r 2 +r 3 ). 

The situation and nature of the base points will be essentially 
unchanged except that the orders of 0 V 0 2 , 0 3 are now 

n-(r 2 +r 3 ) n-fa+rj n-^+rJ. 

Consider a special adjoint of the first system. The trans¬ 
formed curve will have the order 

h= 2(n— 3)—(r x — 1) — (r 2 — 1)—(r g — 1) = ft'—3. 

The multiplicities at the fundamental points are 
ft—3-(r 4 — 1)— (r 3 — l) = ft— (r 2 +r 3 )—l, 
n-{r 3 +r 2 )—l, n-fa+rj-1 , 

so that a special adjoint is carried into a special adjoint. 

Suppose, next, that 0 B is not a base point. The curve of order 
» goes into one of order 

ft' = 2»— (r 2 +r 2 ). 
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The fundamental points are base points of orders 
n—r 2 n~r 1 n—(r 1 +r s ). 

A special adjoint will go into a curve of order 

n = 2(w—3)—(r x —l)—(r 2 —1) = n'— 4, 
with multiplicities 

n— r 2 —2 n—r 1 —2 n— (fyfr 2 )—1. 

However, the line 0 l 0 2 is fundamental for the transformed 
system: if we add it to the curve of order 4 we get a special 
adjoint of the transformed system, and every special adjoint of 
that system has 0 1 0 2 as a factor. We may proceed in the same 
way when 0 2 ceases to be a base point, and finally when 0 1 
ceases to be. 

Suppose, next, that n = r x -f- r 2 . 0 3 will not be a base point 
of the transformed system. 0 X 0 2 is fundamental originally. It 
should be split off from each special adjoint. What is left is 
a curve of order n —4 which has, in the first case, multiplicities 
r x — 2, r 2 —2, and r 3 — 1. It is carried as before into a curve of 
order n — 3, which is a special adjoint. In the second case we 
get a special adjoint if we add the line 0 1 0 2 as before. 

Definition. If the curves of a linear system given by base 
points have a genus greater than 1, the variable parts of their 
special adjoints are called the ‘pure adjoint system’. The special 
adjoints are also called ‘special adjoints of index 1’. The 
special adjoints to them are called ‘special adjoints of index 
2 ’, etc. 

Theorem 2] If a linear system given by base points be subjected 
to a factorable Cremona transformation, the pure adjoint systems 
of all indices are transformed covariantly, as are the special 
adjoints if fundamental curves be added or subtracted. 

Let us see under what circumstances we can alter the number 
of base points by means of a standard quadratic transformation. 
A new base point will be introduced at 0 3 if the sum of the 
multiplicities at 0 X and 0 t is less than n. After the transforma¬ 
tion 0 X 0 2 will be a fundamental line. It will be a new funda¬ 
mental line unless it was a fundamental line before. If it was 
a fundamental line before, it must have had fixed base points 
other than 0 V 0 2 since fi+r 2 < n. Hence, after the transforma- 
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tion the ourves will have fixed tangents at O z or base points 
infinitely near 0 3 . If this cannot happen, we cannot introduce 
a base point without introducing a fundamental curve. Con¬ 
versely, suppose 0 1 0 2 comes in as a new fundamental curve. 
If it have base points other than 0 lt 0 2 , then the curves of the 
original system had the same tangents at 0 3 , or there were 
infinitely near base points. If that be excluded, O x and 0 2 must 
be the only base points on it after the transformation, hence 
the curve did not go through 0 S before the transformation, but 
must afterwards, since the line was not fundamental before, so 
that a new base point is involved. If introducing base points 
with fixed tangents changes the number of fundamental curves, 
abolishing such base points will make just the opposite change. 

Theorem 3] If two linear systems with distinct base points be 
connected by a factorable Cremona transformation, the difference 
between the number of base points and of fundamental curves is 
the same for both * 

We could doubtless extend this theorem to include curves 
with infinitely near base points by introducing the correspond¬ 
ing conception of infinitely near fundamental curves, but it is 
doubtful whether the attempt would be worth while. 

§ 2. Curves transformable into straight lines 

We have frequently had occasion to notice that every rational 
curve can be birationally transformed into a straight fine. A 
great many rational curves can be carried into straight lines by 
factorable Cremona transformations. We are naturally tempted 
to believe that every rational curve can be so transformed. This 
is not the case. 

A curve of order n—3/c with multiplicities r t —k where the 
original curve has multiplicities r i has been defined as a special 
adjoint of index 1c. It may be a kth pure adjoint, or contain 
that as a factor, the remainder being a fundamental curve or 
fundamental curves of that pure adjoint system. We prove 
exactly as we did in the case for the piire adjoint system that 
if we transform a special adjoint of index Jc by a standard 
quadratic transformation, we either get a special adjoint of that 

* Of. Jung 1 . This article is carelessly written, the writer does not consider 
the case of infinitely near base points. 



Chap. II CURVES TRANSFORMABLE INTO STRAIGHT LINES 397 
index, or a part of one, the rest being one or more fundamental 
lines counted k times, or, if the special adjoints of this index 
be only such lines, we get no curve, or, as we shall say, a curve of 
zero order of which nothing is required. For instance, if we start 
with a sextic curve with three triple points, 0 V 0 2 , 0 3 , the special 
adjoints are the three fundamental lines O i O i . These are 
abolished by the quadratic transformation. The new curve is 
a cubic, and we are quite justified in saying that its special 
adjoints are of order 0 required to do nothing. There is no 
arithmetical contradiction in speaking of such a curve. 

Consider a straight line. The search for a special adjoint of 
any index leads us to an arithmetical contradiction. Hence, if 
it be possible to carry a certain rational curve into a straight 
line by a factorable Cremona transformation, the search for a 
special adjoint of every index must lead to an arithmetical 
contradiction. This is a necessary condition for the transforma¬ 
tion to be possible. Let us prove that it is also sufficient. 

If the rational curve lacking all special adjoints of any index 
have but one singular point, this must be of order n— 1. The 
order of the curve can be successively reduced by factorable 
De Jonquieres transformations as explained in Ch. I of Book II. 
Suppose there are only two singular points of order r 1( r 2 , (r 1 '^r 2 ). 
Let n—r 1 = 2s. The special adjoints of index s would consist 
in curVes of order n—3s with a multiple point of order 
rq —s = n— 3s. As r 2 —s^r 1 — s, we have no contradiction in 
setting up this curve which consists in concurrent straight lines, 
of which at least r 2 —s are coincident. There is no contradiction 
in this requirement. We may show in the same way there is 
no contradiction if n— jq=2s-j-l. Hence a curve where the 
requirement for a special adjoint of any index involves a con¬ 
tradiction must have at least three singular points if it have 
more than 1. As before, assume n—r l = 2s. 

If none of the expressions r 2 — s, r 3 —s,... is positive, there is 
no incompatibility for the special adjoints of index s, hence 
a necessary condition for incompatibility is 

r x —s+r 2 —<s-j-r 3 —s > n— 3a 

r l+ r 2+ r 3 > n - 

If the three points be distinct, they cannot be collinear, and 
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the order of the curve can be reduced by a standard quadratic 
transformation. The same holds if only two be distinct, or if 
all three cluster on a set of osculating conics, the order of the 
curve can be reduced by a factorable quadratic Cremona trans¬ 
formation of the sort described in Book II, Ch. I. The only 
troublesome cases where we cannot run in such a transformation 
are those where 0 2 , 0 3 are infinitely near to 0 1 on two different 
branches, or all are on one branch, but that is not linear. In 
either case 0 2 , O s cannot be taken as fundamental points in a 
quadratic transformation but go into two distinct or adjacent 
points on the opposite side, but surely* r x > r 2 +r 3 . 

Now there is a further condition for incompatibility. Not 
only must we have r x -f r 2 -f r 3 > n, but also 

(»»—•)+(*■*—«)+-+(»i—«) > r i ~ 8 

»t+ r 3+— 

so that the transforms of the points of multiplicity > s cannot 
all lie on the opposite side of the triangle. It must, hence, be 
possible to find three points O it 0 } , 0 k such that r { +> n, 
yet which lie on a net of conics enabling us to transform our 
curve to one of lesser order. We may reason in the same way 
when n—r 1 = 2s-\-l. If the conditions for each type of special 
adjoint be incompatible, the order of the curve can be reduced. 

Theorem 4] The necessary and sufficient condition that it be 
possible to transform a rational curve into a straight line by means 
of a factorable Cremona transformation is that the conditions for 
special adjoints of every index should be incompatible. 

The first rational curve that cannot be carried into a straight 
line is the sextic with ten nodes. A special adjoint of index 2 
would be a curve of order 0 which was required to pass through 
no points, and we have seen that this does not count as an 
arithmetical contradiction. 

Suppose that we have a rational curve uniquely determined 
by a normal base which includes all the singular points. We have 

n{n+%) _ v r <( r i+ 1 ) »(»—3)_ V r <( r <— 1 ) 

2 Z* 2 2 Z, 2 

3n—1 = 2 r < 

n{n~Zk) — 2 r i( r i— ty —(&+ 1 )- 

* Cf. Franoioai, pp. 144 fi. 
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This shows that there cannot be a special adjoint of index k, 
as such an adjoint would intersect the base curve too 
often. 

Theorem 5] A rational curve completely determined by a normal 
base that includes all the singular points can be transformed into 
a straight line by a factorable Cremona transformation. 

§ 3. Reduction of singularities 

Suppose that a curve has a set of special adjoints of index k 
which consists in the totality of curves of a given order. This 
system of curves has neither base points nor fundamental 
curves, so that there is the same number of the two; the special 
adjoints of index k— 1 are merely required to pass simply 
through a certain number of points. If we make a series of 
quadratic transformations of the system, avoiding clustering 
singular points, the base points for the system of special ad¬ 
joints, and the fundamental curves, are introduced pari passu. 
These new fundamental curves will be rational, each containing 
a number of base points making a normal base which deter¬ 
mines it completely. 

Suppose, conversely, a curve has the following properties: 

1) The fundamental curves of the special adjoint system of 
index k are rational. 

2) The base points on each of these fundamental curves and 
on the given curve form a complete base for the former, deter¬ 
mining it completely. 

3) The total number of base points on the given curve is 
equal to the number of these fixed curves. 

4) Through each base point on the given curve will pass at 
least two fixed curves. 

Usually such a system will have no base points not on the 
given curve, but it is conceivable that there might be such. We 
see by 5] that any chosen one of the fixed curves of the fcth 
adjoint system may be reduced to a straight line; no new funda¬ 
mental curve or base point has been introduced, and this line 
must have two base points on it, for it must contain a complete 
normal base. Through each base point on the line must pass 
at least one other fixed curve by 4). The two base points on the 
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line could not constitute a complete base for any other rational 
curve of order n > 1, for 

n{n+ 3) = ^(^4- l)+r a (r 2 +1) 
n(n— 3) = r^rj—l)+r 2 (r 2 —1)—2 
3n= K+r^ + l <»+l, 

which is absurd. Hence we may find a base point off the line. 
Using this and the two points on the line as 0 V 0 2 , 0 3 , we make 
a standard quadratic transformation which removes this funda¬ 
mental line and introduces no other fundamental curve. Con¬ 
tinuing thus, we may remove all the fixed curves of the adjoint 
system of index k , and so, also, all the base points on the fixed 
curve. Hence adjoints of index k are now merely required to 
have a certain order, and those of index k— 1 to pass simply 
through a certain number of points. 

Suppose that the system of special adjoints of index 1 have 
these properties, then the given curve can be transformed into 
one with no singular points. Conversely, if it have no singular 
points, without being either a cubic, conic or a straight line, its 
special adjoints of index 1 have these properties. 

Theorem 6] The necessary and sufficient conditions that a given 
curve be transformable into one with no singularities by means of 
a factorable Cremona transformation are that either there be no 
special adjoints of any index, or those of index 1 fulfil the con¬ 
ditions 1) to 4). 

If we assume that these conditions hold for special adjoints 
of index 2, we can transform to a curve where such special 
adjoints are merely required to exist, and those of index 1 to 
pass simply through certain points. We have therefore trans¬ 
formed to a curve with nothing worse than double points. 

Suppose, conversely, that a curve has nothing worse than 
double points and that there are no special adjoints of index 2 
(including as existent a curve of order 0 of which nothing is 
required). The order of the curve is 5 or less. A straight line, 
conic or cubic has no singularity of order higher than 2. A 
quartic with a triple point can be carried into a line by factorable 
De Jonquieres transformations, and the same is true of a quintic 
with a quadruple point. A quintic with a triple point is a hyper- 
elliptic curve of genus 3 with a special adjoint of index 1 but 
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nose of index 2. It cannot be carried into a carve with nothing 
worse than double points, for we have exhausted the curves of 
that sort with no special adjoints of index 2, and none of them 
are equivalent to this curve in the present sense. 

Again, if a curve have no special adjoints of index 1 or 2, and 
if it be capable of being carried into a curve with nothing worse 
than double points, this latter curve will be of order 5 or less, 
and so by the above will lack special adjoints of every index. 

If a curve can be carried into one with only double singular 
points and have special adjoints of index 1 but none of index 2, 
it can be carried into one where the adjoints of index 1 are lines ’ 
or conics, so that all of index above 2 are lacking. And if all 
of index 2 or greater are lacking, the general adjoint of index 1 
can be carried to a line or conic, so the given curve becomes 
one of order 4. 


Theorem 7] The necessary and sufficient conditions that it be 
possible to transform a curve by a factorable Cremona transforma¬ 
tion into one with nothing worse than double points are that either 
all special adjoints of index 2 or greater are lacking, yet the curve 
is not hyperelliptic of genus 2, or else those of index 2 are present 
and obey conditions 1) to 4).* 

The important element in this theorem is to show that 
Clebsch’s transformation theorem 14] of Book II, Ch. I, is 
untrue if we restrict ourselves to transformations which are 
birational, not merely for the curve, but for the whole plane, 
for we shall see subsequently that the word ‘factorable’ which 
we have applied to Cremona transformations is quite needless; 
all birational transformations of the plane turn out to be factor¬ 
able. Note also that in theorem 7] we do not claim to reduce 
to a curve with only nodes; we allow cusps or tacnodes as well. 


§ 4. Reduction to linear systems of minimum order 
A great deal of attention has been given to the problem of 
reducing a linear system given by base points to one of minimum 
order. Part of the earlier work is vitiated by inadmissible 
assumptions, the more recent work is somewhat laborious.f 
Certain theorems are, however, simple and evident. 

* Cf. Coolidge* for this theorem and the last, 
t For an elaborate bibliography see Franciosi. 
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Theorem 8] If a curve have three singular points the sum of 
whose multiplicities exceeds the order of the curve, and if they be 
not infinitely near on a branch of order higher than 1, or two 
infinitely near a third on different branches, the order of the curve 
may be reduced by a factorable Cremona transformation. 

Suppose that we have a linear system of curves of order n 
given by base points Pi.iV-. of multiplicities r v r 2 . Sup¬ 

pose, further, there is a fundamental curve of order v with 
multiplicities «},a 2 ,... at and that the conditions so 

imposed are independent, 

2>A = 2« t (M-l) = v(H-3) 23 t (a i -l)<(v-l)(v-2) 

2*f<v 2 +l 3v-l. 

If our curves form a two-parameter system, a residual curve 
must intersect the fundamental curve: 

v(n—v) > 2 8 i) 

lsf>vK 

Hence 2 s l — ,,2 +1 2 8 i = 1 . 

2 r 1 s % — (r 1 +r l +...+r 1 )+(r t +r t +...+r % )+.... 

Hie number of terms here is 2 8 i = 3v—1. If, in every case, 
r i -\-r j - s r r k ^ n, we should have v— 1 triples, and one pair, with 
in each case a sum not greater than n, and in the case of the 
pair, if rightly chosen, less than n. Then the whole sum would 
be less than nv, contrary to what we have seen. This gives* 

Theorem 9] If a linear system of curves determined by base 
points depend on at least two parameters, and if there be a funda¬ 
mental curve on which base points have imposed independent con¬ 
ditions, and if the base points be distinct, the order of the curves 
may be reduced by a standard quadratic transformation. 

Let us now see what will happen if f 

r 1 -fr 2 -fr 3 <7i. 

Suppose that we have a factorable Cremona transformation 
where straight lines go into rational curves of order v with fixed 
points of orders s x ,s t ,.... 

v 2 - 2 e? = 1 v (y+3) y SfK-f 1) _ 2 

3(v—1) = 2 8 i- 


* Cf. Caporali*, p. 147. 


t Cf. Jung*. 
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The order of the new curve is n' where 
n'—n = n(v— 1)— 2*V>i 

= tt(v—l)—(r 1 —r 3 )a 1 —(r 2 —r3)8 2 —r 3 (8 1 +8 2 +8 3 )- , '4 8 4- 
»'—n >n{v—l)—{r l —r^)8 x —(r i -r z )8 1 —r i 2*i 
8 x <(y-l) « 2 <(v-l) 2 8 < = 3(y—1) 

^ [«— ( r l+ r 2+ J ‘3)]( I; -!)• 

Theorem 10] // the sum, of the three highest multiplicities of 
the singular points of an irreducible curve be less than the order 
of the curve, that order cannot be reduced by a factorable Cremona 
transformation. 

§ 5. Reduction of curves of low genus 

We have already seen the necessary and sufficient conditions 
that it should be possible to carry a rational curve into a straight 
line by means of a factorable Cremona transformation. When 
we have given not one rational curve but a linear system, the 
matter is even simpler. Suppose the special adjoint system of 
index Jc is present. 

n{n—3k) ^ 2 rf^—k) n(n— 3)+2 = 2 ^f- 1 ) 
/i(w+3)>2r t (r l +l) 

3(»—1) > 2 r i~l 
(fc _l)[3»-2r < ]>(4-l) 

»*-Z»f = (8»-2r < )-2 
n z - 2 rf— k[3n— 2 rj < —(*—1) 

n(n-3k) < 2 rfa—k)—(k—l). 

This is a contradiction, so, by 4], any one of our curves can be 
carried into a straight line. As long as in making this trans¬ 
formation we use three base points of the linear system, we 
reduce the orders of all the curves, and we can do this as long 
as there are three distinct base points properly placed. For 
instance, we have seen that if there be three base points which 
are singular, we can reduce the orders of all the curves. We 
could not have but two base points which were singular; it is 
easy to show that the genus of a curve with but two singular 
points is positive. If there be but one singular base point which 
is singular, we can reduce the order as long as the others are 
not infinitely near on different branches. 

D d 2 
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Theorem 11] Every linear system of rational curves can be 
carried by a factorable Cremona transformation into a) the totality 
of conics in the plane, b) the totality of lines in the plane, c) the 
totality of lines through a point, d) the totality of curves of order n 
with a common point of order n — 1 and with no other or one other 
distinct point in common, or e) any number up to n—\ of fixed 
tangents at the singular point * 

Let us next look at an elliptic curve. If it be possible to 
transform this to a cubic, there can be no special adjoint of 
index above 1, it being considered that a cubic has an adjoint 
of index 1 in the present sense. Suppose, conversely, all special 
adjoint systems after the first are non-existent. If there were 
but one singular point the curve could not be elliptic. If there 
were two or more we could repeat our previous reasoning, unless 
we had * = 1, and we have either r 0 = n— 2 or r 0 — n— 3. 

In the first case we can take a double point, whether, or not, 
adjacent to the chief singularity, and a simple point, getting 
a net of conics which reduce the order of the curve. In the 
second case there are 4(n—3) double points, or the equivalent 
in doubles and triples. If there he only doubles we can get two 
of them not adjacent to the principal singularity on different 
branches; if there be a triple point, we use it and the principal 
singularity and a non-singular point; in either case we can 
reduce the order of the curve. 

Theorem 12] The necessary and sufficient condition that it be 
possible to change an elliptic curve into a cubic is that it should 
lack all special adjoints of index greater than 1. 

Suppose that we have a linear system of elliptic curves given 
by base points. Let us first suppose that the system depends 
on at least two parameters. The base is then normal. We have 
the last equations in slightly modified form: 

»(»-3) = 2 r { (fi+ 1) 

3 n— 2 r t > 0 

»•- 2>? = 3rc- XU 

»*— 1 r i <fc(3n— X r t) k>l 

n(n—Sk) < 2 r^Ti—k) k > 1. 



^ 'His, , ,j» < > s j ( f 1 % t * - -v* " ‘ ^ Vs* i 

' ■'* * * ■'‘"*^> 
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Hie conditions for a special adjoint of index greater than 1 
are incompatible. Consequently the curves can all be reduced 
to cubics, provided there are as many as three base points. 

If there be but one base point the curves cannot be elliptic 
unless they are cubics. Suppose there are two base points of 
orders r x and r t . First let 

r x +r 2 = n 

n(n— 3)— rfa— 1)— (n— ri ) 2 +(n— r 1 )==0 
nr l — r i+ w 
/ 7i\ 2 n 2 — 4w 



n 2 —in must be a perfect square. 

Let n 2 —4n = l 2 

(ti— 2) 2 —l 2 = 4 
(n—2— l)(n— 2-(-Z) = 4 
l — 0 n — 4. 

We have a quartic with two double points. 

Let r \ J r r % = n' <n. 

Maximum value for is n’ 2 

Minimum value for n(n— 3)—(rf+r|)+r x +r 2 
= (n—n')(n-\-n’-\-2)—2n' > 0 

It appears, then, that if the system depend on two or more 
parameters, it can always be reduced to a set of cubics, or of 
all quartics with two double points. 

Suppose, now, we have a one-parameter system 

n 2 = 2 rf 3a = ^ r<- 

As there is one special adjoint, a curve of the system through 
a point of that adjoint includes it entirely; the residue is a cubic 
through all the base points. 

One of our curves is reducible, with a cubic factor, the residue 
being a special adjoint for all our curves. If this special adjoint 
have any irreducible factor other than the cubic, such a factor 
must be a rational curve, otherwise its special adjoint and the 
remaining factors of the original curve would make a new 
special adjoint to our pencil. Also it is a rational curve with 
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no special adjoints of any index, and so can be reduced to a 
straight line by a series of quadratic transformations, none of 
which introduces a new fundamental curve into the given system 
of elliptic curves, One further quadratic transformation will 
abolish this fundamental straight line altogether. We may 
abolish other fundamental curves in the same way. We thus 
find a series of quadratic transformations, each carrying our 
fundamental cubic into a fundamental cubic, which carry our 
pencil of elliptic curves into such a pencil that the one special 
adjoint consists in a cubic counted r x — 1 times. Then all the 
bases of the pencil are points of multiplicity r x on this cubic, 
r in number: rr 2 = (3rj) . 

r = 9. 

Theorem 13] An infinite system of elliptic curves given by base 
points can be carried by a Cremona transformation into the system 
of all quartics with two double points, a linear system of cubic 
curves given by base points, or a pencil of curves of order 3 r with 
nine common points of order r* 

We might, if we chose, press the question of reduction a good 
deal further; the methods, however, become rather cumber- 
some.j - It is to be noted that in handling a single elliptic curve, 
the principal property we were interested in was the absence of 
special adjoints of index greater than 1. We get in the same way 
Theorem 14] If a curve lack special adjoints of index greater 
than 1, it may be carried into a straight line if rational, a curve 
of order n with a point of multiplicity n—2 if elliptic or hyper- 
elliptic, otherwise into one with a point of multiplicity n— 3. 

Suppose that we have two curves each of which lacks every 
system of special adjoints of index greater than 1, which are 
birationally related. If one be rational, so is the other. Each 
may be carried by a factorable Cremona transformation into 
a straight line. If two straight lines be birationally related, this 
relation is a projective one, and is included in a projective trans¬ 
formation of the plane. Hence the relation between our two 
original curves is included in a factorable Cremona transforma¬ 
tion of the plane. 

Suppose, secondly, that neither curve is elliptic or hyper- 
* Cf. Enriques-Chismi, vol. iii, p. 198. t Cf. Feretti. 
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elliptic. If p < 5, i.e. p— 3 < 2, when we reduce one to a curve 
of order n with a multiple point of order n— 3 and more than 
2 n —5 double points, these could not all be adjacent to the 
point of order n —3 on different branches, i.e. we could find 
a quadratic transformation reducing the order of our curve. On 
the other hand, if we have p— 3 > 2, there is at least a two- 
parameter system of special ad joints through p— 3 general 
points of the curve. These special adjoints can be carried into 
a system of straight lines, since they have no special adjoints, 
so that the curve will have as a pure adjoint system lines in 
the plane. The same will hold for a transform of the other 
curve. If the lines were concurrent, the canonical curves would 
be composite, and so the curve hyperelliptic, by theorem 21], 
Book IV, Ch. I, but this is against hypothesis. Hence the lines 
are not concurrent. We have thus two plane curves so related 
that collinear points on one correspond to collinear points on 
the other; the relation must be included in a collineation of the 
plane. 

There remains the possibility that our birationally related 
curves are both elliptic or hyperelliptic. We can carry them by 
factorable Cremona transformations into curves whose special 
adjoints are sets of concurrent lines, i.e. into two curves of 
order n each with a singular point of order n— 1. The lines 
through these two points will correspond projectively; we may 
make a linear transformation so that the corresponding lines 
have the same slope. We may write our two curves 

<ft- 2 (x,y)+2xi~ 1 ( x >y)+'l i i(x,y) = o, 
<f>"- 2 (x,y)+2x2- 1 (x,y)+'l'2( x >y) = °- 

Since lines through the origin correspond, and tangents from 
the origin to one curve will correspond to such tangents for the 
other, we have, if y = Ax, 

^ 1 (A)+2tx 1 {A)+tVi(A) = 0 </> 2 (A)-f 2xx 2 (A)-fz 2 </>2(A) = 0 

v X?(A) -<£i(A)&(A) = xI(A)-&W 2 (A) = 

—Xi(A)+/* 

<MA) 

T _ -Xa(A)+/x 

“ «A> 


~Axt(A)+A^ 

y m 

_ —Ax 2 (A)+A/x 

y ~ m ' 
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Each of the curves is carried by a Cremona transformation into 
the same curve = p*, 

which, in turn, is carried by a Cremona transformation into the 
one or the other. 

Theorem 15] If two curves which lack special adjoints of all 
indices greater than 1 be birationally related , that relation is 
included in a Cremona transformation of the plane* 

Suppose that we have a birational relation between two 
curves of the same order n, each of which has at least one 
adjoint of order n— 4. The lines in the plane cut a special g\. 
Let us show that there can be no other g\. Let P 1 ,P< l ,...,P n be 
a group of such a series, which is special. Let [i2] be the residual 
group, while PJP t meets the base curve again in Q a ,...,Q n . 

Since P 3 ,...,P n and Q a ,...,Q n are co-residual, P V P 2 , Q s . Q n is 

residual to B, a special group. But a special adjoint through 
P»P» Q a ,..., Q n includes that line. Hence B is the intersection 
with an adjoint curve of order n— 4. The g\ cut by straight 
lines must be complete and all its groups residual to R. Hence 
the other g\ of groups P v ...,P n must be identical therewith. If 
thus our two curves are birationally related, collinear points 
correspond to collinear points. 

Theorem 16] If two curves of the same order n, each of which 
has at least one special adjoint of order n— 4, be birationally 
related, that.relation is contained in a collineation of the plane .f 

Suppose that we have a linear system given by base points* 
whose apparent dimension exceeds a number one less than the 
genus, the base being complete for singular points. Consider 
the special adjoint system of index k. Let r t be the generio 
name for the multiplicity of a base point, when this multiplicity 
is as great as k, otherwise s t . Let s be the superabundance, O 
the grade or order of the characteristic series, and N the order 
of the series which special adjoints of index k cut on the base 
curve. 

f _ *(*+a) y *) y *) | s . 

2 2 2 

* Cf. Marietta, p. 237. 

t The special case of this where the curves are non-singular was proved by 
Snyder, q.v. 
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N = n(n—3k)— 2 »<(»<— k) 

. _ n(n—3) y r^-l) y <«(•«-1) 

* 2 Z, 2 Z, 2 

r—s—(p— 1) = 3n— 2 2 «i 

O-N = i[3»- 2 rj- 2 «? = M(r-s)-(^-l)]+fc 2 **-2 «!• 
But tf>0 G+s = r+jt>—1, 

by Ch. I, theorem 151, 

k < fr-Wff- 1 ) 

(r—«)-(p—1)’ 

Theorem 17] If a linear system with apparent freedom r—s, 
given by a base which is complete for singular points, have an 
apparent dimension greater than p—1, there is no special adjoint 
of index greater than 


(r— s)+(p— 1 ) 
(r—s)—(p—1)' 



CHAPTER HI 


LINEAR SYSTEMS—APOLARITY 


§ 1. Linear systems and hyperspace 

The linear systems which we have studied so far have been 
those given by bases, and indeed those are much the most 
interesting ones. They are not, however, the most general, as 
we have already seen. Consider the linear system of conics 

2 a i] X i X i = 0 a u = 

2 fafa = o fa = fa¬ 

il 

It is not difficult to show that if | ^0 we have the system 
of all conics circumscribed to triangles which are self-conjugate 
with regard to the fixed conic 

2 PijU.Uj = 0 . 

v 

In our present study it is very desirable to handle simul¬ 
taneously point-curves of a given order and envelopes of an 
equal class. A point curve is usually an envelope, and vice 
versa, but this is not always the case, so we retain the two 
terms. Consider the curves 

/ = 2 kW^il a MrrAA x f = < = ° k+l+m = n (1) 


and the envelopes 


•f> = 2 = K = K= 0 K+X+fi = n. (2) 

We may make each curve correspond to a hyperplane in a space 
of N = dimensions, and each envelope to a point in 


that same space, S n . Certain envelopes will consist in points 
counted n times; such will be the case if 

a Klfl = Vlp2 Vs- 

They will be represented in S N by the points of a certain rational 
surface. The order of this surface will be the number of inter¬ 
sections with an S N _ 2 , and so the number of common solutions 
to the two equations n _ , „ __ 
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This number is manifestly n 2 . If our surface lay in a space 
of less than N dimensions, it would be impossible to find N of 
its points which determine one hyperplane, or N points in our 
original plane that determine just one curve of order n, but we 
know from theorem 13] of Book I, Ch. II, that it is perfectly 
easy to determine N such points. 

Theorem 1] If the totality of envelopes of class n be represented 

by the points of a space of N ~ dimensions , and the 

totality of curves of order n by that of hyperplanes in this same 
space, then the totality of these envelopes which consist in a point 
counted n times will be represented by the points of a rational 
surface of order n 1 which does not lie in a flat space of lower 
dimension. 

Theorem 2] The totality of curves of order n which consist in 
a straight line counted n times will be represented by the hyper¬ 
planes of a rational two-parameter system of class n 2 with no 
common point. 

Theorem 3] The totality of curves or envelopes which are sub¬ 
jected to r -\-1 independent linear conditions will be linearly depen¬ 
dent on N—r of their number. 

Since our surface in S N does not, necessarily, meet a flat 
space of less than N—2 dimensions at all, but meets one of 
that dimensionality in n 2 points, we have 

Theorem 4] A linear system of curves of dimension greater than 
1 is not, in general, determined by a base. 


§ 2. Apolarity 

Consider the system of all curves of order n whose coefficients 
are limited by a single linear condition, not an identity. They 
will correspond to the hyperplanes of S N through a chosen 
point. We can write the condition in the form 

2 Mlfml = 0 k+l+m = 0. (3) 

It is worth while expressing this in covariant form, using at 
first non-symbolic coefficients. 

/ = ]> Jfc!fm! = 0 k+l+m = n. 


( 1 ) 
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Consider the envelope 

<f> = 2 nixifil “*-V W l W 2 W a = 0 K-f A+M ; 


■ n 


Book IV 

( 2 ) 


1 

' d i F 

L 8 * F J 

d*F 

»• 

8u 1 8x 1 

r du 2 8x 2 

8u 3 8x. 


,] 


- 2 iwi 2 *wi 


(n—1)! ^ (n— 1)1 

V 

(*'-*+i)(r-H-i)(m'-j»+i) 

= W-k+ l)(A'-A+l)(//-/*+l) = 0. 

If we make a linear transformation 


*i = 2 W < = 2 c n u i 

i ) 

Y a«.y l v- c jZ. = V — 

dujdxj A 2-t t" v du'ox’ 2, 8u’dx[ 
Our equation (3) becomes 



or better, a” = a'% = 0. (4) 

A curve and envelope which have this relation are said to be 
‘apolar’. The reader will note the points of likeness and con¬ 
trast to the binary apolarity discussed in a previous chapter.* 

Theorem 5] If an envelope consist in a point counted n times, 
it is apolar to every curve passing through that point; if a curve 
consist in a line counted n times, it is apolar to every envelope of 
the nth order tangent to that line. 

Suppose that the point (y) has exactly the multiplicity r for 
our curve (1), {ay )^ + i {ax y-i ^ 0 . 

If (u<x) n = (uy^-'^uPf- 1 ; (aa) n = 0. 

Theorem 6] The necessary and sufficient condition that a point 
should have exactly the multiplicity r for a curve of order n is that 
this curve should be apolar to every envelope of class n which 
includes as a part of itself the point counted n-r-f 1 times, but 
not to every envelope including it a lesser number of times. 

* Cf. especially Rosalies. The idea was foreshadowed by certain earlier 
writers as Battaglini, q.v., and De Paolis, q.v. 
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Theorem 7] The totality of curves of order n apolar to R linearly 
independent envelopes of doss n will be linearly dependent on 
N —i?+l of their number. 

Theorem 8] A system of curves of order n linearly dependent 
on N of their number, which are linearly independent, will contain 
an infinite number of curves, each of which consists in a line 
counted n times. The envelope of these lines is the envelope 
apolar to all the curves of the system. 

Theorem 9] A system of curves of order n linearly dependent 
on N— 1 independent curves will, in general, contain n 2 curves, 
each of which consists in a line counted n times. 


§ 3. Apolarity between forms of different orders 

Suppose that we have our curve (1) and an envelope of class 

n '< n ’ (u*) n ' = 0 n' <n. (5) 

The two are said to be ‘apolar’ if every envelope of class n 
which includes the given envelope as a factor is apolar to the 


curve, i.e. 


(a<x) n \aP) n - n ’ — 0. 


( 6 ) 


Theorem 10] The necessary and sufficient condition that a point 
should have exactly the multiplicity r for a curve of order n is that 
that point counted n—r -\-1 and no less times as an envelope should 
be apolar to the given curve. 

If our envelope (5) be given and the curve (1), we shall define 
the curve («**)» a*-"'= 0 (7) 

as the polar of the envelope with regard to the curve.* 

Theorem 11] The polar of an envelope of class n’ with regard 
to a curve of order n is the locus of points which, counted n — n' 
times, will make, with the given envelope, an envelope of class n 
apolar to the curve. 

Theorem 12] The necessary and sufficient condition that am 
envelope of a certain class should be apolar to a curve whose order 
exceeds that class is that its polar with regard to that curve should 
become illusory. 

Theorem 13] The polar of an envelope of class n with regard 
to a curve of order n is the locus of points whose polars with regard 
to the curve are apolar to the envelope. 

* This concept is due to Clifford*. 
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Theorem 14] Two envelopes taken together will be apolar to 
a curve whose order is the sum of their classes if each is apolar 
to the polar of the other. 

Theorem 15] The polars of an s-parameter linear system of 
envelopes of the same class with regard to a given curve , or of a 
single envelope with regard to an s-parameter linear system of 
curves, will be an s-parameter linear system. 

Theorem 16] n points looked upon as an envelope of class n are 
apolar to a given curve, if each lies on the polar of the other, looked 
upon as constituting an envelope of class n—1. 

The condition for this is 

a x a y a,... = 0. (8) 

Definition. n-\-\ points are said to be ‘a self-conjugate set’ 
with regard to a curve of order n if each set of n of them is 
apolar with regard to the given curve. 

Theorem 17] If n -\-1 points be a self-conjugate set with regard 
to a curve of order n, the polar of each subset of n— 1 will pass 
through the other two. 

Suppose we have an apolar set of n— 1 points (y), (z) .(<), 

a y a z ...ap x = 0. (9) 

If one of the given points be singled out, the others are apolar 
to the first polar of that one. The polar of n —2 points is a conic, 
and the equation just written shows that each of our n— 1 points 
is a double point for the conic polar of the n—2 others, i.e. this 
conic is two lines meeting in that point. 

Theorem 18] If n -\-1 points be apolar with regard to a curve 
of ardor n, the polar of each set of n—2 is two lines through the 
other point. 

Theorem 19] A point on the Hessian counted n—2 times and 
the corresponding point on the Steinerian are apolar. 

If in equation (9) we look upon n —3 of our given points as 
fixed and the other two as variable, we see that they are apolar 
with regard to the cubic polar of the n— 3. 

Theorem 20] If n —3 points be taken in general position, two 
others which are apolar to them with regard to a curve of order n 
are corresponding points on the Hessian of the cubic curve polar 
to then—3. 
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§ 4. Expression of a form as a sum of nth powers 

N points iK®, af*l form a normal base for curves of order n 
if N be the rank of the matrix 

(a*! 1 )* (a^>)»-*a^> . 

) n . {ot'py^y&fy 

The various expressions in (u), 

(uxfVy 1 , (uod 2) ) n ,..., (u^ v) ) n , 

are here linearly independent. Conversely, when these expres¬ 
sions are linearly independent, the points form a normal base. 
Suppose, now, we have an envelope of class n expressible in 
the form p 1 (iixl 1) ) n -\-p 2 (uxl®) n -)- ...-(-p^iad^y. 

If a£ = 0 be a curve through all of these points, it is apolar to 
every such envelope. Conversely, if we have a linear system of 
curves determined by a normal base of non-singular points, the 
general envelope apolar to all the curves may be expressed as 
a linear combination of the given points each expressed n times 
as a polar. 

Theorem 21] A necessary and sufficient condition that it be 
possible to express an envelope (a curve) of class (order) n as the 
sum of v nth powers of linear forms is that v points (lines) can be 
found forming a normal base for all curves (envelopes) apolar to 
the given envelope (curve). 

The most obvious way to do this is to take any apolar 
envelope of class n, choose tangents forming a normal base, and 
express the given curve as a linear combination of the nth 
powers of the equations of these tangents. Here is a better 
method.* Take a self-conjugate set of n-j -1 points, no three 
collinear, (a* 1 *), (a^ 2) ),..., (a; (n+1) ). Consider the different envelopes 

(ux (2) )(ux (3> )... (ux (n+1) ) = 0 
(uxl 1) )(uxl 3) )... (ud n+1> ) = 0 


( 10 ) 


(vjd r> )(uxl 2) )... (vxl n) ) = 0. 

If they were linearly dependent, a linear combination of all but 
one would include a factor which the last one lacks. They are 

* Cf. Rosaries’, p. 32. 
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all apolar to the curve a% — 0 with regard to which the get of 
points is self-conjugate. If we write the nth power of the equa¬ 
tion of the line connecting two of the points 

|aa£>)^a>|«== 0 , (U) 

we get a curve which is easily seen to be apolar to all of the 
envelopes (10). If these curves (11) were not linearly indepen¬ 
dent, there would be at least n— 1 linearly independent en¬ 
velopes of class n apolar, that is to say, tangent, to all of these 
lines, and one at least would degenerate into a point in general 
position and an envelope of class n— 1 to which n tangents 
could be drawn from each of our original points—an absurdity. 

J \ 

We have, then, a system of - ' ' linearly independent curves 

apolar to our n+1 envelopes, and the general curve apolar to 
these envelopes can be expressed as a linear combination of 
them. 

Theorem 22] A curve of order n can be expressed as a linear 
combination of the nth powers of the lines connecting two by two 
the n -f 1 points of a self-conjugate set, no three being collinear. 

It is possible to express a curve in terms of a lesser number 
of perfect nth powers, but there seems no very symmetrical 
way to do so. 



CHAPTER IV 

SPECIAL CURVES IN A LINEAR SYSTEM 


§ 1. The pencil 

In the linear systems studied in the present book we have fixed 
our attention on the general curve of the system. Special curves 
have special properties which the general curve lacks; it is worth 
while looking at these. 

Let us begin with a pencil of curves 

>/i n) +^2 n) = 0- (!) 

If there be a singular point (x) we must have 


dXi P dx,- 




We know by theorem 11] of Book I, Ch. I, that the resultant 
of these three equations is of degree 3(ra— l) 2 in A: fi, so that 
gives the number of double points. Or we may proceed as 
follows. The singular points are common to the three Jacobian 


curves 


g(/i./i) _ Q 
d(x v x 3 ) 


Every intersection of 
it be on 


d(/i»/a) __ o d(fvfz ) __q 

S(Xsj, x 3 ) dfav •''i) 

the first two is also on the third unless 

8 A = %1=0. 

dx s dx 3 


The first two Jacobians have 4(n— l) 2 intersections, the number 
of intersections of the last two curves is (n— l) 2 , leaving the 


number already found. 

We say as a first approximation that the number of curves 
in a pencil which have singular points is 3 (n —l) 2 . This number 
is quite incorrect if there be any singular points common to all 
curves of the pencil. Suppose that we subject our pencil to a 
standard quadratic transformation, the curves of the new pencil 
with additional singular points will come in part from those of 
the old pencil possessed of such points, in part from reducible 
new curves which have a side of the fundamental triangle as 
part of themselves. We learned, however, in theorem 3], Ch. II 
of the present book, that new base points and fundamental 
curves come in together. This gives 

3781 x e 
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Theorem 1] If a pencil of curves with distinct base points be 
carried into another such pencil by a factorable Cremona trans¬ 
formation, the difference between the number of base points and of 
reducible curves is the same. 

Suppose that we have two curves of order n with a common 
point of order r y at 0 3 . We write them 

o =/ x = x 2 )+zr ri -Vi 1+:1 K, * 2 )+- > 

0 =/ 2 = x^<f>?(x 1 ,x 2 )+x%-^- 1 tli£ +1 (x v x i )+.... 

The polynomials <f> v <j> 3 have no common factor, as we assume 
the base points are distinct. Let us find how many intersections 

g(/n/ 2 ) _ g(/n/ 2 ) 
t'(.r i, ) &{x 3 , x 3 ) 

have at this point, and subtract from the 4(n— l) 2 total inter¬ 
sections of the two curves. From this remainder we take the 
difference between the total number of intersections of 


#1=^=0 
dx 3 dx 3 ’ 

and the number of intersections at this point. We get 

Hi 


8x 1 

Hz 
dx , 


$2 




But 

Hence we have 


Hi _j_ Xi Hi _ 


'dx. 




r Hv 


8 (fyfj) _ »_ r i a .2(n-n)-i a . HhHi) I 

8(x lt x 3 ) fj 8 { x v x i) 

8 (fl’fi) _ _ n ~ r i x 2(n-r,)-l x 8 Hl’ l_ 

8(x 3 ,x 3 ) r^ 8 (x 1 ,x 3 ) 

Here are two curves with a common point of order 2r 1 —l 
with 2{r r — 1) common tangents there. The number of inter¬ 
sections is at least . , „ , 

4rf—2 tj—1. 

If there were necessarily more intersections, that is to say, if 
two branches necessarily osculated one another, this would still 
be the case when the two curves were merely of the order 7^-f-1. 
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If we have two curves of order r x -\-l with a common point of 
order r x , the curves of their pencil with additional singular 
points would be curves of order r x with singular points of order 
r x — 1 and lines from the singular point to other base points of 
the pencil. But if in this case the curves 

gyy») _ 8 ( /i>A) _ 0 

S(x v x 3 ) b(x 2 , x 3 ) 

osculated, the number of other intersections off 1 =f 2 = 0 would 
be less than 2r 1 4-l, which is not the case. Hence, in general, 
the Jacobian curves do not osculate, or there are 4rf—2r x —l 
intersections at the point of order r x . The curves 

8 A = 8 A = 0 

8x 3 8x 3 

have r\ intersections at 0 3 . We get, finally, 

4(m _l)2_ ^ t4r |_ 2r .- 1] _ [(w _ 1) 2_ 2r 2] 

= 3[(n-l)2-2r?]+I[2r t +l]. 
Theorem 2] If the base of a pencil of curves be a set of distinct 
points of multiplicities r v r 2 ,..., the number of curves with addi¬ 
tional singularities is 

3(w —1)2_ 2(3r t 2 -2r,—1). 

The invariant number, by 1], is the difference between this 
and 2 1, and so is 3(n _ 1)2 _ j r t (3r t —2). 

But n 2 = 2 if 

2(p—l) = n(n—3)— Zrfr-1) 

= 2 n — 3w 

3(w-1) 2 - 2 »* t (3r i -2) = 4(p-l)+3 = 4p-l. 

Theorem 3] If a pencil of curves have distinct base points , the 
difference between the number of curves with additional singu¬ 
larities and the number of base points is one less than four times 
the genus of the general curve of the pencil. 

In this phrase of course the words ‘number of curves’ mean 
the order of the equation determining them. 

Theorem 4] If a pencil of rational curves have distinct base 
points, the number of these points exceeds by one the number of 
reducible curves. 


cs 9 
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A pencil of conics gives a fine example of sucfi a jpenofl. 

Let us look for the locus of the inflexions of the curves of 
a pencil. We must form the Hessian of the general curve 
Afi+tt/* = 0. 


dxf dxf 

. 0x§ + ^0xl 


= o. 


Eliminating A : p, we get 


f « 2 /l f 

Jl 8x\ Jl 8x f 

f, 8 ‘A /, 8 »« . 

2 0X x CX 2 0x 1 0x 2 

. 

, ^ 2 A , 3% 

}t 8xl Jl 8x( 


Let us define the ‘tangential locus’ of a point (y) with regard 
to the curves of the pencil as the locus of points of contact of 
tangents from [y). All singular points besides base points will be 
on it. The equation is 


fi 



= 0. 


This locus will have a double point at (x) if 



8 2 A 

dXjdXj 



dXidXjJj* y} 8(x i) x i ) 


= 0, 


f&h. 0% f 8% d*f 2 d(M t ) 
Ja Bxl Jl 8x\ Ji 8x 1 6x i •' 1 0x 1 ex a " r e(x 1) x J )' 



•/. 


0*/l 

8x\ 


Jl dxl 


This curve is of the same order as the tangential locus just 
written, but looks a little a little more complicated owing to 
the presence of the terms » r , 
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Nevertheless, the two are identical. We prove this indirectly. 
Let the curves be 


0 =/i = x%+x$- 1 [a 1 x 1 +a 2 x 2 ]+x%-%a 11 xl+2a 12 x 1 x 2 +a 22 x%]+... 
0 =/j = xl+xl-\b l x 1 +b&^+xl-\b 11 x\+2b n x 1 x 2 +b ii xl~\+.... 
The tangential locus of (0,1,0) is 

°=/str- =4 n ~ 1 (a 2 -b 2 )+ 


Sx 9 


l dx 9 




^2 ®1 
b 2 b 1 


+ 2|fl 12 b 12 \ 


•*- 1 T - (^22 &22 )- C 2 • 


This will have a double point at (0,0,1) if 


I Ctn &i 

a»-h= , 2 - 1 

b 2 


+ 2|a 12 b 12 \ 


'■ ®22 ^22 — ®* 


The equation of the curve of the system through (0,0,1) is, 
under the present circumstances. 


0= (a x —6 11 )x 2 +2(a lii — b l2 )x 1 x 2 ]+.... 

The tangent is the line going to (0,1,0) and has 3-point 
contact. The locus of the double points of tangential loci is, 
thus, a part of the locus of the inflexions, and, as the two are 
of the same order, they are identical. We thus get a pretty 
theorem due to Guccia.* 

Theorem 5] The locus of the inflexions of a pencil of curves 
of order n which contains no curve with a multiple factor or a linear 
factor is a curve of order 6(ra — 1). This curve is the Jacobian of the 
net of tangential curves of the various points of the plane. It passes 
through all singular points of curves of the pencil. The inflexional 
tangent is always the line joining the point of contact to that point 
whose tangential curve has a double point at that point of contact. 

Let us look for the class of the envelope of the inflexional 
tangents. If such a tangent go through (y), we have 


A/i+m/2 = 0 *(^)+^!j = 0. 


8x\ ^8x\ 


= 0 . 


, a Wt\ 
dx\ ^ &c| 


* Guccia’. The first writer to study this locus seems to have been Weyr, q.v. 
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The degree of the resultant in A : /la is %n{n— 2)+6(»— l) s by 
theorem 11] of Book I, Ch. I. At the singular points of curves 
of the pencil a curve and a corresponding first polar will have 
two intersections; it is a point of the Hessian. These must be 
deducted. 

Theorem 6] If a ’pencil of curves of order n have 3(w—l) 2 
members with double points, the class of the curve enveloped by 
the inflexional tangents is 3n(n—2). 

§ 2. Two-parameter nets 

The simplest linear system after the pencil is the two-parameter 
net. We have studied this in considerable detail earlier in our 
work. We get at once from Book I, Ch. IX, theorem 25] ff.: 

Theorem 7] The Jacobian curve of a net is the locus of variable 
singular points of curves of the system , and of points where curves 
are tangent. It passes through all base points. The curves of the 
system through a non-singular point of the Jacobian are tangent 
to a line harmonically separated, from the tangent to the Jacobian 
by the tangents to that curve which has a double point there. 

If we take the three curves 

A = o A = o f 3 = o 

and make the transformation x i = x'fc' k , 

Z( foUh) _ ° J J HfvUfa) 

8(x 1; x 2 ,x 3 ) ? 1 8(x v x 2 , x 3 ) 

v 

It appears, thus, that the Jacobian is carried over covariantly 
by a standard quadratic transformation, except that sides of 
the fundamental triangle may be added thereto. This part, 
however, may be neglected, for a standard quadratic trans¬ 
formation is a contact transformation, and a locus of points 
where curves touch will go over into the corresponding locus. 

We next notice that we may transform any net into one 
where all base points are distinct. If they have the multiplicities 
r v r 3 ,..., the order of the characteristic series, or grade as we 
have defined it, is n , 

the genus of the general curve is p where 

2(p—!) = «(»—3)— 2 r ii r i -!)• 
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Let us see how the Jacobian behaves at a base point of order 
r v say (0,0,1). Let 

0 =/< = x^~ r ^(x 1 ,x 2 )+z^- 1 >l>l^x l! x 2 )+.... 

Since 


= 0 , 


— 4i 

rl I 


4*3 


the lowest terms in the Jacobian in x v x 2 are 


Hi 

Hi 

8x l 

8x 2 

Hi 

Hi 

8x 1 

8x 2 

Hi 

Ha 

8x l 

8x 2 


Hi 

8x 1 

H? 

8x x 

Hs _ 

cx, 8 x 9 


Hi 

dx 2 

Hi 

ex 2 

Hi 


4i 

4i 


that is to say, of order 3r 2 — 1. The number of variable inter¬ 
sections of a curve of the net with the Jacobian will be an 
invariant for Cremona transformations. That number is, in the 
present instance, 

3n(»—1) — 2 »»(3r t —1) — 3 [n 2 — 2 *?]+ 2 r t —2n 


- 2[p-fG—1]. 

Theorem 8] The number of variable intersections of the curves 
of a linear net with the Jacobian is twice the number which is one 
less than the sum of the grade and the genus of the general curve. 


§ 3. The Laguerre net 

Suppose that we have two curves of order n with n— 1 collinear 
points in common. Let the curves be f v / 2 , the line in question 
being x 3 — 0. Let f 1 meet the line again at O v while f 2 meets it 
again at 0 2 , then since x 1 f 1 passes through all the intersections 
of the line with f 2 , we have 

*Ji+ x Ji + *3/3 = °- ( 2 ) 

Consider, now, the net of curves called a Laguerre net:* 

yJi+yth+ysf3= Q - 

* Laguerre 1 , pp. 540 ff. 


( 3 ) 



¥' 

3 
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The carve which corresponds to each point {y) will pass 
through it. The curves f lt / a have » a intersections. Of these 
n— 1 are on x 3 = 0. The remaining n*—n-f 1 are on / 3 = 0, and 
so are base points of the net. Take two curves of the net, 

yJi+yJt+yJs =o zJi+z t f a +zj a =o, 
then |xi/z| = 0. 

It appears, thus, that every intersection of two curves of the 
net which is not a base point is on the line connecting the points 
to which these curves correspond. 

Theorem 9] In a Laguerre net all intersections of two curves 
which are not base points are on the line connecting the two points 
to which the curves correspond. 

Theorem 10] If a point trace a straight line, the curves to which 
it corresponds pass through n— 1 fixed points on that line. 

Suppose that the base points of the net are simple. The order 
of the characteristic series is, then, n— 1 and the genus of the 

general curve ——^———. We know by 8] that the number 

of variable intersections with the Jacobian is 

vJ—n—1 = Sn(n— 1)— 2(n 2 —n-\- 1). 

Theorem 11] When the base points of a net are simple they are 
double points for the Jacobian. 

If we draw a tangent from a general point to the corre¬ 
sponding curve of a Laguerre net, we get n— 1 collinear points 
of which two are adjacent. Hence the pencil of curves through 
them are tangent to one another. 

Theorem 12] If tangents be drawn from a general point to the 
corresponding curves of the Laguerre net, the points of contact lie 
on the. Jacobian curve. 



CHAPTER V 

NON-LINEAR SYSTEMS OF CURVES 


§ 1. General formulation 

All of the systems of curves which we have considered so far 
have been linear systems, whether given by base points, or by 
conditions of apolarity. It is time to consider more general 
systems. The theory of these is much less complete and much 
more difficult. We saw in the last book that the theory of non¬ 
linear series of point groups on a curve is more difficult and less 
satisfactory than the theory of linear series; the difficulty con¬ 
tinues here. We see at the very start that Bertini’s precious 
theorem that the general curve may not have a variable singular 
point is lacking. 

How shall we indicate the general curve of a parameter 
algebraic system ? We first write the general curve of order n 
in the shape ^ a qr aflf = 0 q+r < n. 


These curves are in one-to-one correspondence with pointB of 

a projective space of N = n ( n +3) dimensions. A ^-parameter 

system of curves will correspond to a fc-dimensional algebraic 
variety therein, and this we may write 


a gr = a v {X 0 ,X v ...,X k ) F(X 0 ,X 1 ,...,X k ) — 0, 

The general form for a ^-parameter system of curves becomes, 
in this way,* 

f( x > y> Xq, x v ..., x k ) = o F(X 0 , X lt ...,x k ) = o. (i) 

We shall, for the present, confine our attention to one-para¬ 
meter systems, which we write 

f(x,y,X,Y) = 0, (2) 

F{X, Y) = 0. (3) 


* I cannot find out that any previous writer has used this form for the 
general equation, even in the simple case of a one-parameter system, though 
Clebsch 4 uses it for conics and would, doubtless, have used it for other curves 
had he been interested in the problem. 
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If we use y' to indicate the total derivative of y with regard 


to x, we have 


a l + °iy=o, 

8x dy* 


eliminating X and Y between this equation and the equations 
(2) and (3), we get x {x, y , V ' ) = 0. 


The degree in y' which we have called N, the index of the 
system, gives the number of curves through an arbitrary point 
of the plane. Conversely, if we have an equation of this type, 
and if it have algebraic integrals, we have a one-parameter 
system of algebraic curves neatly expressed. Unfortunately the 
integrals are usually not algebraic; it is not easy to tell whether 
we have algebraic solutions or not, and the equation as it stands 
does not give a great deal of information about the curves 
any way.* 

We return to equation (3), which we assume to be irreducible, 
while / is also assumed to be irreducible, and not representable 
by a reducible combination of / and F. The genus p of the 
general curve / in x and y, and the genus P of F, are two 
important invariants, the latter being called the ‘genus’ of the 
system. It will be unaltered by any birational transformation 
of the curve F, or of the (x, y ) plane. It is worth noting that 
a given system of curves can be written in an infinite number 
of ways. We can replace X and Y by any pair obtained from 
them by a Cremona transformation of their plane, or we may 
replace equations (2) and (3) by 

F(X, Y)f(x,y,X, Y)+F(X, Y)f(x,y,X, Y) = F(X, Y) = 0, 

where / and F are arbitrary polynomials. A finite number of 
these curves may be different from any curve in the original 
system. The same phenomenon may appear when we write our 
system of curves in tangential coordinates: 


<f>[u, v, U, F) = 0(U, V) = 0. 


Here the curves corresponding to limiting values may be dif¬ 
ferent from anything which we had before. For instance, a 


* This is the form used by Cayley* in a verbose article dealing mostly with 
curves. For tests for algebraic solutions see Jordan*. 
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system of confocal conics can be written in two different 

Way8: (6 2 +A)^ a +(a 2 +A)^-(a2+A)(6 2 +A) = 0, 

(o 2 +A)m 2 +(6 2 +A)d 2 -1 = 0. 

The limiting curves in point coordinates are the two axes and 
the line at infinity; the limiting envelopes are the foci on the 
major axis, those on the minor axis, and the circular points at 
infinity. With this warning we shall drop tangential coordinates 
for the rest of this chapter. 

If the genus of a one-parameter system be 0, we may express 
X and Y rationally in terms of a parameter z, substituting in 
(2) we get the simple form 

f(x,y,z) = 0. 

Theorem 1] A rational one-parameter system of curves may 
always be obtained as the orthogonal projections on a fixed plane 
of sections of a surface by planes parallel to the first one* 

Let us try to generalize this theorem to a system of any genus. 
The general rotation of space about the origin may be expressed 
as a homogeneous linear ternary collineation where the coeffi¬ 
cients have a common denominator which, like the numerators, 
is a homogeneous polynomial of the second degree in four inde¬ 
pendent homogeneous Eulerian parameters.! Let us express 
these parameters rationally in terms of X and Y. This amounts 
to finding a rotation of the (x, y, z) space which will carry the 
plane z = 0 and the cylinder (2) into 

U(X, Y)x+ V(X, Y)y+ W(X, Y)z = 0 y, z, X, Y) = 0. 

Eliminating X and Y, we get 

9(x,y,z)= 0. 

Our original curves are congruent to the sections cut from this 
surface by the planes 

U(X,Y)x+V(X,Y)y+W(X,Y)z = 0 F(X,Y) = 0. (4) 

These planes envelop a cone with the same genus as the system. 

Theorem 2] The curves of a one-parameter system are congruent 

* Be Jonqui&res erroneously assumed that every one-parameter system 
could be obtained in this way. The error is corrected in De Jonquieres 3 , where 
it is simply stated that most of the results previously obtained are not to be 
taken as literally true. 

t Cf. Study*, p. 176. 
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to the curves cut from a surface by the tangent planes to a cone 
whose genus is that of the system. 

We have once or twice referred to the ‘index’ of the system, 
the number of curves through an arbitrary point. This is at 
once seen to be as follows: 

Theorem 3] If a one-parameter system of curves be given by 
equations (2) and (3), its index will be the number of intersections 
of the curves (2) and (3) of the ( X, Y) plane which depend on 
x and y. 

Let the order of / in X and Y be o, while its order in x and 
y is n, and the order of F is v', and if at the intersections which 
are fixed the multiplicities for/are R v i? 2> . . and for F, S v S 2 ,..., 
the index N is given by 

N = w '-2R i S x . (5) 

§ 2. Singular points, and the envelope 

The next Cremona invariant we shall seek is the ‘grade’ of the 
system, that is to say, the order of the characteristic series. If 
the curves/have fixed points of multiplicity the grade 

These fixed singular points do not by any means exhaust all 
that may appear. For a singular point we have the equations 

8 l= d l = d l = 0. 

dx By 81 

We find the resultant of these three. There are various pos¬ 
sibilities : 

A) It vanishes identically. Then every curve of the two- 
parameter system (2) has one or more singular points. 

B) It contains F as a factor. Then every curve of our one- 
parameter system has at least one singular point. These points 
may be fixed or trace certain curves. 

C) The resultant is a polynomial different from F. The 
general curve has no singular points, but some curves have. 

D) For some curves / is reducible with a multiple factor. It 
is to be noted that, by assumption, the general curve / is not 
reducible. 

In order to be as general as possible, let us assume that the 
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general curve / has, besides the fixed singularities of multi¬ 
plicities s,s t ,..., variable singularities of orders r^r^... and 
cuspidal indices K v K t ,... . The reduction in class produced by 
one of these is A, = r( , r( _i )+1C( . (») 

Let us assume, finally, that certain curves have factors of 
orders v^v^... counted t v times respectively. 

The genus of the curve, or the genera of the curves traced by 
variable singularities, will be unaltered by a factorable Cremona 
transformation of the plane, provided such a curve be not 
abolished. Let us explain what we mean by this possibility. 
Suppose that we have a series of quartie curves each with a 
double point at the origin, each passing through each circular 
point at infinity, and each with a variable double point on the 
infinite line. Their inverses in a circle whose centre is the origin 
would be a new net of quartics each with a tacnode at the 
origin, but with a variable direction for the tangent. Perhaps 
we may describe these poetically by saying that they have a 
common fixed double point, and a variable infinitely near double 
point which traces no locus. If we remember that the only 
sort of curve that can be abolished by a factorable Cremona 
transformation is one that can be carried into a straight line, 
we have 

Theorem 4] The genus of every curve traced by a variable 
singular point, unless that curve be rational with no special adjoints 
of any index, is an invariant for a one-parameter family of alge¬ 
braic curves under all factorable Cremona transformations. 

Let us next seek the envelope of our one-parameter family. 
The classical method is to introduce an explicit parameter, say 
t, writing 

f[x, y, X(t), 7(f)] = 0 F[X(t), Y{t)] = 0 

8f dX = e_FdX.8Fd_Y^ Q 
dX dt + dY dt “ ex dt + 8Y dt ~ ' 
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X and Y between (2), (3), and (7). If we use homogeneous 
variables X, Y, and Z, we write more neatly 

S(f,F) _ 8(f,F) _ 8(f,F) _ g 

8(Y,Z) 8(Z,X) 8(X, Y) ' V ‘ 

The envelope will be a factor of the eliminant, the other 
factors, when not constants, giving curves traced by variable 
singular points. We see, in fact, that if we have such a curve, x 
and y will be functions of the auxiliary parameter t mentioned 
above, and we shall have 

y(t),X(t), 7(f)] = P[X(f), T(<)] == 0 
dxdt ‘ 8ydt + 8X dt ' 8Y dt 8X dt + 8Y dt 


But 


2=2=o. 

cx 8y 


Hence 


S(J,F) 
d(X, Y) • 


Let us see if we can determine the order of the resultant in 
x and y, and then the orders of the different factors and the 
powers to which they appear. To get the order of the resultant, 
we assume the axes to be in general position and so seek the 
number of intersections with y = 0. The question, then, is, for 
how many values of x will the three curves (2), (3), and (7) have 
a common point, or, what comes to the same thing, for what 
values of x, when y — Q, will the curves (2) and (3) in the XY 
plane touch one another, or (2) have a singular point on (3) ? 
Let P be a point of F. There will correspond thereto n values 
of x. To each of these there will correspond N points on F of 
which one is P, the others P', so that to P will correspond 
n(N —1) points P' and to P' as many points P. The value of 
the correspondence is n, so that the number of coincidences is 


2n|W+P-l]. 


We may assume that F has only ordinary singularities, so that 
these coincidences only arise from contact or when a wandering 
singularity of the curves (2) falls on F, equally acceptable for 
our present purposes. This is the order of the resultant. Let 
us now see what reduction must be made for the locus of the 
movable singular points. This will be the number of inter¬ 
sections that adjacent curves of our system have at such a point 
multiplied by the order of the curve of singularities. Let (£ 0 , y 0 ) 
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be a variable singular point of order r { , such that a general first 
polar has \ intersections with the curve there, as shown in (6). 
Suppose, first, that but one curve has this singular point. x 0 and 
y Q are algebraic functions of X and 7, so that 
0i(x o , X, Y) = S 2 (y 0 , X, 7) = 0. 


Since, when x 0 and y 0 are given there is but one curve, it must 
be possible to find X and 7 as rational functions of x 0 and y 0 
and write a new set of equations for our system of curves, 
namely, y> * 0 , y#) = jF ( * 0> y 0 ) = o. (9) 

Developing/in powers of (x—x 0 ) and (y—y 0 ), 

f r , [(*—*o)» (y—yo)]+/,,+i[(*-*o), {y-y 0 ) ]+••< — °> 
where f g is a polynomial of degree s with coefficients which are 
polynomials in x 0 , y Q . To find the envelope we must have 

g (/>^ )_ 0 

d(*o,yo) 


We see that f ■-- acts at (x 0 , y 0 ) like a general first polar, 
d( x oy Vo) 

so that the number of intersections is A,. We could have estab¬ 
lished the same fact by differential considerations regardless of 
the number of curves sharing this singular point, hence, if there 
be li such curves, the reduction is l x A f . The total amount to be 
taken from 2n[N+P— 1] is 2 n Jih- If a curve of our system 
be reducible with multiplicity l„, we write 


The number of intersections with a general first polar is 
\ = 1), so that these curves may be included in the 

singular loci of orders n i . 

Theorem 5] If a one-parameter system of curves of order n and 
index N have genus P, and if there be curves of order n v n 2 ,..., 
where curves have points where a general first polar has 

Aj,A 2 ,... intersections, the order of the envelope is 


2n[N+P— 1]— 2 nfiK 


This can be put in much better form. We see that our curves 
cut a general line in a correspondence with the indices N(n— 1) 
and, hence, with 2N(n— 1) coincidences. These coincidences 
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will oome only from tangency and from intersections with curves 
of varying singular points, as defined above. If the number of 
curves tangent to the line, which we define as the ‘class’ of the 
system, be M, we shall have 

M = 2N(n—\)— 2 »A. (10) 

Eliminating 2 we get the order of the envelope 

M+2N-}-2n(P—l). (11) 

Theorem 6] If a one-parameter family of curves be given, the 
order of the envelope is the sum of the class plus twice the index 
plus twice the product of the order of the curves and a number one 
less than the genus of the system. 

There is another application of equations (9), and the sub¬ 
sequent reasoning which enables us to advance a little the 
problem of the existence of curves with given singularities which 
we discussed in Book I, Ch. VI, § 2.* Consider the system of 
all curves of a given order n with 8 nodes and k cusps, it being 
assumed that n> 2. If there be one such curve, there will be 
an 8-parameter system, for no curve of positive genus has an 
infinite number of projective transformations into itself. It is 
easy to see in fact that the only curves carried into themselves 
by an infinite number of projective transformations are straight 
lines and conics. If, therefore, there exist one curve with 8 nodes 
and k cusps, there will exist oo 8 into which this is carried by 
projective transformations. We may calculate the actual free¬ 
dom in the following fashion. If we have a geometric variety 
of any sort whose points depend on k independent variables 
u v u 2 ,...,u k , its dimensionality is k, which is one more than the 
dimensionality of the flat variety of tangents, as that depends 
on k homogeneous parameters du v du t ,..., du k . We thus get the 
dimensionality of the series cut on a curve of a system by the 
other curves, by adding 1 to the dimensionality of the linear 
series cut by the infinitely near curves. Now we have just seen 
that the number of intersections of two infinitely near curves 
at a singular point is the number of intersections the curve has 
with the general first polar, and so 2 for a node and 3 for a cusp, 
hence the order of the linear series cut by the infinitely near 
curves is n*-28-3 K = m+n. 

* Ct. Severi-Loffler, pp. 307-10, and Segre, Beniamino*. 
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The complete linear series will be that cut by all adjoints of 
order n which are tangent at the cusps, or, what amounts to 
the same thing, the sum of the series cut by all first polars, and 
that cut by all straight lines. The dimension of the system of 
curves being one greater than that of the linear system of point 
groups is r+l = m+n-p+ i+ 1. 

On the other hand, the apparent freedom is 

= mfi-n— p+1. 

Theorem 7] If there exist irreducible curves with 8 nodes and 
k cusps, the number of conditions which they impose is 8 + 2/c— i, 
where i is the index of specialization of the series which is the sum 
of those cut by first polars and by straight lines. 

Reverting to the equation of the apparent freedom, we see 
that if 3n > k, the apparent freedom, and hence the real free¬ 
dom, is greater than p— 1, the dimension of the canonical series, 
so that i = 0. 

Theorem 8] If there exist a curve with a certain number of 
nodes and cusps, whose order exceeds one-third the number of cusps, 
then each node imposes one condition and each cusp two. 

This does not show that the curve exists; the conditions might 
cause it to become reducible. 

§ 3. The inflexions 

To find the inflexions of our general curve /, we must find its 
intersections with the Hessian, discarding those at the singular 
points, unless there be inflexions included there also, as in the 
case of a figure 8. We must eliminate X and Y between F, f, 
and its Hessian h. This Hessian 

h(x,y,X, Y) = 0 

is of order 3(w—2) in x and y, and 3v in X and Y. It has the 
multiplicity 3 R t where / has the multiplicity E { , and F the 
multiplicity S it hence the index of the system of Hessians is 
ZN. To find the order of the eliminant amounts to finding how 
many points of a general line in the ( x , y) plane are on / and 
the corresponding h. If a point P be taken on the line, there 

»TS1 F f 
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will correspond N points on F, and 3N(n— 2) points P'. To 
each P' will correspond 3 N points on F, and so 3JV» points P'. 
The degree of the eliminant is, thus, 6N(n— 1). We have, by 
Pliieker’s equations, 

n-f-t = 2m+2(p—1). 

If there be a point of multiplicity r it cuspidal index k <( and 
intersections with the general first polar, we have 

m = n(n— 1)— 2^ 2(p— 1) = n(n— 3)— 2^fa—1) 

\ = r i( r i— *)+*» t = 3n(n— 2)—32Vf- 2 *i- 
Hence our point absorbs 3^— k { intersections with the Hessian. 
The degree of the locus of inflexions is thus, 

6N(n— 1)—3 2 n^— 2 
But from (10), 3 M — 6N(n — 1)—3 2 nJ>iK- 

Hence the order sought is 

3 M+ 'Zn i l i K { . 

Theorem 9] If a one-parameter family of curves be given, no 
curve being reducible with a multiple factor, the locus of the points 
of inflexion is a curve of order 3 M+ 2 where M is the class 
of the system, and variable singular points of cuspidal indices 
are shared by l { curves, and trace curves of orders n t . 

Theorem 10] If a one-parameter system of curves have no 
variable singular point with a cuspidal index greater than 0, the order 
of the locus of the inflexions is three times the class of the system. 

It might seem as though this theorem went wrong in the case 
of a pencil of curves of the third order with nine common 
inflexions. However, the locus we seek is the twelve lines, each 
of which contains three inflexions, and it is easy to show by 
Chasles-Cayley-Brill that four of the curves touch a general 
line. 

Let us examine whether theorem 5] of the last chapter applies 
to our more general systems. Let us write 

F = A 1 £+A t T+A wt X?+2A v XY+A n Y*+... 

/ = (a l x-\-a 2 y-\-a^ l A-2a n xy+a 0i y i +...)A- 

+ (b 0 +b 1 x+b i y+b^ t -\-2b n xy+b 0t y l +...)X+ 

+ (Co+qx+Cj y+c 20 a: z +2c 11 xt/4-c 08 y 2 +...) Y+ 

+ . 
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G*wp. r 


X * +1fl %+ S l 

1 &x^ 9l dy^dl 


= [«i*i+« 8 yi+{(»— l)a 1 +2a v p 1 +2a n y l }x+ 

+{{n— 1 )a 2 +2a u x x + 2a oi y l }y +.. .]+ 
+[nb 0 +b 1 x 1 +b z yi+{(n—\)b 1 +2b lu p 1 +2b u y 1 }x+ 

+{(»— 1 )M~ 2b u x 1 +2 b 02 yffy +.. .]X + 
+ L nc o+ c i x i + c 2 2/i+{(w— 1 )c x +2^!+ 2c u 2/il^H- 

+{(n— 1 )c 2 -f- 2 c 11 x 1 +2c 02 iJi}y+~-]Y-\- 


+ 


If we solve the last two equations for X and Y, which, merci¬ 
fully, we are not required to do, and substitute in F, we get 
the power-series development for the tangential curve of the 
point (x 1 ,y 1 ). The conditions for a double point at x — y — O 
will not involve X and Y above the first degree, and would be 
the same if all higher powers were everywhere lacking. But 
when they are lacking, we fall back upon a pencil of curves, and 
the theorem 5] of the last chapter; there will be a singular point 
of the tangential locus at (0, 0) if it is singular for a curve of 
the system, or an inflexion. 

Theorem 11] If tangents be drawn to the curves of a one- 
parameter system from an arbitrary point, the locus of their points 
of contact will have singular points only at singular points or 
inflexions of curves of the system, and, conversely, every such 
variable inflexion or singular point is singular for the tangential 
locus. 


§ 4. Projective theorems 

Our next task is to prove a number of simple projective 
theorems, some of which were given in an article by De Jon- 
quieres mentioned at the beginning of the present chapter, 
though his proofs were sketchy, to say the least. We rewrite 
our equations /{Xj y> x Y) = 0> ( 2 ) 

F(X, Y) = 0, (3) 

df , 8f , 8f . 

dxi^dy^d 1 

This also is of order v in X and Y, and behaves at the singular 
points of F as / does for a general (x v y x ). 

r f 2 
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Theorem 12] The index of a one-parameter family of curves is 
the doss of the envelope of the line polars of a general point. 

Let us take an arbitrary point N in the plane and draw 
tangents thence to the curves of our system. The tangential 
locus which we have already discussed will have multiplicity N 
at the point whence the tangents were drawn; it will also cut 
a line through this point in the M points of contact with curves 
of the system. 

Theorem 13] If tangents he drawn to the curves of a one- 
parameter family from a general point, the order of the tangential 
locus is the sum of the index and class of the given system of curves. 

Let us now seek an answer to the interesting question: How 
many curves of our system are tangent to a given curve ? Let 
this be of order n v class m lt genus p v with a cuspidal index k x ; 
we assume that it passes through no base point of the system. 
If P be a point of this curve, there will pass through it N curves 
of the system meeting this curve in N (nn x — 1) other points P', 
and to each P' will correspond as many points P. The corre¬ 
spondence has the value N, so that the number of coincidences 
is 2N{nn x +p— 1). 

Let us lop off the coincidences which we do not desire. First 
there are those which come at points with a cuspidal component 
greater than 0. The number of this sort is independent of every¬ 
thing but the index of our system, as is clearly Nk v The number 
of coincidences remaining is 

N[2(nn x -\-p x — 1)—jcJ = N[2n x (n— lj+mj. 

We have other undesirable coincidences arising from inter¬ 
sections with the loci of movable singular points or with re¬ 
ducible curves with a multiple factor. The number of these is 
n x times the number of such coincidences in the case of a straight 
line, and so is Nn^2{n— 1)]— n x M. 

Hence the number of contacts is m x N-\-n x M. 

Chasles’s Contact Theorem 14] If a one-parameter family of 
curves have index N and class M, the number tangent to a curve 
of order n x and class m x in general position is* 

m^N-^n^M. ( 12 ) 

The reader may have noticed how often the two numbers 
* Chasles*, p. 300 note. No proof is given, though several have been found since. 
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M and N appear in recent formulae. They are called 'charac¬ 
teristics’ of the system, only the latter is a birational invariant, 
the former is projectively invariant merely. There is a very 
large number, in fact an infinite number, of other projectively 
invariant numbers derived from the Pliicker characteristics 
of certain associated loci and envelopes. Zeuthen has given a 
list of forty of these, dual in pairs except for four which are 
self-dual, and has found twenty-eight equations connecting 
them.* In the case where there is no reducible curve with a 
multiple factor, most of the numbers of the system can be 
derived from those for a simple Bet of nodes and cusps. The 
restriction is significant; we have already used it in 10]. 

§ 5. Systems depending on more than one parameter 

A general two-parameter family of curves can be written 

f(x,y,X,Y,Z) = F(X,Y,Z) = 0; (13) 

the singular points of the system appear in various ways. We 
first write ^ ^ ^ 

8x dy 01 

We then eliminate x and y. There are various possibilities: 

A) The eliminant vanishes identically, or contains F as a 
factor. Then every curve has a singular point, or singular points. 
These may be fixed, or trace curves, or cover the whole plane. 
In the second situation there will be for each point of such a 
curve or curves a one-parameter sub-set with a singularity there. 

B) The e limin ant, does not vanish identically, nor contain F 
as a factor. Then there is a one-parameter family of curves in 
our system which contain singular points not common to all 
curves of the system. The locus of such points is obtained by 
eliminating X, Y, and Z from 

S l = e l^l = F= 0 . 

dx dy 31 

Singular points may also come from reducible curves with 
multiple factors. If there be a singly infinite set of such curves, 
every point of the plane will be singular for some curve; if there 
be only a finite number, we only get a singly infinite set of 

* Zeuthen 4 . The Danish article is followed by a fairly full French synopsis. 
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singular points in this way. The conics through a given point 
having double contact with a given conic form a good example 
of the first case, each line through the point counted twice being 
a curve of the system. 

A two-parameter system of curves has three important pro¬ 
jective characteristics; they are: 

{N 2 ) The index of the system, or number of curves through 
two general points. 

(NM) The number through an arbitrary point, tangent to an 
arbitrary line. 

(AT 2 ) The number tangent to two arbitrary lines. 

The reader will understand that these expressions are purely 
symbolic and do not have any relation to products or powers. 
There is one other useful characteristic sometimes written 0: 
the number of curves which pass through an arbitrary point 
and touch an arbitrary line there. This is self-dual, for it is the 
number which touch an arbitrary line and have a given point 
of contact on that line. It might seem as though this were (A 2 ), 
for we merely require a curve to pass through two adjacent 
points. Such is not the case; on the contrary, 

(N 2 ) = Q+K ® = (N 2 )-K=(M i )-I, 
where K is the total cuspidal component of a general point, and 
I the total inflexional component of a general line, the number 
of curves with three-point contact. How many curves will 
osculate a curve of order n v class m x , genus p v and cuspidal 
component k 1 in general position ? If P be a point on this curve, 
the curves of our system through it are a one-parameter set of 
index (N 2 ) and class (NM). Hence, by (12), the number tangent 
to our curve is m 1 (N 2 )-)-n 1 (NM)—2®, and this gives the number 
of points P'. Conversely, when P' is given, there are © tangent 
curves of our system each meeting the fixed curve in nw x ~2 
other points. The value of the correspondence is 20, so that 
the number of coincidences is 

©t»i»+4(lh ~ 1 )]-+ m^N 2 ) + n x (NM). 

From these we must deduct 0/q coincidences at cuspidal points, 
and n x times the number of improper coincidences in the case 
our curve is a straight line, namely, 

n.][(NM) +©(»—4)—/]. 
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There will thus remain 
«* 1 (Jir a )+n 1 /+@t4»i-f 4^—1)—= m 1 iL-|~w :l /-f'0[3m 1 +K' 1 ]. 

Theorem 15] If a two-parameter system of curves have a total 
cuspidal component K for an arbitrary point, and a total inflexion 
component I for an arbitrary line, and if © of the curves touch an 
arbitrary line at an arbitrary point, then the number which osculate 
a curve of order n x , class m x , and cuspidal index k x is* 

m 1 JT-|-» 1 /-f-0[3m 1 +/kJ. (14) 

This formula will give the correct number of inflexions of a 
curve if we put 1= — 3. This seems a bit arbitrary, to say that 
a straight line has —3 inflexions, but there is this justification 
for it, in that it follows from Plucker’s equation 
t —k — 3 (m — n). 

The next problem is, obviously, to find how many curves of 
our two-parameter system will touch two given curves in general 
position. It is just as easy to generalize this to the problem of 
finding the number of curves of a ^-parameter system tangent 
to k given curves. Let us, then, suppose that we have a k- 
parameter system given by such equations as (1) and mean by 
(N*M‘), s J r t = k the number of curves through s points and 
tangent to t lines, in general position, i.e. this is the order of 
the equation which we come to when we try to find the curves 
through so many points and tangent to so many lines, after 
extraneous factors have been thrown out. We are going to 
demonstrate that if k curves be given whose orders are n v n 2 ,.,., 
n k , and whose classes are m 1 ,m 2 ,...,m k in general position, the 
number of curves of our system tangent thereto is 

IT (m { N-\-niM). (15) 

i=i 

We have seen in Chasles’s theorem 14] that this formula is 
correct when k = 1. Let us assume that it holds for any (k— 1)- 
parameter system. Consider a fc-parameter system. Let P be 
a point of a jfcth fixed curve of order n k , class m k , genus p k , 
and cuspidal index K k . The variable curves through our point 
P form a (k— l)-parameter system whose indices are (N k ), 

* First proved by Halphen 1 , p. 475. He considers a system of curves given 
by a differential equation. Another proof was found by Zeuthen*, pp. 302 and 
304, by reasoning from degenerate cases in a very dangerous fashion. 
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{W*~ X M(NM k ~ l ). The number tangent to k—1 curves is, by 

i=k-l 

hypothesis, N n (m { N -\-UfM), so that to P will correspond 

i=l 

II (iriiN -f- n i M)N(nn k — 1) points P'\ to P' will correspond as 
many points P, and the value of the correspondence is 
II (m { N-{-n i M)N, so that the number of coincidences is 

2 II {m i N+n i M)N[nn k + (p k —l)]. 

i= 1 

From these we must deduct, in the first place, 

•eJliniiN+n i M)N 

coincidences at points with a cuspidal index above 0, and n k 
times the number of improper coincidences when we apply this 
formula to a straight line, namely, 

n k l 2 II (m i N-{-n i M)N(n~ 1)— II (m i N-\-n i M)M 

( i=i i=i 

We have left 

2 II (m i N+n i M)[N{2n k +2(p k ~-l)}~NK k +Mn k ] 

i= 1 

= n k {m i N+n i M). (15) 

i=1 

Theorem 16] The number of curves of a k-parameter system 
tangent to 1c given curves of orders n ly n 2 ,...,n k and classes m v 

i=k 

m 2 ,...,m k in general position is II where ( N s M l ) 

i =1 

indicates the number of curves through s general points and tangent 
to t general lines. 

Here are not a few enumerative problems whose answers 

l=k 

take the form II (o^N+^M), where a { , & are numbers indepen- 

<=i 

dent of the system of curves.* In fact the literature dealing 
with similar problems, especially in the case of conics, is quite 
extensive.f It is also true that a good many mathematicians 
look askance at the methods employed, which frequently con¬ 
sist in finding the number of solutions to a problem in a limiting 
or special case, and reasoning back to the number of solutions 
in the general case. The initiator of the general proceeding was 

* Zeuthen', pp. 306 fl. | Cf. Zeuthen*, Part III, ch. 3, pp. 290 £E. 
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Schubert.* It is certain that he and his followers have suc¬ 
ceeded in solving a good many problems that have baffled 
others, but a doubt often remains as to whether the reasoning 
is legitimate and the answers correct. Geometers of the first 
rank, such as Severi and Study, have held divergent opinions 
on these questions.f A better foundation for the whole theory 
has recently been developed by van der Waerden through a 
study of the specialization of figures, and through the con¬ 
sideration of topological indices first developed by Lefschetz.§ 


* See especially Schubert 5 , 
f See Seven 8 and Severi 4 —Study 8 and Study 4 . 

| van der Waerden 1 . § van der Waerden 5 . 



CHAPTER VI 

THE GENERAL CREMONA TRANSFORMATION 


§ 1. Fundamental properties 

We have had frequent occasion to discuss Cremona transforma¬ 
tions in the course of our work, and found how useful they were 
in simplifying curves. The only transformations we have dis¬ 
cussed have been linear ones, quadratic ones, and De Jonquieres 
ones, all of which are factorable in the sense that they can be 
split into successions of collineations and standard quadratic 
transformations. The time has now come to take up the general 
Cremona transformation and examine it for its own sake. We 
shall see at once that we have here merely a question of studying 
certain very special types of linear nets.* 

Suppose that we have a birational transformation from a 
point ( x ) in a plane n- to a point (x') in a plane tt'. We shall 
have equations 

P x i — a ' 2 > x a) P *2 ~ ‘t'afav x 2 < x s) P x 3 = < fis( x i> x 2> x 3)- (1) 


The polynomials <f> t are supposed to be irreducible and of 
order n. This number is called the ‘degree’ of the transforma- 
aon. The curves = 0 , 

which lie in the plane -n , and which correspond to straight lines 
in the plane v', are called by the cacophonous name of ‘homa- 
loids’. Their totality is a ‘homaloidal net’. In order that this 
transformation shall be birational, or a Cremona transforma¬ 
tion, it is necessary and sufficient that two of them should have 
but one variable intersection. They must clearly be rational 
curves. Our curves must pass through certain points P v P v ... 
with multiplicities r v r 2 ,.... These points are called ‘funda¬ 
mental points’ of the transformation in the plane it. If a variable 
point approach a fundamental point as a limiting position, its 
mate in the transformation will approach some definite limiting 
position, depending upon the method of approach. In the plane 
■n' there will be a curve, all of whose points correspond to the 


* An excellent bibliography will be found in ‘Topics’, which has been of the 
greatest use to me in writing these last three chapters. A very extensive work 
is that of Hudson. Cremona’s first work is reprinted in Cremona 1 . 
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fundamental point in rt. Such a curve shall be said to be 
‘fundamental’ in the plane. We shall presently see that it is 
a fundamental curve of the net in that plane in the sense of 
Ch. I. 

Since two homaloids have but one non-fundamental inter¬ 
section, we have v „ „ . 

2 ,r, - n‘— 1. 

i 

Since they are rational, and a variable curve in a net cannot 
have a variable singular point by Bertini’s theorem 10] of 
Book I, Ch. VII, 

(n—1)(»—2)— 1) = 0. 

From these equations we get 

2rl = nl -1 2 >«= 3(»—1) (2) 

y f,(f 1 +l) _n(i»| 3) 0 

Z 2 2 

We learned in theorem 16] that the base of a net of rational 
curves has no superabundance; this last equation shows that no 
further conditions are imposed on the curves of a homaloidal 
net than those imposed by the base point. 

Theorem 1] The homaloids of a net are subjected to no restric¬ 
tions other than those imposed by the fundamental points, and these 
are independent of one another. 

If we eliminate the multipliers p from equations (1), we get 

x i M X 1 , x 2 > x 3)~ X 'k <f>i( X V X 2 > X s) 

= x\ 4> k {x v x 2 , 1> X 2 > x s) = 0. 

These equations will have, ex hypothesi, but one solution depen¬ 
dent on (x'), so that we shall have 

px k — x 2 ,x 2 ) px 2 — <f> 2 (xi,x 2 ,xfj px 3 — <f> 2 (x k ,x 2 ,xf). (3) 

Here is the inverse of our given transformation. The curves $ 
are the homaloids of n. If we take a line and a homaloid in it, 

UjXj^ + UgXi+UgfC^ = 0 u[ fa + Uz <f >3 = 0, 

the number of variable intersections is n, hence the correspond¬ 
ing curves 

= 0 U[Xi-\-'U, 2 X'2-\-U' 3 x' 3 = 0 

have » variable intersections. 
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Theorem 2] A Cremona transformation of the plane and its 
inverse are, necessarily, of the same order. 

It is an interesting fact that this theorem is not true in spaces 
of more than two dimensions. 

Let us look for a fundamental curve fi' in n, that is to say, 
a curve all of whose points correspond to a single point (y). We 
shall have three equations: 

Vi Vk-Vk 4>i = ,x' 2 ,x' 3 ) ,x' 2 ,x' 3 ). 

These three equations give two linearly independent homaloids 
which include the fundamental curve ift'. It will therefore form 
a part of a pencil of homaloids. The general homaloid cannot 
have a variable intersection with it, as then the general straight 
line in the other plane would go through (y). A homaloid which 
meets this fundamental curve at any but a fundamental point 
must include it all. 

Theorem 3] A fundamental curve of a Cremona transformation 
is a fundamental curve of the corresponding linear net in the sense 
defined in Ch. I. It forms a part of a pencil of homaloids, the 
variable parts corresponding to lines of a pencil through the corre¬ 
sponding fundamental point of the other plane. 

If our point ( y) in the equation above lay on a pencil of 
homaloids, and not on other homaloids, then the curve if/' would 
meet the lines of a pencil, and not other lines, which is absurd. 

Theorem 4] The only points which can correspond to curves 
are fundamental ones. 

Suppose, conversely, that we have a fundamental curve of 
a homaloidal net. Since it cannot share a non-fundamental 
point with a homaloid unless the latter include it, it must 
correspond to a point, not a curve, in the other plane, and so 
be a fundamental curve of the transformation. 

Theorem 5] The fundamental curves of a homaloidal net are 
fundamental for the corresponding Cremona transformation. 

What is the Jacobian of a homaloidal net ? It is the locus of 
additional singular points of curves of the net. But since the 
general curve is rational, the additional singularities can only 
come in when a homaloid becomes reducible. But a homaloid, 
reducible or no, with an additional singular point would seem 
to cojjrespond to a straight line with a singular point, which is 
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absurd. Hence one part of such a reducible homaloid must be 
fundamental, or the Jacobian is composed of fundamental 
curves. Conversely, if we take a point on a fundamental curve, 
all the homaloids but one through that point have the same 
tangent, and that one is reducible with a double point there, 
a property characteristic of points on the Jacobian only. 

Theorem 6] The Jacobian of a Cremona transformation is 
composed of fundamental curves, and every point on a fundamental 
curve lies on the Jacobian. 

We shall have to sharpen this theorem somewhat when there 
are infinitely close fundamental points, and multiply counting 
fundamental curves. 

Lemma. If the curves of a linear system do not have a com¬ 
mon tangent at a base point, it is an ordinary singularity for the 
general curve that has a singularity there. 

We see, in fact, that the condition for any singularity other 
than ordinary is quadratic, unless all the curves have a common 
tangent. 

Theorem 7] If the fundamental points of a Cremona trans¬ 
formation be all distinct, they are ordinary singular or non-singular 
points for the general homaloid. 

Suppose that such a singular point is 0 3 of order r v Our 
homaloids may be written 

p'x\ = x\- r ^{x 1 ,x 2 ,x 3 )+.... 

The three polynomials d l have no common factor not a con¬ 
stant, for if they did so, all homaloids would be tangent at that 
point, or we should have clustering fundamental points. If we 
put x 3 — 1, x 2 = Ax 1 and divide out x r p, we get 

p'x i = A)+*!«!». 

If we allow x 1 to approach 0, then (a;') will approach a definite 
limiting position on the rational fundamental curve 

p'x i = 0p(I,A). 

Theorem 8] A fundamental curve at a finite distance from all 
others will correspond to a rational fundamental curve whose order 
is the multiplicity of the point. 

The second of our equations (2) gives the sum of the orders 
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of file fundamental points, and we see that this is the order of 
the Jacobian. 

Theorem 9] If the fundamental points be all distinct, the order 
of each will be the order of the corresponding fundamental curve, 
which will appear but once as a factor of the Jacobian. 

It is to be noted that this method breaks down when we 
have clustering singular points, except for the leader of a cluster. 
Consider the quadratic transformation 

p — Xj p — X^2 p Xj — XgXg. 


The point 0 3 in it is certainly fundamental. But if we put 
* 3 = 1 , x 2 = Xx 1 and divide by x v we get, when x x = 0 , 

x' 1 = 0 *o = 0 *3 = A, 


which looks as though this fundamental point corresponded to 
a single point. To get the real facts we write the inverse trans¬ 
formation px 2 — x' 2 2 px 3 = x[x' 3 . 

We see that the line x 2 = 0 corresponds to 0 3 . The Jacobian is 


*1 

2x' 2 

0 


0 

0 


= 2x[x 


'2 
2 > 


so that the fundamental line mentioned appears twice as a 
factor. 


§ 2. Nother’s factorization theorem 

In theorem 11] of Ch. II of the present book we found that all 
infinite linear systems of rational curves could be reduced by 
a factorable Cremona transformation to one of a small number 
of types. When we limit ourselves to a two-parameter net of 
rational curves, we see that the only irreducible type is that 
of all straight lines of a plane. If, therefore, we have a Cremona 
transformation T, and if $ be the factorable Cremona trans¬ 
formation that carries its homaloids into the totality of lines, 
then the transformation T8~ x carries lines into lines and is a 
oofiineation C, or j, _ 

which shows that T is factorable. We thus get the magnificent 
X 9 sul$ known as 
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Mother’s Factorization Theorem 10 ] Every Cremona Irani’ 
formation can be factored into a product of collineations and 
standard quadratic transformations * 

The history of this theorem is curious. It stood unchallenged 
for some thirty years till Segre 8 showed that the usual proof 
was invalid for certain arrangements of the fundamental points 
It is said that Nother shed tears when he heard of this. There 
was no need to do so. A valid proof was presently found by 
Oastelnuovo 7 using a De Jonquieres transformation. One of the 
best proofs is Alexander, q.v. 

Suppose that we have two successive Cremona transforma¬ 
tions : tiii \ 

p x r — fpfx^ x 2 , x 3 ) 

a X t — d l (x^,X2,X 3 ) 

— Ofdit ^a> ^3) 

o(% l,Xj, d{x ^,X 2 ,xf ) d(x l t x 2 ,x f) 
d(x 3 ,x 3 ,x 3 ) d{x^,x 2 ,xf) d{x^,x 2 ,xf) 

The Jacobian of the product is made up of the Jacobians of 
the two factors unless a part of the Jacobian of the first factor 
is fundamental for the inverse of the second. 

Theorem 11] The fundamental curves of a Cremona trans¬ 
formation are composed' of the transforms of the fundamental lines 
of the factor quadratic transformations except in so far as a point 
which is fundamental for one factor is also fundamental for the 
inverse of the product of the preceding factors. 

Theorem 12] The irreducible fundamental curves of a Cremona 
transformation are rational curves, each determined by a normal 
base. 

In the quadratic transformation which we considered on 
page 446 there are but two distinct fundamental points, with 
a third nestling close to one. The fundamental curves of the 
inverse transformation were two lines, of which one was counted 
twice in the Jacobian. Here is another illustrative example: 

p'x[ = x 1 (x 1 —x 2 )x s 

P x 2 — X 2 (x^ ^ 2)^3 

p'x’ 3 = *'»( 1 , l^(x v x 2 )x 9 -^(l, 1)4> 3 (x v x 2 ). 

* N6thei», p. 167. 


( 5 ) 
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The homaloids are eubies with a node at O s and four simple 
fixed points, namely, {1, 1, 1) and the intersections of 

#3 = 0 x 2 ) = 0 . 

The inverse transformation is 

px 1 = [^(i. l)4’ 2 (x' 1> x' <2 )—x' 3 {x' l -x' 2 )]x' l 

px 2 = [<f> 3 ( 1,1 )<p*(x' 1 ,x' 2 )—x' 3 (x' 1 —x' 2 )]x: i (6) 

px 3 =l(l 2 (l,l)<f> 3 (x' 1 ,x' 2 ). 

The homaloids are cubics with a node at O s and a fixed 
tangent there, i.e. an infinitely near simple base point. If we 
form the Jacobian of the inverse transformation (5) it will be 
found to contain the factors (a^— x 2 ) 2 x 3 , which correspond to 0 3 . 
We may say that the double point corresponds to the reducible 
conic (x 1 —x 2 )x 3 = 0, and the infinitely near single point to the 
line x 1 —x 2 — 0. We shall develop this idea in more detail 
presently. 

§ 3- Applications of the factorization theorem 

If a point P be fundamental of order r { and at a finite distance 
from all other fundamental points, or else the leader of a cluster, 
then a line through it meets a general homaloid n—r { times in 
variable points. Corresponding thereto we shall have the same 
number of variable intersections of a general line with so much 
of a reducible homaloid as does not correspond to the point P t . 
This shows that the corresponding fundamental curve is of order 
r t . A curve of order v with the multiplicity at P* will have 
nv—r^i variable intersections with a general homaloid, and so 
will transform into a curve that is reducible and contains the 
curve of order r i as a factor « f times. 

When the fundamental point P is included in the interior or 
end of a train we cannot, unfortunately, proceed so simply; the 
facts are, however, the same, as we shall proceed to show 
indirectly. 

Consider two Cremona transformations S and T which come 
in that order. What of the product TS ? What are the funda¬ 
mental points ? They are, I) fundamental points of S which are 
not carried into curves which are fundamental for T, II) the 
S' 1 transforms of those of T which are not fundamental for S~\ 
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The fundamental curves are, I) those of S which are not carried 
into points fundamental for T, and II) the S- 1 transforms of 
those of T which are not fundamental for S -1 . Suppose, now, 
that 8 is a Cremona transformation which has the property 
that an irreducible fundamental curve of any order, say v, with 
any permissible multiplicities s lt s 2 ,... at the fundamental points, 
goes into a curve which is reducible, containing the fundamental 
curve of S~ x which corresponds to P exactly s t times for P i . 
Let T be a standard quadratic transformation. Consider T8. 
If we take a fundamental point of TS of type I), our funda¬ 
mental point considered as a point of our given curve is carried 
by T8 into the T transform of a certain curve counted times. 
If it be a point of type II) looked on as a point of our given 
curve it will go into times the corresponding line of the quad¬ 
ratic transformation T. Hence T8 has the property assumed 
for 8. 

Theorem 13] If a curve have any set of permissible multi¬ 
plicities at the fundamental points of a Cremona transformation, 
it will be carried into a reducible curve which contains each funda¬ 
mental curve of the other plane a number of times equal to the sum 
of the multiplicities of the corresponding fundamental points. 

Suppose that S is a transformation which has the property 
that each factor of the Jacobian appears to a degree equal to 
the sum of the multiplicities of the infinitely near fundamental 
points of the inverse transformation that correspond thereto. 
We wish to show that the same applies to TS. To be general, 
let us assume that each of the fundamental points of T is 
fundamental for S' 1 . Then 8 may be written 

ajj = Ipf) 2$3 #2 = = (^) 

and, since T is a standard quadratic transformation, we 
write TS 

X\ — *A a 'As X 2 = hh'I'l X 3 = 

If we have three curves of the same order xftv X^ 2 > we 
by a skilful use of Euler’s theorem, or the geometrical property 
of the Jacobian, 

c(x<f>v X<f>Z’ \4>s) = Iy \3 

S(x v Xg, *3) ‘K a 'l>*2» a: s) 

ST81 


Cl 0 
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Hence, since == x'jXf k , we have 

to a a _ 8 (x , 2 %' 3 ,x' 2 x'i,x\x' 2 ) 

' 1 2 3> d(x v x t ,x 3 ) 8(x 1 ,x 3 ,x 3 ) 


8{x' 2 x 3 , x 3 x\,x\x'f) _ 0 

-—-—-- - & 

&(%l* X %> *^ 3 ) 

Now < = WAp 

•>3-*3 


8(X 1 ,Xq,X 3 ) 030303 

8(x v x t ,x a ) 1 2 ° 3 


l 8x. 


8Xy 


e\ 


djx'^x^x'z) 

8(x 3 ,x 3 ,x 3 ) 


8(xi-,x’ 2 ,x ' 3 ) 

8(Xi,x 3 ,x 3 ) 






8(x 1 ,x 2 ,x 3 ) 

8(x 1 ,x 2 ,x 3 ) 


2 <Ai</'2 1 Aa 


e. e h-j,^ 

1 8x 1 ri 8x. 


The determinant factor here is the same as in 


(8) 


0(xj,x' 2 ,x' a ) 

8(x 1 ,x 2 ,x 3 ) 

It gives the fundamental curves which do not correspond to 
O v 0 3 ,0 3 as fimdamental points of S- 1 . The orders of the multi¬ 
plicity of such fundamental points will not be altered. Hence, 
if the order of each factor of the determinant be the sum of the 
orders of the infinitely close fundamental points which corre¬ 
spond thereto for S, it will also be so for TS. The new factors 
tff v tfi 3 , tf> 3 correspond to 0 V 0 t , 0 3 . But these three points are 
either at a finite distance from other fundamental points or are 
leaders of trains of clustering points, and we have seen that 
their orders are those of the corresponding curves. 

Theorem 14] Each fundamental point of a Cremona trans¬ 
formation will correspond to a fundamental curve whose order Hi 
the multiplicity of the point, and each factor of a fundamental 
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curve win appear to a total multiplicity which is the sum of its 
multiplicities for the infinitely near fundamental points corre¬ 
sponding. 

We get at once from 13] and 14] 

Theorem 16] If a Cremona transformation of order n be given 
with fundamental points P v P 2> ... of orders r v r 2 ,..., then, if a 
curve of order x 0 have at these points the multiplicities s v s 2 ,..., the 
non-fundamental part of the transformed curve will have the order 

Wt 0 — r i 8 l— r 2«2— • 

Let P be an isolated fundamental point or the leader of a 
train, its coordinates being ( y). We have 

Hence, in n' every curve which corresponds to (y) or a point 
infinitely near is a factor of if/’. 

Suppose that the transformation <S has clustering singular 
points P i5 Py,... following in that order, and that the funda¬ 
mental curve corresponding to each P includes as a part of it¬ 
self all factors corresponding to subsequent P’s. Consider S -1 T 
where T is a standard quadratic transformation. A T transform 
of a fundamental point whose corresponding curves have this 
clustering property will give a new fundamental point whose 
curves have the property, a fundamental point of T that is also 
fundamental for S~ X T will either be distinct from other funda¬ 
mental points or the leader of a train. 

Theorem 16] If a Cremona transformation have a cluster of 
following infinitely near singular points, the fundamental curve 
corresponding to any point c includes in itself those which corre¬ 
spond to all infinitely near following points. 

Let Pi be an isolated fundamental point, or the leader of a 
train, its multiplicity while it has the multiplicity a ( j for 
a curve of order r\ which corresponds to the point Pf of the 
other plane. Let the curve of order r { which corresponds to P f 
in n r' have the multiplicity at Pf. A homaloid which includes 
the curve of order rj and which comes from a line through Pf 
will have a variable part of order n—rj with a multiplicity 
r t —oiff at P { . It will meet a variable line through P in 
n—ri—r'j+aij variable points, and these will correspond to 
jt—rj—r.-j-a]. variable points in n where a line through P meets 

o st 2 
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the non-fundamental part of a homaloid corresponding to a line 
through P. Hence a {j = a' H . 

Let 8 be a transformation that has the property that the 
order of a fundamental point for a fundamental curve is the 
• same as the order of the point that corresponds to the curve, 
for the curve that corresponds to the point. This is certainly 
the case for a transformation with distinct fundamental points 
such as a standard quadratic one. Consider the transformation 
S~ Y T. The T transforms of the fundamental points of 8~ x which 
are fundamental for <S -i T will retain the property mentioned 
above, the fundamental points of T are either distinct from 
other fundamental points, or leaders of trains. 

Theorem 17] The multiplicity of the fundamental point P i for 
the curve corresponding to the fundamental point Pj is equal to the 
multiplicity of Pj for the curve corresponding to P { . 

Suppose that we have a transformation of order n, and that 
a certain curve of order N has multiplicities Sj, s 2 ,... at the funda¬ 
mental points of orders r v r 2 ,..., and t v t 2 ,... at other points. Let 
the corresponding curve be of order N', its multiplicities at the 
fundamental points r\, r' 2 ,..., and at other points t\,t' 2 ,.... Since 
the two systems of points have the same superabundance for 
the two curves, we have 

tf(tf+3)—2« t (*i+l)— 2 «*(«<+!) 

= n'(n'+z)- 24M+i)- 2 1). 

The two curves have the same genus, so that 

’ N(N- 3)- 2 «<(*-!)- 2 m- 1) 

=2 m-n 

We get, hence, 

3 N- 2 2 h = 3 N'- 2 2 t'i, (9) 

^ 2 - 2 4-14=N'*- 2 < 2 - 2 C (io) 

We shall presently prove that the number of fundamental 
points is the same in both systems, so that 21 = 21- 

3(y—3)—2(*i—1)—2(*i-i) 

= 3(^-3)- 2W-1)- 2«-i). 

{N-zy- 2 («i-i) 2 - 2 (<<-i) a 

= (N'~ 3) 2 - 2 W-1) 2 - 2 «-!)•■ 
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This suggests that a special adjoint is carried into a special 
adjoint. We saw in the second section of Ch. II that under 
a standard quadratic transformation the special adjoint system 
of any index goes into a special adjoint system of the same 
index, if fundamental curves be counted properly. But we 
learned in ^Other’s factorization theorem of the present chapter 
that all Cremona transformations are factorable. This gives 
Theorem 18] A Cremona transformation will carry the special 
adjoint system, of any index of a curve into the special adjoint 
system of the same index of the corresponding curve, if funda¬ 
mental curves be counted with the correct multiplicity. The pure 
adjoint system will also go into the pure adjoint system when the 
genus exceeds 1. 

Returning to equations (9) and (10), we get 
Montesano’s Theorem 19] If a Cremona transformation carry 
a curve of order N with multiplicities s v s 2 ,... at the fundamental 
points and t v t 2 ,... elsewhere into a curve of order N' with multi¬ 
plicities s’^s’j,... at the fundamental points and t' v t' 2 ,... elsewhere, 

then* 3N _ ^ 5 ._ 2t i = 3 N'- 2 s'- 2 K, (9) 

= (io) 

§ 4. The identities of Clebschf 

We have encountered a number of important integers in our 
theory of Cremona transformations; it is important to establish 
a series of identical relations connecting them. The theorem of 
Montesano just established gave us a good start. We found at 
the beginning of the chapter 

2r? = % 2 -l 2 r i = 3(«—1). (2) 

i t 

Applying Montesano’s relations (9), (10) and (2) to a fundamental 
curve which comes by successive transformations from a straight 
line determined by two fundamental points, we have 


2o^ = 3rj—1 

i 

2 = 3r t —1, 

(11) 

24 = rj 2 +l 
i 

I4 = r%+ 1 . 

1 

(12) 


* Montesano 1 , p. 365. 


•f Cf. Clebsch’, also Hudson, ch. 2. 
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Since a fundamental curve meets a homaloid only at funda¬ 
mental points, . v > 

2 2 *)“« = (13) 

i ^ 

Two different fundamental curves can meet only at funda¬ 
mental points: 


2 «i,«tfc = r X 2 “*i“ih = *•/*• (14) 

We get from (11) and (2) 

3 2r-2l = 2“,i 21*8(»-1)-2« W 

3 2r;-2i' = 2«o 2i' = 9(»-i)-2<^ 

i w ij 

2i = 2i'. 

Theorem 20] A Cremona transformation and its inverse have 
the same number of fundamental points. 

Let us next look at the determinant 


“ll “l2 • 

• • “in 

“21 • • 

. . . 

“nl • • 

• • «nn 


A. 


(15) 


Squaring and comparing with (12) and (14), we get 


ri 2 +l 

r 2 r l ■ 

• r n*l 


r| + l 

■ 

• ■ »V* 

r'A 

ri 2 +l . 


= 

Vi 

*-1+1. 

■ ■ ¥« 



■ C+1 


Vi 

V: 2 • 

• •*•»+! 


= A 2 . 


Expanding in terms of the l’s in the principal diagonal, 
l«_pi»-i ^ = A 2 . 

The coefficients of lower powers will come from determinants like 


r\ nr 2 . . 

Vi ■ ■ ■ 

• *V, 

Vi ■ ■ • 

. . r 2 


= 0 . 


n* = A 2 

A = ±n. (16) 

We shall next proceed to arrange our determinant in a very 
Bpecial order. We remember that the only conditions imposed 
upon a homaloid are that it should have certain multiplicities 
at certain fundamental points. If we group together all of the 
fundamental points of one order, they must appear symmetri- 
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caJly with regard to the various fundamental curves. Let the 
first rows of (15) correspond to the complete set of fundamental 
points P i of one first multiplicity, the second set to points of 
a second multiplicity, and so on. In the same way, the first set 
of columns shall correspond to points P' of one multiplicity, 
the second set to points of a second, and so on. We thus divide 
the matrix into rectangles, all the rows in one rectangle corre¬ 
sponding to points P x of one multiplicity, all the columns to 
points P'j of one multiplicity. In such a rectangle, if a set of 
numbers at i} appear in one row, they will appear in every other, 
and every possible permutation of them will appear. A similar 
result will hold for the columns. Let the width of such a rect¬ 
angle be k, and its depth k'. Let there be it different permuta¬ 
tions of the numbers in one row, it' permutations of the numbers 
in one column >77 k^n'. 

Now the number of permutations of a set of objects is greater 
than the number of objects, except in two cases, A) all are alike, 
B) one is different from the others. If all of the cq/s were alike 
in one row of a rectangle, they would be all alike in every other 
row, and the columns would all be alike, i.e. all the a y ’s in the 
rectangle would be alike. But if all rectangles were of this sort, 
the value of the determinant would be 0 and not Hence 
A) cannot occur in each rectangle. If all the a t;f ’s but one were 
alike in a row, the same would be true of a column; we should have 
k' ^ 7r = k k^-n' = k' tt — tt', 

which means that the rectangle is a square. 

It is important to notice next that two such squares could 
not share a row or a column, as some of the fundamental points 
of a given order would appear asymmetrically to others of that 
order; hence we can place such squares so that their principal 
din.gnnn. 1 s fall on the principal diagonal of the determinant. 
Also we can fill the whole principal diagonal this way, as other¬ 
wise two rows would be alike. We thus get 

Clebsch’s Cremona Transformation Theorem 21 ] In a Cre¬ 
mona transformation and its inverse, the groups of fundamental 
points of like multiplicity are of the same size in pairs. 

Two equivalent groups of this sort in the two transformations 
are defined as ‘concordant’. We may also speak of a group of 
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points and of fundamental curves as concordant. Suppose that 
all of the acf/s but one in a row or column have the same value 
r and the odd one has the value r'. The other rectangles which 
share rows with this first square must be of the other kind where 
all members are alike, hence, if we take two rows, not only in 
the rectangle but right across the determinant, they differ only 
in this, that in two places one has multiplicity r, and the other 
the multiplicity r', and the number of intersections is rr' instead 
of r s and r' 2 , as would be the case if they had the same multi¬ 
plicities everywhere. Consider the total number of intersections 
of the curves of order r k which correspond to these two rows: 

r'k — 2 = 1 °&-r 2 -r' 2 + 2rr'. 

But 2 <Ak = r ’k+ l 

V-r)*= 1. (17) 

Theorem 22] If a group of fundamental points be coordinated 
to a group of fundamental curves, then at each of these points each 
of the curves has the same multiplicity except that at each point 
one different curve has a multiplicity one more or one less than 
the others.* 

This can be pushed a bit further. Let Q v Q 2 be any two 
fundamental points of a group. We may coordinate with Q’ t 
in the other plane, and Q 2 with Q' 2 in the sense that the curve 
of order r' k which corresponds to Q\ has multiplicity r' at Q k and 
r at Q%> while the curve of order r' k corresponding to Q 2 has 
multiplicity r at Q x and r' at Q 2 . The two curves will have the 
same multiplicity at the other fundamental points. 

Let us next take a curve in the plane rr which has multiplicity 
at Q k and s 2 at Q 2 . These numbers are the same as the 
numbers of non-fundamental intersections of the transformed 
curve of order v in rr' with the curves of order r k corresponding 
to and Q 2 . In one case there will be r's[ intersections at Q' u 
r #2 at Q' 2 and N others; in the other case rs{ at Q\, r's 2 at Q 2 
and N others: ^ = v 'r k -r'8\-r8' 2 -N 

« 2 = v'r k —rs\—r's' 2 —N 
= (r-r'M-s't). 

Either = s 2 —s 2 , or = « a +« 2 . 

* Bertini*, p. 445. The details of the proof are ascribed to Bianchi. 
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Theorem 23] If two coordinated groups of points P v P 2) ... and 
P[ , P' % ,... be given, and if any two points of the first group be given , 
each may be coupled with one of two points in the coordinated group 
in such a way that either the sum or the difference of the multipli¬ 
cities of any two corresponding curves at one couple of points is 
equal to the corresponding sum or difference for the other couple.* 

Consider a curve of order r' k corresponding to the point P k . 
We are to compare its multiplicities a lk and a. jk at the funda¬ 
mental points P i and P i of multiplicities r i and r i respectively. 
Let us assume that r i > r^ Suppose, also, that oc ik < oc jk , i.e. 
since we are dealing with integers, ^ a 3fc +l. Let us see 
whether we can find a curve of order r' k with multiplicity 1 
at P, and oc Jk — 1 at P r The increase in the number of conditions 
imposed on this curve as compared with the fundamental curve 
of order r' k given by a complete base is 

1 )( ot ifc~h^) _ a ik( ac ik~^' I ^jki^jk ^^^ 

2 2 " T " 2 2 

= ««+!— oc Jk $T ; 0. 

We are not, therefore, imposing too many conditions on the 
supposed curve. It will be transformed into a curve whose 
order, by 15], is 

nr’ k - 2 cx lk r l -r i +r j = -r i A-r i < 0. 

This absurd result leads to 

Theorem 24] If two fundamental points be of different orders, 
that of higher order cannot have a lower multiplicity for any 
fundamental curve. 

It is to be noted that this theorem holds even when the lower 
multiplicity is 0. A number of interesting corollaries follow 
immediately. 

Theorem 25] If a fundamental curve contain a fundamental 
point of any order, it contains all those of higher orders. 

Theorem 26] If two fundamental curves pass through the same 
fundamental point, that of lower order cannot have higher multi¬ 
plicity there. 

We could not have a fundamental point which lay on no 
fundamental curve, for there would correspond a fundamental 

* Montesano 1 , p. 365. 
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curve through no fundamental point, but a fundamental curve 
meets a homaloid nowhere else. A Cremona transformation 
where all of the fundamental points are of the same order is called 
a ‘symmetric’ Cremona transformation. We shall determine in 
the next chapter what symmetric transformations actually exist. 

Theorem 27] In an unsymmetric Cremona transformation, 
every fundamental curve of highest order goes through every funda¬ 
mental point of order above the lowest, and through at least one of 
the latter points. 

Suppose that some fundamental curve, not of the lowest 
order, goes through a point of the lowest order, some other 
curve of this order goes through each point of lowest order. 
Hence, by 26], we get 

Theorem 28] If in an unsymmetric Cremona transformation 
a fundamental curve not of lowest order pass through any point of 
lowest order, then every fundamental curve of higher order goes 
through every fundamental point. 

We saw in the reasoning that led up to 10] of Ch. II of this 
book that, since a homaloidal net can be carried over into the 
system of all coplanar lines, the sum of the three highest orders 
for fundamental points must exceed n. 

Theorem 29] The sum of the three highest orders of the funda¬ 
mental points, or three highest orders of the fundamental curves, of 
a Cremona transformation exceeds the order of the transformation. 

Suppose that one fundamental curve is a straight line. It will 
pass through a fundamental point of highest order, and at least 
one fundamental point of the same or next highest order. It 
could not contain any third fundamental point, for it would 
have to contain the third highest then, and the sum of the 
multiplicities of the three highest would, by 29], give too many 
intersections with a homaloid. On the other hand it could not 
meet a homaloid in any non-fundamental point. 

Theorem 30] If in a Cremona transformation a straight line 
be fundamental, it will connect a point of highest multiplicity with 
one of next highest-, the sum of these two multiplicities will be the 
order of the transformation. 

Theorem 31] Unless there be turn or more fundamental points 
of Order n/2, if there be any fundamental straight lines, they all 
radiate from one point of highest multiplicity. 
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Chaj>. VI 


§ 4. Transformations in one plane 

We have so far treated the planes n and n as if they were 
totally distinct. For some purposes it is more interesting to 
look upon a Cremona transformation as a means of carrying 
a plane into itself. Here certain new questions arise. 

Let S* 1 be a Cremona transformation, and T a standard 
quadratic transformation. The fundamental points of S- 1 !'- 1 
are those of T, and the T transforms of those of S~ x , and these 
are usually different from those of S which are fundamental 
for TS. 

Theorem 32] A Cremona transformation and its inverse have 
not, usually, the same fundamental points. 

Let us look for fixed points in a Cremona transformation. 
The coordinates of such a point will satisfy three equations of 

the form x^x^x^xj-x;4>i(x x ,x 2 ,x 3 ) = 0. 

It is better to replace these equations by some others obtained 
by a simple geometrical device. Take a fixed point (f). If the 
corresponding points (x) and (x') be collinear with this, we have 


£i £2 £3 

x x x 2 x 3 

1 4s 


= 0. 


(18) 


Such a locus of points (x) is called an ‘isologue’.* There will 
correspond thereto the second isologue: 


£i £2 £3 

x'l x'n %3 

4>\ ^2 ^3 


= 0. 


(19) 


The point (£) is called the centre. It always lies on the curve. 
If the three expressions be not linearly dependent 

with oonstant coefficients, the transformation is called ‘non- 
isologous’, otherwise ‘isologous’; corresponding points are col¬ 
linear with a fixed point. 

Theorem 33] In a non-isologous Cremona transformation, the 
isologues form a Laguerre net of order one greater than the order 
of the transformation, each passing through the fundamental points 
and the fixed points of the transformation. 

* Ct.De Jonquiirea'. 
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Our equation (18) is immediately transformed into 

Ift ft («£)| 


If 


Xi Xj (ux) = 0. 
fa fa (ufa 

) = {«*) = o, 
(ft®*—ft*i)(“£) = 0. 
ft = P*£> 


If (ufa ^ 0, 

or (x) is identical with the centre. On the other hand, the 
intersections of (l|x) = 0 = 0 


are independent of (|). 

Theorem 34] // a point trace a straight line, the corresponding 
pencil of isologues will have no other variable intersections with 
that line. 

T hi s we saw previously when discussing the Laguerre net. 

We see from (18) that at an isolated fundamental point, or 
one that is the leader of a train of infinitely near fundamental 
points, an isologue has the multiplicity of a homaloid. More 
generally, if 0 3 be a fundamental point, the general homaloid 

(ufa = 0 


and the isologue x 3 (£ 2 fa) = 0 

will have the same multiplicity at 0 3 and for all clustering 
singularities. The general isologue and the general homaloid 
will not have more intersections at the clustering singularities 
than this particular isologue and the general homaloid; on the 
other hand they will not have less, for these two have the 
number that occurs in the general case where the fundamental 
points do not cluster. This gives 

Theorem 35] The general isologue behaves at a fundamental 
point as does the general homaloid. 

If we take two general isologues, we have to account for 
(»+l) a intersections. Of these, 2 r i — n 2 —l go to the funda¬ 
mental points, and n are on the line connecting the centres. 
There remain n+2 each of which has the property that its mate 
lira in two different directions, i.e. coincides with the point 
itself. The reasoning is reversible. 
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Theorem 36] In a non-isologous transformation of order n there 
are re-(-2 distinct or coalescing fixed points. When there are more 
the number is infinite, or there is a curve of fixed points. 

Suppose that there is a curve of fixed points. The order can¬ 
not be as high as n-\- 1, for in that case a straight line would 
have that number of intersections with the corresponding homa- 
loid which is of order n. The curve of fixed points will also be 
a part of every isologue. We shall have in fact three equations, 

(*< h-*i <M = h P (** Vi-*] &) = e r k <p, (20) 

so that ifi will appear once as a factor of an isologue. Suppose 
that the curve of fixed points is of order n, the order of the 
transformation. 0 i is linear. Since 

\xx<j>\ ip(dx) = 0, 

(ex) = o 

= a kt K i~~ a )k c y 

The three lines 0 f are concurrent or identical. In the latter case 
they would form a part of ip which would be of order re+1, and 
that, we have seen, is inadmissible. Hence these three lines are 
concurrent. Suppose that they meet in 0 3 , we have 

e i — *12^2 o,, = a j 2^-1 e 3 = o 

"^3 P 2 — ®12^2 Pi ^3pl ^lp3 — ^lp2 1 — 0. 

The transformation is isologous, corresponding points are col- 
linear with 0 3 : 

Pi = x lX( X V 3 '2' 3 's) P 2 = a '2X( a 'l> ar 2> a '3) ^3 — a: sX"l"®12 P- 

The curve x is fundamental of order re — 1. Hence the inverse 
transformation is of the De Jonquieres type with 2(re— 1) simple 
fundamental points. Hence the given transformation is of the 
De Jonquieres type by 31]. A line through 0 3 is self-correspond¬ 
ing, and so forms a part of the corresponding homaloid, which 
can meet the general homaloid but once away from O s . It 
appears that is a curve of order re with multiplicity re—2 or 
re— 1 at 0 3 . 

If ip have multiplicity re—1 at 0 3 , so has the fundamental 
curve x , for Pa has the multiplicity re—1. The fundamental curve 
X co nsis ts in »—1 lines running from 0 3 to as many simple 
f undame ntal points. But this disagrees with (12) except in the 
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case where n — 2. In all other case*, ifi must hare multiplicity 
n—2 at 0*. 

Theorem 37] If a Cremona transformation have a curve of 

fixed points of the same order as the transformation, it is an iso- 

logons De Jonquieres transformation. If (he order exceed 2, the 

curve of fixed points has, at the singular fundamental point, a 

multiplicity two less than the order of the transformation. 

Suppose, conversely, we have an isologous transformation, 

corresponding points being collinear with 0 3 . We have, first 

of all, , . 

yi — x iX 92 = X 2X- 

All lines through 0 3 are self-corresponding. Since they meet 
other lines but once, they meet homaloids but once, and so we 
have multiplicity n— 1 at 0 3 for all homaloids, and the trans¬ 
formation is of the De Jonquieres type. It appears that if a 
point lie on the curve ■ A 

& = P x o 

so that this is a curve of fixed points. 

Theorem 38] In an isologous transformation there is a curve 
of fixed points whose order is the order of the transformation. 

A very good example of the isologous transformation is the 
ordinary circular inversion 

x\ = XjX a x' 2 = x 2 x 3 x' a = xj+xl+z$—zl. 

The curve of fixed points 

x\+x\-x\ = 0 

has multiplicity 0 at 0 3 . When n = 2 we can have a curve of 
the second order with multiplicity n—1 = 1 at the point of 
concurrence: 

= XgX 3 tf> 3 = XpE^^X^. 

The homaloids are conics which osculate one another. All 
points of the conic xl—x x x 3 = 0 are self-corresponding. 

Let us return to the non-isologous case, writing, as before, 

x i4>)— x j<f>i = e k'l l • (20) 

Let us assume that the transformation and its inverse have 
different fundamental points. Let tji have the order v and the 
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multiplicity s { at P { and at Pj. As it must intersect a general 
homaloid as often as it intersects a straight line, we have 

Zw^nv-v, (21) 

1 

2 = nv—v. ( 22 ) 

i 

Let us look next for the intersections with the curve of order 
r i which corresponds to P { . If the self-corresponding curve go 
through P t , then the curve which corresponds to P i also goes 
through there, and has but a simple point, since it has the 
maximum number of singularities elsewhere. Hence we get 

2 r i j s j = vri—Si, (23) 

3 

Zr ij s i = vr' J -8’ j . (24) 

i 

To find isolated self-corresponding points we proceed as be¬ 
fore, when we assumed there were no self-corresponding points, 
namely, we find the intersections of two isologues. The number 
will then be 

(n+1—v) 2 -— 2 (r t —«i) 2 -(n-v) 

1 

= (n+1—v) 2 —( n 2 —l)-j-2(nv—v)— 2 — ( n — v ) 

= »+(v—1)(„—2)—2«? 

= n+(v-l)(v-2)-Zs?. 

Theorem 39] If a non-isologous Cremona transformation of 
order n have different fundamental points from its inverse, and 
a curve of fixed points of order v with multiplicities s { and s'j at 
the fundamental points P i and Pf, then the number of isolated 
fixed points is 

»+(v— l)(v— 2)— 2«? = «+(r— l)(v—2)- 2«?, 

z*?=i -;*• (25) 

It is conceivable that in some cases the isolated points might 
lie on the curve of self-corresponding points. 

If a transformation be involutory, each corresponding pair of 
points are coupled both in the transformation and its inverse, 
which is the same thing. In other cases there will, perhaps, be 
a fini te number of pairs of points which correspond in both the 
transformation and its inverse, or a curve of such points. If 
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a pair of points correspond in a non-involutory transformation 
and its inverse they are fixed points in the square of the trans¬ 
formation. Conversely, if a point be fixed for the square of 
a given non-involutory transformation, it is either fixed for the 
transformation, or has the same mate in the transformation and 
its inverse. 

The square of a Cremona transformation of order n is, usually, 
of order n 2 . The number of invariant points is 77 a + 2, of which 
n+2 are fixed for the transformation. 

Theorem 40] A non-isologaua Cremona transformation of order 
n which has no curve of fixed points has, in general, n(n —1) pairs 
of points which correspond to one another in the transformation 
and in its inverse. When there are more than this, there is a curve 
of such points, or else the transformation is involutory. 

Let us rewrite the equations of our specimen isologues 

\(jx<f>\ — o \£%'<f>' I = o. 

The tangents at the centre have the equations 

= 0 \x'W(£)\=0. 

Theorem 41] The tangent to an isologue at its centre is the line 
thence to the mate of that centre in the given transformation.* 

There are one or two other curves associated with a Cremona 
transformation which are worth short consideration. If the two 


mates of (a;) in the transformation and its inverse be collinear 
with (a, we have |^'| = 0. (26) 


This is sometimes called the M curve of (£). It is of order 2n, 
when there is no curve of self-corresponding points. A curve of 
self-corresponding points will form a part of every M curve. It 
is not clear whether it should be counted multiply or not. That 
doubt can be removed as follows. Let P be a general point of 
It will correspond to a single point on x { , and so to a single 
point on <f>' = 0. The line from the latter to (£) will meet <f> { = 0 
in n points P'. Conversely, when P' is given, the line thence 
to (£) meets f = 0 in n points, each of which corresponds to 
a point of x t = 0 , and so to a point P of = 0. We have, thus, 
on our rational curve <f> t an n-to-n correspondence with 271 
coincidences. They correspond to the points on = 0 whose 


1 Cf. Guooia*. 
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two mates are collinear with (£), i.e. to the intersections of 

=* 0 with this ilf-curve, and to the intersections with the 
curve of self-corresponding points, and these need not count 
multiply by Zeuthen’s rule of Book I, Ch. VIII. The order of 
the curve of self-corresponding points is, thus, 2 n—v. 

Theorem 42] If a non-involutory transformation of order n be 
non-isologous and have different singular points from its inverse, 
but a curve of self-corresponding points of order v, the M-curve of 
a general point has the order 2 n—v with multiplicity r i ~s i at P t 
and r'j—s'j at Pf. 

There is more interest attached to the related JV-curve which is 
the locus of points collinear with their two mates. Its equation is 

\x<jxf>' | = 0 . 

Theorem 43] If a non-isologous transformation of order n have 
different fundamental points from its inverse, its N-curve is the 
locus of 

a) points collinear with their two mates; 

b) points which lie on the corresponding M-curves; 

c) points where a line meets both corresponding homaloids; 

d) points where the two isologues and the M-curve of one same 
point are concurrent; 

e) points whose two isologues are tangent at that point. 

It is clear that our curve of self-corresponding points must 
split off from the iV-curve, but it is not clear how often it counts 
as a factor. Let us return for a moment to the case where there 
iB no self-corresponding curve. The isologues whose centre is 
(^)-)-A(fj) have the equations 

\^x<f>\-\-X\t}X<f>\ = 0 |fx«£'|+A|>?a$'| = 0 

as the centre traces the line from (f) to ( 77 ); these isologues trace 
two projective pencils of curves of order n- j-1; the locus of their 
intersections is found by eliminating A: 


\t;X<j>\. \r)X(f >'| — \r)X<f> |. \fxfi | = 0. 

But this may be greatly simplified by a simple device, for 

€1 £2 U \frt\ 

iji yz y 3 \n x 4>\ 

^2 ^3 

x 1 x % x 3 | xx<f>\ 

— \ix(f>\.\7]X<f>'\ + \rjX^\.\ix<f>'\ =2 — \^rix\.\x<l4'\. 
h h 


= 0 


| xx<f> | = 0, 


3781 
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The locus is the .ST-curve, together with the line from (£) to (■>?). 
If all of the curves of one pencil be reducible with a common 
factor, that factor enters to the first degree into the locus; the 
same will hold for a common factor of the curves of the other 
pencil. Hence <fr will come out at least twice as a factor. But 
this is not all. If a point be coincident with both its mates, it 
is collinear with both, and the locus of such points must be 
a part of the locus remaining, so that </< comes out three times 
as a factor. In certain cases it may come out more often, but 
not in general, as we may see by trying a special case. 

Theorem 44] If a non-isologous Cremona transformation of 
order n have different fundamental points from its inverse, but 
a curve of fixed points of order v with multiplicities «j, s 2 ,... at 
Pi, Pi,- and «j, 8' 2> — P{, Pi,—, the N-curve will be of order 
2n-\-\—Zv with multiplicity r { —3s t at P and multiplicity r'j—Ss'j 

at p;.* 

We return to the self-corresponding points. These fall into 
two categories. In any analytic point-transformation of the 
plane there is a projective relation between corresponding direc¬ 
tions at corresponding points. It might happen at a self- 
corresponding point that there are two distinct or coincident 
self-corresponding directions, in which case the point is said to 
be of the ‘first sort’, or all directions are self-corresponding, in 
which case it is said to be of the ‘second sort’. If 0 3 be self- 
corresponding, we may write our transformation 

A = a%- 1 {a n x 1 +a l2 x z )+... 

X'i = X5" 1 {0 2 i a: i + a 2i! a: 2) + - 

A — *3 + (03lZl + O 32*2) a; 3 _1 +--- • 

This will be of the second sort if 

fljj = a 3 2 Uj2 “ a>21 = fh 

The terms of lowest order in x v x 2 in the equation of the isologue 
of a general point are now 

3^(1 Q'lJitiPi — £ 1 ^ 2 ) + — ■ 

It appears, then, that unless o u = 1 so that all these isologues 
have a singular point there, the isologues of a general point 


* DOhlemann*. 
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touch the line from 0 3 to that point at 0 3 . The reasoning is 
easily found to be reversible. 

Theorem 45] The necessary and sufficient condition that a self- 
corresponding point should be of the second sort is that the isologue 
of a general point should either have a singularity at the self- 
corresponding point, or else touch there the line to the general point. 

We get at once from Book I, Ch. IX, 25], that if two isologues 
touch, the point of contact is on the Jacobian of the net of 
isologues. There will be a pencil of tangent isologues, whose 
centres trace the common tangent, such being the property of 
any Laguerre net, as we saw at the end of Ch. IV. This gives 

Theorem 46] All fixed points of the second sort are on the 
Jacobian of the net of isologues. 

If a point have the same mate in a transformation and its 
inverse, we have ^ = m '\ = 0 , 

the point will, therefore, lie on every if-curve and on the N- 
curve. 

Theorem 47] If a transformation be not involutory nor iso¬ 
logous, and if there be a curve of points which have the same mates 
in this transformation and its inverse, that curve is a part of the 
N-curve, and of every M-curve* 


* Cf. Dohlemann 3 . 
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CHAPTER vn 


TYPES OE CREMONA TRANSFORMATIONS 
§ 1. Types of lowest order 

In the preceding chapter we found a large number of properties 
of the general Cremona transformation, laying great stress on 
the fact that it was factorable, but we did not say much about 
any particular type of Cremona transformation except perhaps 
the standard quadratic and the De Jonquieres. It is our present 
task to discuss special types. But what do we mean by such 
a phrase ? Is the standard quadratic transformation of the same 
‘type’ as an inversion in a circle ? The order is the same, so is 
the number and nature of the fundamental points, so that 
arithmetically the two are alike, geometrically they are in some 
ways quite different, as we know. For the purposes of the 
present chapter, or until further notice, two Cremona trans¬ 
formations are alike if they be of the same order, with the same 
multiplicities for the fundamental points. We seek at present 
for an arithmetical classification. We must have, in the first 
place, numbers n, r v r 2> ... which satisfy the fundamental rela- 

tions z ri = 3(n-l) 2r t 2 = n 2 -l II = r, (1) 

and, secondly, we must show that there actually exist Cremona 
transformations corresponding to these numbers. We shall find 
that this latter existence question will involve some further 
considerations. 

If a Cremona transformation be of order 1, it is clearly a 
collineation. There are no fundamental points. If it be of order 
2, there must be three simple fundamental points; the homa- 
loids must be conics through three distinct points, or through 
two points with a fixed tangent at one, or all osculating at a 
fixed point. All of these types are easy to set up. 

Suppose the order is three. Since the cubics are rational, they 
must have a fixed double point, so that the transformation is 
of the De Jonquieres type. The situation is equally simple when 
we come to quartic transformations. We may either have three 
double fundamental points, or else the De Jonquieres type with 
a triple point and six simple ones. The case becomes a bit more 
complicated when the order is 5. Here, first of all, we may have 
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a De Jonquieres transformation with a fundamental point of 
order 4, and eight simple ones. There could not be a trans¬ 
formation with two triple points, as the homaloids would be 
reducible. If there were one triple point, there would have to 
be three double points to make the homaloids rational, and 
three simple points. If there were no triple point, there would 
have to be six double and no single. 

Next take n — 6. There is the De Jonquieres type with one 
quintuple and ten simple points. If there were a quadruple 
point, there would have to be four doubles to make the homa¬ 
loids rational, and then three simple points. The maximum 
number of permissible triple points would seem to be three. We 
get solutions of our equations by assuming three triple points, 
one double, and four simple. Or if there were but two triple 
points, we should have to assume four double and one simple 
point. If we assumed less than two triple points, we should 
have to assume such a large number of double points to make 
the homaloids rational that the sum of the orders of the funda¬ 
mental points would come too high. 

Take n= 7. There is the De Jonquieres type with a sextuple 
and twelve simple points. If there were a quintuple point, there 
would have to be five double and three simple ones. If there 
were a quadruple point there could not be more than three 
triples; in that case we should have to have five simple points. 
Or we might have a quadruple and two triple points, when three 
double and two simple points would be needed. If there were 
a quadruple and one triple point, we should need six doubles 
to make the homaloids rational, but then the sum of the multi¬ 
plicities would be too great, and the same would be true if we 
had less than four triple points. But we might have four triple 
points and three double ones; five triples would give us aconio 
with fifteen intersections. 

When n — 8, the only transformations with less than nine 
fundamental points are: 

a) Two quadruples, two triples, three doubles, and one simple. 

b) One quadruple, five triples, and two simples. 

c) Seven triples. 

But how do we know that all of these exist % Because we 
know that those of lowest order exist, and those of any order 
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can be obtained from transformations of lower order by means 
of standard quadratic transformations. 


Order.* 

Fundamental 

points. 

Order. 

Fundamental 

points. 

1 

0 

6 

3x 3+2+4x1 

2 

3x1 

6 

2x3+4x2+l 

3 

2+4x1 

7 

6+12X1 

4 

3+6x1 

7 

5+5X2+3X1 

4 

3X2+3X1 

7 

4+3X3+5X1 

5 

4+8x1 

7 

4+2X3+3X2+2X1 

5 

3+3X2+3X1 

7 

4X3+3X2 

5 

6x2 

8 

2X4+2X3+3X2+1 

6 

5+10x1 

8 

4+5x3+2xl 

6 

4+4x 2+3x1 

8 

7X3 

§ 2. Numerical relations 

In order that a set of points P v P 2> ... 

be fundamental for a Cre- 


mona transformation of order n with multiplicities r x > r g > r 3 ... 
it is necessary that 

2 ^ = 3(71-1) = 1 2l = r, (1) 

r i+ r 2+-"+r s <27i r 1 +r 2 +...+r 9 < 3n. (2) 

The last three equations result from the fact that a homaloid 
must not intersect a line, a conic, a cubic, etc., too often. We 
get from theorem 10] of Ch. II 

r i+ r s+ r 3 > n ■ (3) 

Theorem 1] If the multiplicity of no fundamental point exceed 
2, the order of a Cremona transformation cannot exceed 5. 

We have already defined a Cremona transformation as ‘sym¬ 
metric’ when all the fundamental points are of the same order 
of multiplicity. Here we have 

n % — l = rrf 3(n—1) — rr x (4) 

«+l 

3 


* Cremona 1 determined all possible types up to n — 10. Hudson, p. 437, 
giveB up to n = 16. In ‘Topies’, p. 84, it is stated that in 1024 Mlodziejowski 
determined all up to n = 24. This I have not been able to verify. It appears 
about as useful as calculating » up to 707 places of decimals. 
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It appears that 18 must be divisible by n-\- 1 . The possi¬ 
bilities, then, are 


w= 1, r = 0; 71 = 2, r = 3, r 1= 1; n=5, r = 6, r 1 = 2; 

7i = 8, r = 7, fj = 3; ti = 17, r = 8, r x = 6. 

Only one of these is new to us, the last. Let us start with 
the transformation of order 8 and system of multiplicities 
2x 4+2 X 3+3 X 2+1 and take O v 0 3 , 0 3 at points of multi¬ 
plicity 2, 2, and 1. We get a transformation of this sort: 

Order 11, fundamental points 2 x 5+3x4+2x3+2. 

Continuing successively by taking O v 0 2 ,0 3 at the three funda¬ 
mental points of lowest multiplicity, we get the following: 

Order 14, multiplicities 2 X 6+3 X 5+3x4. 

Order 16, multiplicities 5 X 6+3x5. 

Order 17, multiplicities 8x6. 

Theorem 2] The only symmetric Cremona transformations are 
collineations, quadratic transformations, quintic transformations 
with six double points, octavic ones with seven triple points, and 
heptadekadic with eight sextuple points. 

We return to equations (1) and write a familiar identity from 
the theory of determinants* 


2 r l 2 l-(2 U) 2 = (n-l)[(n+l)r-9(»-l)] = * 2 (r -r^. (5) 

a 


The last expression is positive, except when it vanishes for a 
symmetric transformation. 

Theorem 3] A Cremona transformation which is symmetric has 
fewer fundamental points than any other of the same order. 

In the unsymmetric case 


r > 9 


(»-1) 
(7l+l)‘ 


If n 5s 8, r > 7. 

If ti >17, r>8. 

Theorem 4] If the order of a Cremona transformation exceed 
7, there are more than seven fundamental points, if the order 
exceed 18, there are more than eight. 

It is now time to look for an upper limit to the number of 
fundamental points. If we oonsult our table we see that in the 

* Cf. Kowalewski, p. 76. 
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case of a De Jonquieres transformation r = 2 n— 1, in all other 
cases r < w+2. Let us prove that this is always the case. Sup¬ 
pose that we have proved this for every Cremona transforma¬ 
tion, or every homaloidal net whose order does not exceed n. 
Take a transformation of order n which is not of the De Jon¬ 
quieres type and follow it by a standard quadratic transforma¬ 
tion carrying the net into one of higher order: 

n' = n+[n—{r a +rp+r y )]. 

Since n’>n r a + r /3+ r y < n r<»+2. 

If three fundamental points be added, 

r a — rp = r y — 0 r' = r+3 n' = 2 n 
n'+2—r' = n+ 2— r+{n— 3) > 0. 

If two fundamental points be added, 

rp — r r — 0 r’ = r+2 n' — n+(n~r a ) 
n’-\-2—r' — n+2— r+ (n— 2—rj. 

Since the transformation is not De Jonquieres, 
r a <n-2 n’+2-r'^0. 

If one fundamental point be added, 

r y = 0 r' — r -\-1 ri = n-{-{n—r a —rp) 

»'+2— r' = »+2— r-\-n—r a —rp— 1. 

But r a +7-£<7i. 

Hence r a +rp^.n—l ++2— r'^O. 

If no fundamental point be added, 

r' = r n' = n+[n— (r a +r^+r y )J 

n'+2—r’ = n+2—r+[n—{r a +rp+r Y )]. 

Hence n' +2— r' ^ 0. 

Suppose, secondly, the transformation of order n is of the 
De Jonquieres type and the fundamental singular point is not 
included in the set O v 0 2 > 0 3 , but these include 8 simple funda¬ 
mental points, we have 

r' = r+3 —s n' = 2n—8 «(a—l)(s—2)(s—3) = 0 

r' = 2»+2 —a 7t'+2—r' = 0. 
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If, however, we do include the singular fundamental point, we 
must not include any simple fundamental point, otherwise the 
order would not go up, so that 

r' — r+2= 2n+l n' = n+l 


r'-2n'+l = 0. 

Theorem 5] If a Cremona transformation of order n be of the 
De Jonquieres type, the number of fundamental points is 2m—1, 
otherwise the number does not exceed n-f 2.* 

In a De Jonquieres transformation, the highest multiplicity 
for any singular point is n— 1. Suppose that we have a point 
of order m—2. The other fundamental points must be double 
and simple, namely, n—2 double points and three simple ones. 
We have seen that such transformations exist for the lower 
values of n, and it is easy to show that if there exist such a 
transformation of order n— 1, there is one of order n. 

Theorem 6] The only transformations of order n with a funda¬ 
mental point of order n—2 are those which have also n—2 double 
and three simple fundamental points. Such transformations exist 
for all values of n > 2. 

Theorem 7] The highest multiplicity for any fundamental point 
lies in the limits —^ - and n— 1. 

Suppose there are s points of equal highest multiplicity. 
sr 1 ^.2{n— 1) 3r x >m 


^ 9(m-l) 

"" m 


s < 9. 


Theorem 8] There cannot be more than eight points of equal 
highest multiplicity. 

We saw in theorem 4] that if the order of a transformation 
exceed 17, there must be more than eight fundamental points. 
It looks as though the minimum permissible number would go 
up with m, but that is not the case. 

Consider a pencil of cubics with no reducible member. That 
means that no three centres are on a line, and no six are on 
a conic. Let O v 0 2 , 0 3 be three of these. We may construct a 
homaloidal net of quintics with nodes at the other six centres. 

* Cf. Montesano”, p. 26. 
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Transform by a standard quadratic transformation. The net of 
qnintios goes into a net of curves of order 10, with three quin¬ 
tuple points and six double points. The net of cubics goes into 
a net of cubics with no reducible member, hence no three of the 
nine fundamental points lie on a line. Take another standard 
quadratic transformation with three of the double points as 
O v O t , 0 3 . We get a new net of order 14 with nine fundamental 
points, no three of which are collinear, for they are centres of 
a pencil of cubics with no degenerate member. We may keep 
on in this way indefinitely; no three fundamental points will be 
collinear, for no cubic will be factorable, and as the sum of the 
three lowest of nine fundamental points must be less than n, 
the order will be increased. 

Theorem 9] There exist Cremona transformations with orders 
greater than an assigned number, yet with only nine fundamental 
points. 

Suppose that the sum of the three highest multiplicities is 
r l +r i +r 3 =^n+ 1 
* , 3+»4+-+r r = 3(w—1)—(fj-f **) 
r\+'r\+--\-r* = ri t — 1 ~ r l— r \ 
r a {r a +r t +...+r r ) >r\+r\+...+r*. 

The sign of equality holds only when r 3 = r 4 = ... = r T — 1. 
3r s (ra— 1)—Tyg-Va >n*—l — rf— r\ 
r ?+ r i+ 1 — r s( r i+r 2 +3) > n(n— 3r 3 ). 

If we put r i-\-r 2 J rr 3 — 1 = n, 

(r,-l)«-(ri-l)(r 1 -l)>0. 

But r x > r 2 > r 3 . 

Theorem 10] The only transformations where the sum of the 
three highest multiplicities is one more than the order of the trans¬ 
formation are non-linear symmetric transformations and De Jon- 
quizes ones. 

13. Transformations with a curve of fixed points 
We saw in the last chapter that if, in a transformation of order 
n, we have more than n-f-2 fixed points, there is a whole curve 
of Bitch. Suppose there is such a curve of order v which has no 
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singularity at a fundamental point but multiplicity s t there, 
where this number is 1 or 0 . As this will meet a straight line 
and a homaloid in the same number of non-fundamental points, 


we have 


nv = 2 s i r i+ v 


v(n-l) = 2 8 i r i- 


( 6 ) 


But 


3(tt-l) = 2 r i 


Hence 


v<3, 


and the inequality holds only when = 1 in every case. 

Theorem 11] If a transformation have a curve of fixed 'points 
which has no singularity at any fundamental point, the order of 
the curve is not greater than 3, and can only reach this latter number 
when it passes through every fundamental point. 

Definition. If S, T, and S' be three Cremona transformations so 
related that S'=T^ST, then S and S' are Baid to be ‘equivalent’. 

It is clear that T~ x will carry a curve of fixed points for S into 
a curve of fixed points for S'. If a transformation have a curve 
of fixed points which has no special adjoint of any index greater 
than 1, it is equivalent to a Cremona transformation with a line 
of fixed points, say z s = 0. We may write this 

x[ = fej-f 1 / 1^3 x\ = x' 3 = 'j’sPsi 

Xl = % = &* 3 - 

As x 3 must vanish with x 3 , and x 3 with x 3 , and we may assume 
that i^ 3 is not a factor of x[ and x'.,, we must have 

*'3 = Icxl X 3 = lx' 3 n . 


so that n=l. 

Theorem 12] If a Cremona transformation have a curve of fixed 
points which lacks special adjoints of every index, it is equivalent 
to a collineation with a line of fixed points. 

Theorem 13] If a Cremona transformation have a curve of fixed 
points which lacks all special adjoints of index greater Hum 1 , but 
not aU of that index, it is equivalent to a transformation where aU 
points of a cubic are fixed. Such a cubic wiU pass through all the 


fundamental points. . m . 

It is easy to set up such a transformation. Take a cubic 

curve, and a fixed point 0 thereon. A general point P will 
correspond to P’, its harmonic conjugate with regard to the 
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other two intersections of OP with the curve. The transforma¬ 
tion is involutory, the general point of the cubic curve is fixed. 
If the fixed cubic be written 

y 2 =j*(x) 

and we take the end of the Y -axis as 0, the transformation is 

yy' 

Suppose that there is a curve of fixed points of genus greater 
than 1. There will be at least a one-parameter system of special 
ad joints which is carried into itself. Moreover, each curve of 
the system is invariant, for two different special adjoints will 
not cut the same group of the canonical series. If these special 
adjoints be rational curves, we may get a one-parameter set of 
them which, by theorem 11] of Ch. II, can be carried into a 
pencil of lines. But a Cremona transformation with a pencil of 
invariant lines is isologous, and so, by theorems 37] and 38] 
of the last chapter, a De Jonquieres transformation. If the 
special adjoints have genus 1, by theorem 13] of Ch. II they 
may be carried into a set of cubics each invariant. Such an 
invariant cubic must have two invariant points at least, be¬ 
longing to the group it cuts of the canonical series of the curve 
of fixed points. We may assume that the tangent at A meets 
the curve again at A', which is different from B. The g\ with 
AA as a pair will be carried into itself, so that the lines through 
A' are permuted, as are the three points of contact of tangents 
from A' to the curve. Now if the curve be not harmonic or 
equi-harmonic, the only permutation of three lines of a pencil 
which leaves invariant the cross ratio with a fourth is the 
identical transformation. But a projective transformation of 
the lines of a pencil which leaves invariant four members is the 
identical one, so that all lines through A' stay in place, or the 
transformation on this cubic is involutory or identical. If 
the cubic be harmonic or equi-harmonic, it may take the third, 
fourth, or sixth power of the given transformation to leave all 
points of the general cubic in place. But if all points of the 
general cubic of an infinite set lie in place, the transformation 
is the identity. 

If the special adjoints of index 1 be of genus greater than 1, 
there will be an infinite number of special adjoints of index 
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2 , each having at least two fixed intersections with the curve 
of fixed points, but varying from one adjoint to another, for if 
there were but one, the curve of fixed points would be rational, 
contra hypothesem. We may reason on these adjoints of index 2 
as we did on those of index 1 , and so on down. We thus reach 
an admirable theorem due to Castelnuovo: * 

Theorem 14] If, in a Cremona transformation, there be a curve 
of fixed points of genus greater than 1 , the transformation is either 
equivalent to a De Jonquieres transformation, or periodic with 
a period of two, three, four, or six. 

Suppose that a transformation is not involutory, but that 
there is a curve of points which are transformed in an involutory 
manner, and the genus of this is greater than 1. If the special ad¬ 
joints be rational, we may proceed as before; the transformation 
is equivalent to one where the lines of a pencil are transformed in 
an involutory manner. The product of our transformation and 
an involutory projective transformation of the plane will leave 
all lines of a pencil in place and so be a De Jonquieres trans¬ 
formation. On the other hand, if we have a De Jonquieres 
transformation with the singular fundamental point at 0 3 , and 
follow it by an involutory projective transformation of the plane 
that permutes the lines through O z , the result will still be a De 
Jonquieres transformation. If the special adjoints of index 
greater than 1 in which we are interested be not rational, the 
square of our transformation is periodic, unless it be equivalent 
to a De Jonquieres. 

Theorem 15] If a Cremona transformation be not involutory, 
but have a curve of points transformed in an involutory manner 
whose genus exceeds 1 , then either the transformation is equivalent 
to a De Jonquieres transformation, or it is periodic with a period 
two, throe, four, six, eight, or twelve. 

Suppose that a curve of genus greater than 1 is carried into 
itself by a Cremona transformation. Let us assume that the 
ourve is not hyperelliptic. As this cannot be carried into itself 
by an infinite number of birational transformations, by theorem 
8 ] of Book III, Ch. IV, some power of our transformation will 
leave all points of the curve invariant. We may reason as we 
did before in the case of the last theorem. 

* Castelnuovo’, p. 50. 
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Theorem 16] If a curve of genus greater than 1 be carried into 
itself by a Cremona transformation, that transformation is periodic, 
or equivalent to a De Jonquieres transformation. 

§ 4. Involutory transformations 

The most interesting of all Cremona transformations are in¬ 
volutory ones. We see at once that if 

SS = 1 S' = T-'ST, S'S' = 1 . 

Theorem 17] A transformation equivalent to an involutory 
transformation is itself involutory. 

It is immediately evident that we can find a transformation 
equivalent to a given transformation, but of as high order as 
we please. Hence we cannot limit involutory transformations 
as we did symmetric ones. We can, however, prove that they 
are equivalent to transformations of a few well-defined types. 

Let us first look for involutory symmetric transformations. 
We know well that there are involutory collineations, and in¬ 
volutory quadratic transformations, such as circular inversions. 
Moreover, the standard quadratic transformation is involutory. 
Next comes the transformation of the fifth order with six funda¬ 
mental double points. We make an involutory transformation 
of this sort as follows. Let O be the centre of a unit circle, I the 
inversion in that circle, S a standard quadratic transformation 
where O v 0 2 , 0 3 are on the circle. Consider 

S' = SIS. 

It appears that S' being equivalent to I is involutory. A straight 
line will be carried by S into a conic through O v 0 2 , 0 3 , then by 
I into a quartic with a double point at O and at each circular 
point, and passing simply through 0 V 0 2 , 0 3 , and then by S into 
a quintic with double points at 0 V 0 2 ,0 3 , and at the ^-transforms 
of 0 and the circular points. This is symmetric, involutory of 
order 5. 

An involutory transformation of order 8 with seven triple 
paints is called a ‘Geiser involution’* and is found in a very 
simple manner. Let us take seven points, no three on a straight 
line, and no six on a conic, and consider the net of cubics 
through them. If P be any point in the plane, the cubics,of 


* Geiser. 
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the net through it go through a ninth point P'. The relation 
of P to P is one-to-one, algebraic and involutory, the seven 
chosen points are the only fundamental ones, and they appear 
symmetrically. Hence this is a symmetric transformation of 
order 8. Moreover, there is no other sort of symmetric involu¬ 
tory transformation of order 8. For if there were such a trans¬ 
formation, we could not have three fundamental points on a line, 
nor six on a conic; there would be too many intersections with 
a certain fundamental curve. The product of our transforma¬ 
tion and a Geiser involution with the same fundamental points 
would leave invariant each cubic through six of the points with 
a singularity at the other one, and seven points on each cubic. 
But a birational transformation of a rational curve into itself 
must be a projective one on the corresponding straight line, and 
if more than two points be invariant, all are. Hence all points 
on each of seven cubics will be invariant. Every straight line 
in the plane would have twenty-one invariant points. But in 
the product transformation a straight line goes to a straight 
line. Hence the product is an identity, or the two transforma¬ 
tions, which are involutory, are identical. 

A symmetric transformation of order 17 with eight sextuple 
points is obtained in a similar but slightly more complicated 
fashion. Consider a pencil of cubics through nine given points, 
no three collinear, no six on a conic, one point being singled 
out and called 0. If P be a general point of the plane it will 
determine one cubic of the pencil. Let the tangent at 0 to this 
cubic meet the curve again in Q, and let PQ meet that same 
cubic again in P '. The relation of P to P' is one-to-one, algebraic 
and symmetric, so that we have here an involutory Cremona 
transformation. The point 0 will correspond to itself, the other 
centres of the pencil of cubics will be fundamental points, the 
only ones, and they appear symmetrically. 

Theorem 18] There exist involutory Cremona transformations 
of att five symmetric types. 

Next, let us consider unsymmetric transformations, en¬ 
deavouring to determine the general types to which they are 
equivalent. Let P 1 be a point of the highest multiplicity of all, 
say fj. We know by theorems 24] to 27] of the last chapter that 
it is on every fundamental curve, and one of the points of 
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highest multiplicity for that curve, and that its multiplicity is 
highest for a fundamental curve of highest order, so that we 
may assume a n its highest multiplicity for any fundamental 
curve. Now let us consider a curve of order r x with the same 
multiplicities at the fundamental points as the one just men¬ 
tioned, except that at P x it has multiplicity an—1. As the 
fundamental points form a normal base for a fundamental 
curve, the amount of freedom for this new curve is 

“u(au+ 1 ) a ii(«n—!) „ 

~ 2 —--=a n . 

The number of non-fundamental intersections with the curve 
corresponding to P x is, by (12) of the last chapter; 

r \— 2 a ii+“n— 1 = “ii— 1 . 

the number of non-fundamental intersections with the curve 
corresponding to P x is, by (14) of the last chapter, 

r i r J— 2 ««<*#+ 

These equations show that this system of curves is carried into 
itself by the given transformation. Their genus is 

a u( a u 1) ( a ll ^(“ll - "^)__ , 

__2 - 2 - “n 

If a u = 1, we have a one-parameter family of invariant curves 
of genus 0, our transformation is equivalent to one that leaves 
invariant a pencil of lines, and we have just seen that such a 
transformation as this latter must be of the De Jonquieres type. 

If a u = 2, we have a two-parameter family of elliptic curves, 
and we know, by theorem 13] of Ch. II, that this can be carried 
into a two-parameter family of cubics through seven funda¬ 
mental points. These are all the fundamental points there are, for 

3n—r x —r 2 —...—r 7 — 3 3(n—1) = 2 

But we have in our table all the Cremona transformations 
with just seven fundamental points; one a De Jonquieres trans¬ 
formation, one a symmetric one. It is not hard to show that 
the others are reducible to transformations of lower order with 
an invariant net of cubics, unless the order be 2 already. 

If, thirdly, the invariant system of curves have genus 2* or 
more, they have an infinite linear system of special adjoints, to 



Chap. VII INVOLUTORY TRANSFORMATIONS 4S1 

whieh we may transfer our attention. We have linear systems 
of successively diminishing orders till we meet a rational or 
elliptic system. A rational system will contain an invariant 
pencil composed of a curve and its mate, and so, as above, give 
us a transformation equivalent to a De Jonquieres transforma¬ 
tion. If the invariant system be elliptic, there are only two 
cases to fear. 

a) The elliptic system is equivalent to a set of all quartics 
with two given double points. But such a set could not be 
invariant under a Cremona transformation, as we see from the 

equations 4 W _ n+2r 1 +2r 2 in = n+3-|- r t . 

b) The elliptic system is equivalent to a pencil of curves of 
order 3s x with nine base points of multiplicity s 1 . Their special 
adjoints of index 1 are an invariant pencil of cubics, and 
reasoning as above we see that there are but nine fundamental 
points, and these are of the same order. But 

9(w 2 —1)—[3(w—l)] 2 ~‘0 18(n—1) = 0. 

which is absurd. 

Theorem 19] An involutory Cremona transformation is equi¬ 
valent to a De Jonquieres or a symmetric transformation * 

Incidentally we have proved 

Theorem 20] If a system of cubic curves given by base points 
be carried into itself , it passes through all the fundamental points. 

Suppose oiu = fj—1, the system of curves which are carried into 
themselves are of order r 1 with a point of multiplicity r x —2, and 
so are hyperelliptic. Their special adjoints are lines of a pencil. 

Theorem 21] If a fundamental point of an involutory trans¬ 
formation have for a fundamental curve a multiplicity one less than 
the order of that curve, the transformation is a De Jonquieres one. 

Suppose that in an involutory transformation there is a cer¬ 
tain number of simple fundamental points which are coordinated 
to themselves or to one another. Then by theorem 22] of the 
last chapter, either every one of the coordinated straight lines 
passes through just one of the coordinated points, and through 
evqry one of the fundamental points of higher order, or else 

* Cf. Bertini 5 . 
ii 
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every one of the straight lines omits but one of the simple points 
and there are no fundamental points of higher order. In the 
former case we have clearly a De Jonquieres transformation, in 
the latter a quadratic one. 

Theorem 22] If, in an involutory transformation, there be simple 
fundamental points coordinated to their own set, then either the 
transformation is quadratic or of the De Jonquieres type. 

The properties of involutory transformations which we have 
studied so far have been generally invariant for a Cremona 
transformation, properties which they shared with equivalent 
transformations. There are other properties, however, which 
are not invariant under the Cremona group, yet which are 
worth notice. 

Definition. The number of pairs of corresponding points of 
a Cremona transformation on a general line shall be called the 
‘class’ of the transformation. If a transformation of order n 
have a curve of self-corresponding points of order v, the class is 

m! = £[n—v]. 

The order of an isologue is 

»-f 1—v = 2m' -f 1. 

If an involutory transformation be of class 0, there is a curve 
of fixed points of order n, and we know by theorem 36] of the 
last chapter that the transformation is of the De Jonquieres 
type. Conversely, suppose we have an involutory transforma¬ 
tion of the De Jonquieres type. If all lines through the singular 
fundamental point be fixed, the transformation is isologous, and 
we know from 38] of the last chapter that there is a curve of 
fixed points of order n. If the transformation be not isologous, 
there are two fixed lines through the singular point. All points 
may be fixed on both, or on one, or on neither, giving curves 
of fixed points of orders 2, 1, or 0. 

Theorem 23] An involutory transformation of class 0 is a De 
Jonquieres transformation, and an involutory De Jonquiires trans- 

formation is of class 0, ——, —— or -. 

2 2 2 

Suppose we have an involutory transformation of class 1. 
The curve of fixed points is of order n—2, the isologues will be 
a two-parameter net of oubics, namely, a net through seven or 
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fewer fundamental points, and we know by 20] there are no 
other fundamental points. 

Theorem 24] An involutory transformation of class 1 cannot 
have more than seven fundamental points * 


§ 5. Cremona transformations, and integral collineations 
of higher space 

Let ub now return to the general Cremona transformation of 
order n with r fundamental points of orders r v r t ,...,r r . The 
multiplicities of the fundamental points of the inverse trans¬ 
formation shall be r' T . Suppose that we have a curve of 

order x 0 with multiplicity x { at the fundamental point P t , and 
X] at the non-fundamental point Q x . The corresponding numbers 
for the transformed curve shall be x[, x' } . We get from 15] of 
the last chapterf 


Xy — T x Xg CC XX X X ••• “rl^r 


x^ = r^x 0 -a lr Xi-...-oc n x r ( 7 ) 

®r+l ~ *r+1 

K = x v . 

We have, thus, associated with our Cremona transformation 
a collineation in a space of v-j-1 ^ r-f-1 dimensions. We shall 
shortly see that the determinant is not equal to 0. Of course, 
it is not a general transformation. The coefficients indicated are 
positive integers or 0. Moreover, we have from equations (9) 
and (10) of the last chapter 

3xq— x x —...— x' r —...— x v = 3xg x x ... x r ... x v (8) 
...+*' r 2 +-+< 2 = —a|+*i+-+*r+-+a?- (9) 
Thus, in our higher space, we have a collineation leaving in 
place the hyperplane 

— 3 r 0 +a: 1 -}-...-l-^ = 0, ( 10 ) 

and the hyperquadric 

-*§+*?+...-f*» = 0. (H) 

* The concept of class comes from Caporali 1 . For transformations of classes 
l, 3, or 4 see ‘Topics’, p. 98. 

f Cf. Kantor 9 , p. 32. 
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If we change x g into ix 0 we see that we have an orthogonal 
substitution which leaves a certain linear form invariant. The 
relations connecting the coefficients of an orthogonal substi¬ 
tution are classical. However, it is probably better not to lose 
sight of the real domain, so we shall press this no further. 

Suppose, conversely, that we have an affine integral collinea- 
tion of our space which leaves invariant every hyperplane 
x r+k = 0, and every point for which the first r- f-1 coordinates 
vanish. Let us further suppose that we limit ourselves to such 
an integral affine collineation that the indicated coefficients are 
positive integers or 0, and that the hyperplane 

—3® 0 +* 1 -i-.-.+*v := 0, ( 10 ) 

and the hyperquadric 

— xl-\-x\+...-\-xl — 0, (11) 

are invariant. This may be written in the form (7). We find 
by direct substitution 


2< = 3(«-i) 

M 

£ 

II 

M 

1 

H-l 

2 r( 2 = n 2 —\ 

(12) 

% 

i 

Z 


2 = nr i 

i 

2°f, = r?+l 

i 

2 == 
j 

(13) 

Let us next take the transformation 



*0 


r’A 


A. 

= r 1 x' 0 -<x n x’ 1 -...- 

—<x lr x T 



x r ~ r T X 0 <x rl x ‘l •" a rr x r ( 14 ) 

x ; +1 = 


X" = X’. 


The product turns out to be the identity. Hence (14) is the 
inverse of (7). Owing to the invariance of (10) and (11), 

2r, = 3(«-l) 2 a ij — 3*“} 1 Zr] = n*—1 (15) 

1 i i 

2 ocifi = nr} 2 4 = r; 2 +1 2 ~ rfc. (16) 

i i i 

Our equations (12), (13), (15), and (16) give us equations (2), 

(11), (12), and (13) of the last chapter, the characteristic linear 
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relations of a Cremona transformation. If D be determinant of 
the transformation, we have 


m — %r x . 

• . — ir T 

0 

0 . 

. . 0 

r i -«u ■ 

• • a rX 

0 

0 . 

. . 0 

K -<hr • 

■ ■ — 1 *rr 

0 

0 . 

. . 0 

0 0 

. . 0 

1 

0 . 

. . o 

o o . 

. . 0 

0 

0 . 

. . 1 

— 10 0. 

. . 0| 




0 10. 

. . 0 





I 0 0 0 . . . 11. 

D=± 1 . ( 17 ) 

We get at once from equations (12) to (16) 

(r<— 1 )(r i -2) = 2 !) (rj—1)^—2) = 2 1 )• 

i i 

This shows that the quantities fulfil the conditions for the 
singular points of rational curves of order r i and rj. 

It is now time to show that every integral solution of the 
equations (7), subject to the conditions (12) to (16) will actually 
correspond to a Cremona transformation. We do this by factor¬ 
ing, much as we factor a Cremona transformation into collinea- 
tions and standard quadratic transformations. Let us begin 
with a collineation which consists in permuting x/e except the 
first, and the last, v—r. We get this sort of collineation in higher 
space by a permutation among the points P iy and this does not 
correspond to a geometrical transformation at all. Another 
collineation in higher space which fulfils all the conditions is 

Xq — 2x 0 aq 

Xj = Xq Xg *^3 

X*2 = Xq Xj Xg (18) 

Xg = X 0 X t X 2 
%3+s = X Z +*• 

This tr ansf ormation corresponds to a standard quadratic 
transformation. 
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Let qb first suppose that our transformation (7) is preceded 
by such a permutation of subscripts that thereafter 

r x>'*>**>'»** 

k-r —3 fc-r-3 

r a 2 r i+k - 2 ♦•s+fc = » , 3[3(w-l)-r 1 -r a -r a ]- 

i**l *=1 

-[(«■-l)_rf-r!-r|]. 
The left-hand side is not less than 0, hence 

rl+rl— ^(fj+rj) > (n-l)[«+l-3r 3 ]. 

Suppose n > 

»i+»a—(r x +r a )r, > K+^-i-rj— ljfa+r,—2r s 4-l) 
2(rl-r 1 r a )+(l-3r s )^0. 

This is only possible when r x = r 2 = r s = ... = r T — 0 and the 
transformation is the identity in higher space, corresponding to 
a collineation of the plane. We may assume therefore that 

r l+ r S + r 3 > »• 

Let us precede by a transformation of the type (18). The 
resulting transformation will be of the type 
x 'o = (2n-r 1 --r 2 --r 3 )x 0 -(n-r s --r 3 )x 1 -(n~r 3 ~r 1 )x 2 ~ 

—{n~r 1 —r s )x 3 —r t x i —...—r r x T 

X 1 3=1 ( 2 r l «11 “21 “31)^0 (^l “21 “31)^1 

(rj a 31 “11)^2 ( r l “ll “zi)^ “ 41^4 ••• a rl x r 

x 2 ~ ( 2 r 2 “12 “22 “32)^0 ( r 2 “12 “32)^1 

( r ‘2 “sa a ia ) a '2 ( r 2 “12 “22)^3 “ 42 a: 4 • • - a Tt X r 

x 3 — (2r 3 a 13 0(33 “33)^0 (^3 “23 “33)^1 

( r 3 “33 “13)^2 ( r 3 “is “23)^3 “43*4 ■ • • “rS^r 

x i — f'i x o —®14*l—“ 24^2 “34*3 “44*4 ••• a ri x r 


x r ~~ “ir^i— a 2r X 2 a 3r x 3 “47*^4 “rr x r 

x r+i ~ x r+a- 

Since our integral collineations form a group, this is a new 
collineation of exactly the sort we want. The leading coeffi¬ 
cient is 2 w _(r 1 -f r a -t-r 8 ) = n+[n— (r^r^r,,)] < n. 

We are uncertain about the relative sizes of the numbers 
(»—r a -r 8 ), (n-r z -r x ), (n-r x —r a ), r t , r„ 
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but by a rearrangement of terms we may pnt them in order of 
magnitude, and a rearrangement corresponds to another col- 
lineation of our group. Keeping on in this way we see that our 
original collineation can be factored into collineations of the 
type (19) and rearrangements of the subscripts 1 to r. These 
may be made to correspond to standard quadratic transforma¬ 
tions, collineations of the plane, and rearrangements of the 
points Hence there is a succession of such transformations 
which will produce a Cremona transformation of the plane whose 
corresponding collineation in higher space has exactly the coeffi¬ 
cients given. This gives a beautiful result: 

Kantor’s Theorem 25] A necessary and sufficient condition that 
asetof positive, integers n,r 1 ,r 2 , r 3 ,...,r r which satisfy therelations 
3»—r x —r 2 —r 3 —...— r T — 3 n 2 —r\—r\—r\— ...— r\ = 1 

should correspond to an actual Cremona transformation is that 
there should exist such positive integers r i and such positive or 0 
integers <x i} that equations (12) and (13) are satisfied.* 

Let us give the matrices of the collineations in higher space 
which correspond to certain simple Cremona transformations. 
A collineation in the plane appears in higher space as the 
identity. The standard quadratic transformation is (19). The 
matrix for the De Jonquieres is 


n 

-(n-l) 

-1 

-1 . 

. . -1 

(n-l) 

-(n-2) 

— 1 

-1 . 

. . -1 

1 

— 1 

-1 

0 . 

. . 0 

1 

-1 

0 

-1 . 

. . 0 

1 

-1 

0 

0 . 

. . -1 


Symmetric quartic: 

5 _2 -2 -2 -2 -2 -2 
2 0 - 1-1 -1 —1 -1 
2-1 0-1 —1 —1 -1 
2 — 1—1 0 —1 —1 —1 
2 -1 -1 -1 0 -1 -1 
2 -1 -1 -1 -1 0 -1 
2 -1 -1 -1 -1 -1 0 


( 20 ) 


• Kantor 8 , p. 35. The statement is not quite explicit, nor does the writer 
seem to appreciate the full value of his theorem. 







TW ff 

V> N ' 


5 w r 


488 TYPES OF CREMONA TRANSFORMATIONS 


Symmetric octavic or Geiser involution: 


8 —3 -3 . . . -3 
3 -2 -1 . . . -1 
3 -1 -2 . . . . 

3 -1 -1 . . . —1 
Symmetric heptadekadic: 

17 —6 -6 . . . —6 

6 -3 -2 . . . — 2 

6 -2 -3 . . . -2 


6 -2 —2 . . . -3 


Soak IV 


( 21 ) 


( 22 ) 


The relation between Cremona transformations and collinea- 
tions in higher space has been carried much further, and methods 
of higher analysis, such as the use of 0 functions, have been 
fruitfully employed.* It would lead us too far afield to pursue 
them further. 


* Cf Coble*. 







CHAPTER Vm 

GROUPS OF CREMONA TRANSFORMATIONS 


§ 1. Continuous groups 

The study of Cremona transformations which we have made 
up to this point has been concerned with general properties and 
with the peculiar characteristics of transformations of certain 
special types. The concept of a group of Cremona transforma¬ 
tions has never been explicitly introduced, although it cannot 
have escaped the reader’s notice that the totality of Cremona 
transformations in the plane is an infinite group. It is our pur¬ 
pose in this present last chapter to consider Cremona groups of 
certain special sorts. 

Let us begin with a study of continuous groups, depending 
analytically on a certain number of parameters. Let us bear in 
mind that, by definition, a group shall contain the inverse of 
each of its transformations. If a point be fundamental for a 
Cremona transformation it is fundamental for the product of 
this and a succeeding transformation unless the first carry it 
into a curve which is fundamental for the second. As any 
transformation of the group can be split into two factors, one 


of which is arbitrary, we have 

Theorem 1] In any continuous group of Cremona transforma¬ 
tions, those fundamental points of a particular transformation 
which are not fundamental for the general transformation are 
carried into curves fundamental for the general transformation. 

Let us take, as an example, the totality of circular trans¬ 
formations of the projective plane. The fundamental points for 
any one are the circular points at infinity, and the point of 
concurrence of those circles which go into straight lines. This 
point goes into the line at infinity, which is fundamental. 

Consider, next, a continuous group, and a particular curve. 
It will be carried by the general transformation into a curve of 
fixed order which will never be exceeded, but may be diminished 
in special cases when extra fundamental points fall on the given 
curve. The totality of all curves in the plane of this order n 
make a linear system determined by base points (0 m num r). 
The invariant system of curves of order n will lie in this, perhap 
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in » linear system of that order determined by base points 
within the general system of order n. It mast, in any ease, lie 
in one linear system of order n, determined by base points, which 
is of lowest possible dimension. This linear system must be 
invariant, for if it were not it would share with all the systems 
to which it is transformed a linear system determined by base 
points of lower dimension which included the invariant curve 
system. The essential thing is that our continuous group will 
carry into itself some linear system determined by base points. 

Theorem 2] A continuous group of Cremona transformations 
will carry into itself an infinite linear system of curves determined 
by base points. 

If the general curve of the linear system have genus greater 
than 2, we may fix our attention on the system of special 
adjoints. We have thus only to consider the case of an invariant 
system of elliptic or rational curves. 

Consider first the transformation which carries into itself 
a set of elliptic curves. If this set of elliptic curves be trans¬ 
formable into a set of quartics with two common double points, 
in the transformed group isomorphic with the first, reducible 
quartics will go to reducible quartics. The reducible quartics 
are a seven-parameter system consisting of the line which con¬ 
nects the two points and a cubic through them, and a six- 
parameter system consisting in two conics through them. Hence 
our group is simply isomorphic with the group that carries into 
itself a set of conics through two points. If the points be distinct 
this is a six-parameter group simply isomorphic with that of 
circular transformations,* and also simply isomorphic with the 
six-parameter group of collineations in space that carry into 
itself a general quadric. When the two double points are ad¬ 
jacent, the group is simply isomorphic with the group in the 
plane that carries into itself all parabolas with a set of parallel 
axes, or the group of collineations of space that carries a quadric 
cone into itself. This is simply isomorphic with the seven- 
parameter group of Euclidean motions. 

In the other cases where elliptic curves are carried into them¬ 
selves, we may either consider the case of an infinite system of 
cubios or a pencil of elliptic curves of order 3r, with nine points 

* For groups of circular transformations see Coolidge 5 , pp. 330 it. 
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<rf order r t in common, and these nine lie on a cubic. Hence all 
tile fundamental points of every transformation will lie on a 
system of cubics, or be the nine centres of the pencil. In a con¬ 
tinuous group the fundamental points must be fixed or vary 
continuously. Hence, in this continuous group all transforma¬ 
tions have the same fundamental points. Since the product of 
two transformations is still a transformation of order n, a homa- 
loid of one transformation goes into a homaloid of another: 

1 = ft 2 — 2 r i = n. 

This case is, hence, excluded. 

There remains the possibility that our transformation carries 
into itself a linear system of rational curves. Such a system 
may be carried into: 

a) the system of all lines; 

b) a pencil of lines; 

c) a system of curves of order ft' with a common multiple 
point of order ft'—1, and perhaps certain other common non- 
singular points. 

The system of all Cremona transformations which permute 
all the lines of the plane is that of eollineations or a sub-group. 

If the lines of a pencil are permuted, all transformations must 
be of the De Jonquieres type, and of common order. 

If an irreducible invariant system of curves consist in curves 
of order n' with a common point of order 1 and certain 
fixed simple points, the number of these will not exceed ft'—1, 
so that the number of parameters of the system will be 

> _ »Vz±) _ (ft'—1) = ft'+l, 

henoe Borne of tbe curves will consist in ft' concurrent lines, of 
which one must be variable. Hence, as before, a pencil of lines 
is invariant, and we have a De Jonquieres transformation group 
with a common singular point. If the product of two De Jon- 
qui&res transformations is to be a third of that same order and 
multiple point, the two must share the same ft 1 simple funda¬ 
mental points, and these must be adjacent to the singular point, 
otherwise the group oould be replaced by a similar one of lower 
order. We have a group where all homaloids have the same 
s i n gular point of order n- 1 and the same tangents there. 
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Hie sub-group where all lines through this singular point 0 3 
are invariant can be written 

= a6 n ~ 1 (x v x z )x t x’ % = x % )x 2 

x' 3 = b0 n - 1 (x v x 2 )x 3 +x n ( x v x a)- 

Here a and b and the coefficients of x are arbitrary, n+3 in all. 
Hence the general transformation depends on n-j-5 parameters. 

Enriques’s Theorem 3] Every continuous group of Cremona 
transformations is simply isomorphic with 

a) a group of coUineations; 

b) a group of motions and reflections in 3 -space; 

c) a group of circular transformations; 

d) an (n-{-5)-parameter group ofDe Jonquieres transformations, 
where all homaloids have the same singular point, and the same 
tangents there* 

Our De Jonquieres transformation may be put into another 
form. We write first 

P x i = a 1 x*+& n - 1 (x 1 ,x 2 )x 3 
pX 2 = a t x\- l x i +8 n - 1 (x 1 ,x 2 )x 3 

P X n+l — a n+l X 2 J t~® 71 1 ( X V X 2) X 3- 

In a space of «+1 dimensions with homogeneous coordinates 
-X 0 : : ...:X n+1 , these represent a conical surface of order n 

with vertex at (1,0,0,...,0). 

Theorem 4] A continuous group of Cremona transformations 
is simply isomorphic with 

a) a group of coUineations of the plane; 

b) a group of coUineations of three-dimensional space which 
keeps invariant a non-reducible quadric or conic; 

c) a group of coUineations of space of n— 1 dimensions which 
leave in place a rational conical surface of order n.f 

§ 2. Infinite discontinuous groups 

It might seem at first that the study of continuous groups would 
furnish the methods necessary for that of infinite discontinuous 
ones. Such is not, however, the case. In a discontinuous group 
the order of a curve can change suddenly; we have much fewer 

* Enrique#, eit. 

t IbitjL, p. 473. Continuous groups of De Jonquieres transformations we 
found on p. 632. See also Fano, 
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tools to work with than before, and must content ourselves with 
pointing out certain easily obtainable types. 

The infinite discontinuous groups of coUineations of the plane 
constitute a large field by themselves. The reader can easily 
find such groups by imagining the plane filled with equilateral 
triangles, regular hexagons or squares, and considering the 
motions which carry one of these into another. In the same 
way we find infinite groups of circular transformations by study¬ 
ing automorphic functions of the complex variable. If we fill 
our space with cubes we get infinite discontinuous groups of 
motions which give infinite discontinuous groups carrying sets 
of tangent conics into themselves, etc. There will be more 
novelty, however, in determining infinite discontinuous groups 
of De Jonquieres transformations with 0 3 as a common singular 
fundamental point. There will be a sub-group where all the 
lines through 0. A stay in place. Each individual line will be 
carried into itself by an infinite group of projective transforma¬ 
tions. If all of these be parabolic, the locus of fixed points is 
either the point 0 3 itself or a curve of order n with a singular 
point of multiplicity n— 1 at 0 3 . The possibility that the locus 
should be 0 3 we may discard, since it iB fundamental for the 
transformation. If the transformations on the individual lines 
be not all parabolic, the locus of the fixed points is a curve of 
order n with multiplicity n —2 at 0 3 . Since the intersections 
of a straight line with this curve are invariant, it must be pos¬ 
sible for a line to meet a homaloid just n times, so that the 
order of the transformation is ^ n. Let us seek a De Jonquieres 
transformation of this order which keeps such a curve fixed. 
Let the equation of the curve be 

4>{X V X 2 , X 3 ) =/$- 2 (n. * 2 )- 

The equations of the De Jonquieres transformation with all lines 
through 0 3 fixed will be 

x[ = x^-Hxv x t ) x' 2 = x 2 e n ~ l (x v x 3 ) 
x' 3 = x 3 B n -\x v x 3 )+<l> n {x ly x 2 ,x 3 ). 

Since the curve x 3 - 1 d-{-^ = 0 
has multiplicity n—1 at 0 3 , 

8 = — x 3 f 3 ~ i (x 1 ,x 3 )-\-fi(x l ,x 3 ) 

x[ = [-ZJ 0 +/ 1 K *2 = [-Zs/o+Ata *3 = 
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If we write A+fi+Fi = o, 

our transformation may be written 


X 1 = X 1 

H 

to - 

II 

X 3 

x l = x 'l 

x t = x' 2 

X 3 




( 1 ) 


( 2 ) 


~fv £ z J rfi 

_ /i x 3~h/2 

—foFi+fi 

The remaining 2(n—1) other fundamental points of either 
transformation are on the lines 

fifi~ /e/a — 0. (3) 

The two fundamental curves corresponding to 0 3 are 

-/«»«+/i = 0 -f'oXa+R = 0. (4) 

They have the same tangents at O a as ^ = 0. The reasoning 
throughout is reversible. 

Theorem 5] Given a curve of order n with a singular -point O a 
of multiplicity n— 2 and distinct tangents. Take a curve of order 
n— 1 with the same singular point and tangents thereat. This will 
be the fundamental curve corresponding to O s in a De Jonquieres 
transformation of order n which leaves all points of the given curve 
invariant. The fundamental curve for the inverse transformation 
will have (he same singular point and tangents, and meet the curve 
of fixed points on the same radiating lines as the given fundamental 
curve does* 

We see that when the curve of invariant points is determined, 
the transformation depends merely on the binary form f r 

Theorem 6] The determination of a De Jonquieres transforma¬ 
tion of order n, which keeps invariant all points of a curve of order 
n, with a multiple point of order n—2 with distinct tangents, 
depends an n parameters. 

Let us take a second transformation: 

= x\ = ^£^±h. ( 5 ) 


x\ — x\ x~i — x 2 x\— . 

—V 0 x 3+9l 

The product of (1) and (5) will be 

*8 


*1 — *i *2 = 


(/o/z ~ $ifi) x a ~h/!e(/i &) 
/ofo “/l ) X 8+$i/l 
/ 1 +/ 1+/1 =fi+fi+h = 0 

/l~$l — $\~}v 

* Tor this theorem sod the next eee Ken tor*. 
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Hence we may write 

-iUz-Mi) 


485 


2^2 — 2?2 


t j * 8+/2 

x » _ Ji~ri _ 

” 77 I /i$i /0/2 

Jo^aT 7 f 
/i — ri 


The sum of minus the coefficient of a: 3 in the numerator and 
the denominator constant is 


h-k 

as it should be. 

This will be of order n if 


= -/i> 


(/ 0 / 2-/1 &) = 0 mod 

This is not usually the case, so the product of two such 
transformations of order n is a transformation of order n' > n. 

Theorem 7] There is an infinite discontinuous group of De 
Jonquieres transformations keeping invariant all points of a curve 
of order n with a multiple point of order n—2. 

Suppose that we have a transformation of this sort of order 
n' >n that keeps all points of i/j = 0 invariant. We may find 
a transformation of order n whose simple fundamental points 
are identical with some of those of the inverse of the trans¬ 
formation of higher order. The first transformation will carry 
a straight line into a curve of order n', which will be carried by 
the second into one of order 


nn'—(n— 1)(»'—1 )—n = n'— 1, 

so that the product is a De Jonquieres transformation of the 
required form of order less than n'. 

Theorem 8] Every De Jonquieres transformation which keeps 
invariant all points of a hyperelliptic curve of order n with a 
singular point of multiplicity n —2 with distinct tangents may be 
factored into De Jonquieres transformations of order n. 

It is quite conceivable that there might be a transformation 
which carries the curve fi into itself but permutes its points. 
The lines through the singular point are permuted, as are the 
tangents, so they go to make up the special adjoints. If the 
genus of the curve exceed 1, there cannot be an infinite number 
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of these. Suppose that the singular point is at the end of the 
y-axis, so that the curve is written 

trw+Hrwy+tti*)= o. (6) 

Let x = x‘ y = y .~Z^-)- y , = <f> 0 {x)y+<f> 1 {x) 

(7) 

A birational transformation of (11) into itself must carry its 
g\ into itself and so take the form 


, _ az'+p 
yx'- f-S 

If this permute the roots of 


aS — f3y 0. 


If we write 


F(x') = U*')Ux')-[Ux')Y = 0, 


F{x') 

x' 

x' 


kF{x') 

(yx'+S) 2 "- 2 ' 

*x'+p , _ -Jlcy' 

yx'+S y ~ (yi'+8) n_1 

-w_+P W 

yx '—ot ” ( yx '—ol ) n_1 * 


we have a Cremona transformation of the (x\ y') plane that 
carries (11) into itself, and corresponds to a Cremona trans¬ 
formation of the (x, y) plane that carries (10) into itself. 

Theorem 9] Every birational transformation of a curve of order 
n, with a multiple point of order n— 2, into itself is contained in 
a Cremona transformation of the plane. 

When n > 3, there are clearly only a finite number of these, 
and the same applies when the invariant curve has a singular 
point of multiplicity n—l. 


§ 3. Finite groups 

It is a curious fact that the approach to finite groups follows 
the analogy of continuous groups much more closely than is the 
case for infinite discontinuous ones. Suppose that we have a 
finite group containing n transformations, say T v T t ,..., T n . Let 
f be & Curve through no fundamental point of any transforma¬ 
tion, and Jet us write 

F~zT 1 if)T a {f)...T n if)- 
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This reducible curve is invariant for all transformations of 
the group. 

If the order of f be sufficiently high we can get as many 
linearly independent invariant curves of the order of F as we 
want; the linear system of least dimension, given by base points, 
that holds all these will be invariant. We thus get the theorem 
which is fundamental here as the corresponding theorem was 
for continuous groups.* 

Theorem 10] In any finite group of Cremona transformations 
there will always be an infinite linear system of curves given by 
base points which is invariant for all transformations of the group. 

We may follow our previous reasoning step by step and show 
that there must be invariant an infinite linear system either of 
rational or of elliptic curves. If there be an invariant one- 
parameter system of rational curves, these may be carried into 
a pencil of lines, and the transformations are all of the De Jon- 
quieres variety. If all lines through the singular point be 
invariant, we fall back on essentially the problem of the last 
section. If they be permuted, we meet also the problem of finite 
groups of binary projective transformations. These groups are 
thoroughly well known since the classic work of Klein 2 . Such 
groups are simply isomorphic with cyclic groups of rotations 
about a fixed axis, a dihedral group consisting in a cyclic group 
and a reflection in a plane perpendicular to the axis, and the 
groups which carry into themselves the five regular solids. 

If an invariant system of curves depend on two parameters 
it is equivalent to the system of all lines in the plane, and we 
meet the problem of finding finite groups of plane collineations. 
These were first classified by Jordan 2 , the results being com¬ 
pleted by Valentiner 2 . If the invariant system depend on more 
than two parameters, it can be carried into a set of curves of 
order n with a fixed point of multiplicity n —1 and perhaps 
other fixed points; we are thrown back on a problem of De 
Jonqui&res transformations. 

Let us next suppose that we have an invariant system of 
elliptic curves. If these can be carried into quartics with two 

* The most extended researches in the present topic are Kantor 3 and 
Kan tor 4 . The works are crammed full of results, but obscurely written and 
not free from errors. A better presentation is that of Wiman. 

3781 K k 
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fixed double points, we are once mope backeithsronthe problem . 
of finite groups of circular transformations, Le. binary immcr 
transfonnations, automorphic groups, or finite groups of mo-* 
turns. The other cases with invariant systems of elliptic curves 
have been studied at a good deal of length in the works of Klein 
and Wiman recently quoted. In many cases there is much to 
|(e gained by reverting to the method of mapping the plane on 
an auxiliary cubic surface that we developed in Book II, Oh. I, 
to prove Clebsch’s transformation theorem at the end of the 
chapter. The problem then becomes one of finding groups of 
eollineations of a three-dimensional space which leave a certain 
cubic surface invariant.* 

’ Theorem 11] A finite group of Cremona transformation# is 
simply isomorphic with 

a) a group of binary linear transformations; 

b) a group of motions and reflections in three-dimensional 
space: 

c ) a group of De Jonquiires transformations with a common 
singular point; 

d) a group with an invariant system of curves of order 3 r with 
nine common points of multiplicity r; 

e) a group with an invariant system of cubic curves through 
I,7 Common points. 

And so the end. We have covered a large amount of territory 
ip the course of our wanderings; there lies incomparably more 
beyond. May future students boldly enter in and occupy the 
ground. Whatever the mathematical fashion of any particular 
moment may suggest, algebraic methods and algebraic curves 
will never cease to be important in pure mathematics. If any 
reader find help in the preceding pages towards pursuing these 
beautiful studies, the labour and effort put into this book wifi 
not hath been spent in vain. 


• Of. Wiman, p. 198. 
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Adjoint, 30, 242. 

—, special, 30, 252. 

—, —, of higher index, 395, 396. 
Adjoints, pure system, 395, 396. 
Apolarity, binary, 368-72. 
Apolarity, ternary, 410-16. 
Asymptotes, 40 fl. 

Base of linear system of curves, 
380, 384. 

-—, complete, 384, 386. 

—, normal, 380, 384. 

Branch, 39. 

Cayleyan, 150-2, 157, 158. 

Centre of curve, 168. 

— of gravity, 165-8, 172-5. 

—, tangential, 91, 166-8. 
Characteristics of correspondence, 

331. 

Characteristics, Pliicker, 99, 101, 
102, 114^18. 

Circuit, 50. 

—, even, 50-5. 

—, odd, 50-5, 58. 

—, simple, 60, 55. 

Circuits, maximum number, 56, 
57, 60-4. 

—, nesting, 62-6. 

— on Riemann surface, 195, 337. 
Class of curve, 20, 93, 94, 141, 249. 

— of system of curves, 432. 

— of Cremona transformation, 
482, 483. 

Coincidences of a correspondence, 
126-33, 333. 

Collineations, integral, 483-8. 
Component, cuspidal, 247. 
Conditions, adjunction, 243, 

—, existence, 104, 106-8. 
Continuity of roots of a poly¬ 
nomial, 2 ff. 

Contravariant, 73. 

Covariant, 73. 

Coordinates, barycentric, 68. 
Coordinates, trilmear, 67-9. 
Coresidual, 30, 245. 
Correspondence, 121. 

—, indices of, 124. 

—, value of, 124, 332, 333. 


Correspondence, generalized, 340-2. 
Correspondences, birational, 344-6. 
—, linearly dependent, 335, 336. 
—. (P-P), 342-4. 

—, product of, 12. 

—, sum of, 125. 

Cross ratio, 69, 70. 

Curve, 1. 

—, base, 121. 

—, fundamental, 197, 386, 442. 
Curves, canonical, 268. 

—, covariant, 151-64. 

—, elliptic, 265, 302-6, 363-7. 

—, hyperelhptic, 305-8. 

—, M-, 464^7. 

—, N-, 465-7. 

—, normal, 259, 260. 

—, parallel, 193, 194. 

— , polar, 88-93, 138-47, 185-9. 

—, —, generalized, 413, 414. 

—, —, polygonal, 308-10. 

—, —, rational, 102-4, 368-77. 

—, —, reducible, 312-14. 

Cusps, 18. 

—, effect of, 93. 

Defect of equivalence, 320-3, 327. 
Degree of covariant, 73, 74. 
Dimension of series, 122, 215. 
Discriminant, 2, 5, 6, 81-6. 

— of quadratic form, 75, 77, 81, 
82, 83. 

Envelope of polar curves, 145, 146. 

— of systems of curves, 428-32. 
Equation, Joachimsthal’s, 89, 94. 
—, Klein’s, 109-18. 

—, tangential of curve, 20. 
Equations, Pliicker’s, 99-102,114- 
18, 247, 248. 

Evolutes, 191-3. 

Exponents, characteristic, 220, 
222, 223, 226-9. 

Foci, 171, 180, 183, 192. 

Formula, Chasles-Cayley-Brill, 129, 
246, 279. 

—, De Jonqui&res’, 285-8. 

—, Zeuthen’s, 135, 246. 

Functions, automorpbic, 358-60. 
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Functions, symmetric, 2. 

— in genesm, 8 fl., 94, 

Generation of curves, 57, 59. 
Genus of curve, 190, 119,120,141. 

— of series, 322. 

*— of system of curves, 426. 

Grade of linear system of curves, 
408. 

Groups of points, linear series, 121. 

— of Cremona transformations, 
491-8. 

Hessian, 77, 79, 95-8, 151-7. 
Homaloid, 442. 

Hypercusp, 18. 

Hyperplane, 12. 

Hyperspace, fundamental proper¬ 
ties, 12, 13. 

Identities of Clebsoh, 463-5. 

Index of circuit, 65, 66. 

— of cuspidal, 247, 248. 

— of inflexional, 247, 248. 

— of special adjoints, 395, 396. 

— of system of curves, 379. 
Inflexions, 94, 95. 

— in system of curves, 420-2, 
433-5. 

Indices of correspondence, 124. 
Integrals, Abelian, 270, 330-7. 

—, —, of first sort, 271-4, 356, 
357. 

—, —, of second sort, 275, 356. 

—, —, of third sort, 276. 
Intersection theorem, 23, 225. 
Intersections of branches, 224-7, 
231. 

—-, infinitely near, 25. 

Invariant, 73. 

—, binary, 81-6. 

—, ternary, 86-8. 

Involution, 257, 316. 

—, Geiser, 478, 479. 

Isobaric, 2. 

Isologue, 459. 

Jacobians, 82, 83, 149-51. 

lane, fundamental, 197. 

Moduli, 293, 294, 303, 304. 
Multiplicity of singular point, 17. 


Nest, 62. 

Met, homaloidal, 444. 

—, Laguerre, 423, 424. 

—, linear of curves, 140, 148-50, 
422-4. 

Operator, Aronhold, 77. 

—, Cayley, 77, 78. 

—, polar, 75. 

Order of branch of curve, 218. 

— of circuit, 65, 66. 

— of curve, 14, 141. 

— of series, 122, 315. 

Pencil of curves, 137,147,148,158, 
169, 417-22. 

Point, branch for correspondence, 
135, 136. 

—, fundamental for transforma¬ 
tion, 197, 208, 442. 

—, satellite, 238, 239. 

—, singular, 17, 90-4. 

—, Weierstrass, 290-2. 

—, unit, 08. 

Points, O t 0 a 0„ 69. 

Point-groups, linear series, 121. 
Polar curves, 88-93, 138-47, 185- 
9. 

Polynomials, general properties, 1. 
—, homogeneous, 7 ff., 11. 

Power of point, 176-8. 

Process, Aronhold, 74, 75, 78. 

—, polar, 74, 75. 

Propinquity of branches, 224, 220, 
228, 239. 

Residual, 30, 248. 

Resultant, 4 ff. 

Rule, Zeuthen’s, 131. 

Satellite, 169-61. 

Series, linear of point-groups, 121. 
canonical, 252. 
characteristic, 384. 
complete, 122. 
composite, 257. 
difference of, 253. 
dimension of, 122, 315. 
residual, 325-7. 
simple, 257, 815. 
sum of, 253. 

Series, non-linear of point-groups, 
genus of, 322. 
index of, 315-22. 
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Series, development in, 16, 18, 19, Theorem, Kantor’a, 487. 

39, 213-18. Kirin’s, 114. 

Set, Belf-conjugate, 414, 416. Lefsohetz’s, 104. 

Singularity or angular point, 17, Liiroth’s, 135, 246. 

90-4. . Ndther’s factorization, 447. 

Singularities clustering, 232-5. — fundamental, 29, 244. 

Strinerian, 150-2. — transformation, 207. 

Surface, cubic mapped on plane, Reduction, 253. 

208-12. Residue, 30, 245. 

Surface, Riemann, 120. Riemann’s, 120, 129, 246. 

—» —, Clebseh-Liiroth type, 355. — integral, 274. 

—, —, with infinite number of Riemann-Roch, 261, 262, 314 
leaves, 358-60. 324, 363. 

Superabundance of base for curves, Rosatti’s. 339. 


381, 385. 
elliptic, 404. 

System of curves, algebraic, 378, 
379, 426-41. 

-, linear, 378-406. 

-, non-linear, 425 ff. 

-, rational, 403. 

Tangential equation of curve, 20. 
Tangents, multiple, 20, 21. 
Thoorcrn, Abel’s, 277. 
adjunction, 254. 
of algebra, fundamental, 1. 
Bertini’s, 115. 

B6zout’s, 9, 10. 

Bioche’s, 101. 

Brill and Nother, 263. 

Carnot’s, 190. 

Chasles’, 33. 

— contact, 436. 

Clebach’s transformation, 212. 
Clebsch'a Cremona transforma¬ 
tion, 455. 

continuity fundamental, 4. 

De Jonquidres, 288 
Enriques’s, 492. 

Feuerbach’s, 198. 

Gambier’s, 31, 245. 

Hamack’s first, 57. 

— second, 62. 

Hilbert’s, 64. 

Hulburt’s, 65. 

Humbert’s, 196. 
intersection fundamental, 23, 

225. 


Special series, 253. 

Study’s, 34. 

of symmetric functions, funda¬ 
mental, 2. 

Waring’s, 166. 

Weber’s, 135, 246. 

Weierstrass’s gap, 290. 
Zeuthen’s, 135, 246. 
Transference, Clebsch’s principle, 
86 . 

Transformation, birational, 120, 
293, 303, 304, 344-6, 365-7. 
Cremona, 201, 202, 442-98. 

— factorable, 203, 204, 447. 

— involutory, 478-83. 

De Jonqui&res, 203, 204, 468 ff. 
Halphen’s, 346-52. 

Hirst’s, 200, 233. 
isologous, 461, 462. 
non-isologous, 459-67. 
standard quadratic, 197, 199. 


Uniformization of general curve, 
358-60. 


Value of correspondence, 124, 332, 
333, 339. 

—, generalized, 340-2. 

Values, limiting, 296-8. 

Variations, small, 67, 59. 

Weight of invariant or covariant. 
73, 74. 
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